
Petroleum Systems Control Engineering 2024-20525
Second Semester

Calculus II (Second Class)

2 < l z l < 3

Solution

The annulus bounded by the circles with center at the origin and

boundary circles; bounded, closed, multiply connected.

radii2 and 3, including the

Analvtic Functions

The derivative of a function of a complex variable w =

#=r '= f ' (z )= l im4r-s ' ry
Familiar formulas of a complex variable derivative

, d(w1*w.r) dw1 , dw2= -
d z  d z - d z

^ d(w,w")  dwz d.wt
- -  - = v v . t T . T y v 2 -

d z ' d z - 4 2

n d(wt/wz) w2(dwr/dz)-wa(dw2/dz)= -
d z

" 2

From thffigure, it is clear ifiiw manv different

paths. In particular, Q can approach P along the line AP on which Ax is zero or along the line BP

on which Ay is zero. Clearly,for the deriva.tive of f (z) to exist, it is necessary that the limit of

the dffirence quotient (I) be the same no matter how Lz approaches zero.

f (z)isdenned,"* 
ffi. . . ( 1 )

,sw'
& w

ryd

a y = o
L,z = Lx

= (1+ im)Lx
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Cauchy-Riemann Equations

Theorem:- If u and v are real single - valued functions of 'x and y which, with their four first

partial derivatives, are continuous throughout a region R, then the Cauchy-Riemann equations

0u 0u- = -
0x 0y

are both necessary and sufficient conditionsthat f (z) : u(x,y) * iv(x,y) be analytic in R. In

, d u 0 va n o  - = - -
0y 0x

this case, the derivative of f (z) is given by

f , (z)  =#* r# or

Example:-

For (z) = 2 = x - tY, does f' (z) exist?

Solution

We have rr = x and v - *y ,then

are continuous everywhere.

f,(z):#-r# ru*@

@w*w
P = o
oy

ver Cauchy-Riemann equations, which in this case are

a n d  2 y = 0

u = 0

at tlgorigin. Hence z = 0 is the only point at which f 
'(z) exist, and therefore

analytic.

For / zz , does f'(z) exist ?

Solution

f ( z ) = 2 2 = ( x + i y ) z : ( x 2

* = z x  ,0x

are continuous everywhere, and Cauchy-Riemann equations, which in this case are

- y2) * 2ixy, then we have LL = xz

H= "  
'  #= '*

2 r- y- ans

0u- =' a y

v = Z x y

-2y

are satisfied
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0u 0v- = -  a n d0x 0y
du 0u-  =  _ _
oy ox

Hence f 
'(z) exist at all points of z-plane, and its value is

f 
'(z) -- 2x * Zty - Zz

The Elementarv Functions of z

The exponential function ez is of fundamental importance, not only for
basis for defining all the other elementary transcendental functions.
Properties of ez

l -  f ( z ) = w = e z

L e t z = x * t y  f ( z ) : w  -  e x + i v  = e x e i y  = e *  ( c o s y

Then It = ex cosy v = ex siny

Since

! = !  a n d0x 0y

.  r t  / _ ,  d e "  0 u  , 0 vz-  I ' \z )  =  
i ;  =  

i+  t f i=  e*  cosy

o u -  - r - - - .  o v  - y  a u
t =  e^  cosy  ,  i =  r ' r o t y  

f i =

.  e iz q"- iz
J -  C O S Z  =

2

Example:- Prove that

Solution

By substituting

a t F & u

%j
z * s i n z z = !

, i .z ar- iz

in the gi6ln formula
N  s ^*W)"+( )'
I G'" + z + t-"') -1

- 1

(ezt" -,  * ,-ziz) - .1.

d.(cos z)

T  
=  - s l n z

t h e n  
d ( c o s z ) _ d ( e i z + e - i z

dz dz\  2

1 " = L

Example:- Prove that

Solution

p iz  +a_ lz
Slnce cos z = ) L

its own rurc uffi, u

W*
W

&#
u(x,y) * iv(x,y)

0v
t=  e^  snY

ez is analsrtic everywhere

s lnz  = eiz _e- iz

f l Y =  e "
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r sin r)

d(cosz) _ _"r"=-r,_r" = _sinz
dz 2i

Similarly we can prove

d(sinz) -- cos z
dz

Example: -  Provethat  cosz:  cosxcoshy -  is inxs inhy

Solution

L e t  z = x * t y eiz +e-iz 7cosz = = =(rr"  + e-tr)
2 2

s inz=  s in ( r  t t y )=  s in rcoshy* l cos

Now, in particular taking x = 0

cosiY = coshY

sintY = i sinhY

Example:- What is cos(1 + Zi)

Solution

0,T.r. ,T2n,.. .*f-wru%.
Si:fu. psin z = sinxcoshy*icosxsinhy

when@= 0 = sinxcoshy * I  cosxsinhy
F

s i n x c o s h 1 u  :  0  . . : . . . . . . . . . ( 1 )  c o s x s i n h y  =  Q

Since cosh y 2 L then equation (l) satisfies only if

x  : 0 , 4 n , 1 2 r , . . .

But for these values of x cos x either 1 or -1 and therefore cannot vanish. Thus
for the second equation to hold, it is necessary that sinh y = 0 + ! = 0

Letx = r, ! : 2 t"Foffi,str cosz =cos(x * iy) =cosx coshy-isinr sinhy
cos(1 + 2i) =*nfrfu*shfu$t sin 1 sinh 2 - (0.s403)(3.762) - r(0.8415)(3.627)
cos(L * 2r) =\2.93ry.052t

Example:- Prove that the onfy values for which only sinz = 0 are the real number of z =

. . . ( 2 )

sin tr = 0, that is only
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