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hence the only values of z for which sinz = 0 are of the form

z = n r * 0 i = n n  w h e r e n =  0 ,+1 ,+2, . . .
Hvperbolic function

From the definition of hyperbolic function we know that

coshz =ry sinhz =ry
Let z=x*iy then fffu

coshz =Y =){r*cosy* iex s iny) +}G-.cosy - , ru%W-
,  t .coshz =)(e* +e-*)cosy*)r@.*e-r)s iny 

'q  f f i f f "
I hen  l . o - t t r=coshxcosy+ , r i n [ ' r r i nv l  &  Wcoshz = cosh xcosy * isinh xsiny

2 . -  / t v v o ) /  r  
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Then  l cosh r= .o r@ &|  - - - - - - - - - - - " t  
d  %.

By the same way we can prove that W
,fl

sinhz = sinh xcosy * rcosh xsiny
ln particular, setting = 0 , we find

cosh iy = cos y

s i n h i y = i s i n /

The Loearithm of z

Let w = lnz

I fwe le tw=  r t t i . v  an

,u+iv ffi

Hence eu=r ,o r  z=  l&-dnd u :0 .Thus

S  
w =  r t * i v _ _ l n r * t 0

ffi 
ffi lnz -- lnlzl + iargz

.se teffi bWe principle argument of z,theparticular argument of z which lies in the/ & f f i
inter@-z$ B < n.lnz can be writtenw

, H  l n z = l n l z l + i ( 0 r * 2 n r )  n = 0 , + L , + 2 , * 3 n , . . . . . .
which shows that the logarithm function is infinitely many-valued. For any particular value of n a
unique branch of the function is determined. If n = 0, the resulting branch of the logarithmic
function is called principle value.
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Theoreml

For every n : 0,+L,+2,13, ... ..,lnz is analytic except'at 0 and on the negative real axis, and

has derivative

d(lnz) t- : -
d z z

Theorem2

The principle value of lnz satisfies the following relations:

1ln z1 * ln z2 I Zin
l n z . r z r =  l t n  z r l l n z 2

(ln z1 * ln z2 - Zin

lnz l  
- lnz2 *  Z in

tn! = ltnz, 
_!n",

'z (ln z, - lnz2 - Zin

l n z m = m l n z - Z k t n

Where k is unique integer such that (m/zn) ^rg" -| = n) argz +)

*

General powers of z are defined by the formula

" a - r a l n z = g a $ n l
g@dt a2nani

&
-Zn largz1* &rf,rytW-n < arg4 + argEfu, dBr

n<ffitffizBez-1@lW:;"
z < arg@f argz2 4 2n

J

Example:- What is the principle*@e@l.at ili

solution *s e CW
By definition 

&-
(1 + t)W , ln(1+i) i  = , i ln(r+i ;

- ri(rntl2+il(n/ 4)+2nnl) - s-I(n / +)+Znnl riln47
s
f this, obtained by taking n = 0,is

t-(r/+)lcos 1tn fz) * i sin (h fal
- ,-0'78sa7cos 0.3466 * i sin 0.3466) = 0.429 + 0.155t

and zz = -t * i , find the real and imaginary parts of lnztz2

Solution

E 3rt tt 31t 'Tt
a r g z r =  2  a r g z 2 = |  a r g z L * a r g  z z = i + T = ' T : 2 2 5 '  1 8 0 ' <  2 2 5 ' < 3 6 0 "

T h e n  l n z p 2 = l n z t * l n z 2 - Z i n  =  l n  l z r l  * i a r g  z 1 * l n l z z l + i a r g z 2 - 2 i n
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lnzp2= ln 1 + t|+ ln'12 + tt+ - zin = ln''12* t (-T)

w = c o s - 1 2  " ' ( 1 )  +  z = c o s w

.  e iw  q " - iw

t h e n  z = T + 22 = ei* + e- iw

multiply both sides by ,t* eziw - Lzet* * 1 = 0

;. ei* __ z t1F

Taking logarithm of both sides

iw = In lz t'lT- t1 ;

w = -t ln lz !'l-zL ll

From equation (1)

Example:-

Solution

Prove that sin-12 = -i'ln ltz t

w = sin-tz

.  e iw  - r - iw
m e n  z = T

multiply both sides uY ttX

giw =

Taking logarithm of both s

then

F

I z = sinw

- Prove thattan-Lz =

let w = tan-rz

"iw 
-"-iw
, i

L - 
eiw +e-Lw------:-

z

P- e-tt

- L = 0

. . . ( 1 )  +

,  , iw -"- tw
=t Lz =;frI;&

sinw
z = t a n w = ; ;

ei*

eLw

i.+z
i -z

Solution

or

. . . . . . . . . . . . ( 1

e

ti"u" = -i ln ltz t^l-t - 4
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L z = f f i  -

e izw -  t "+ .1 +
t - t z  i

or t2w = l"'# =
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izetz* * iz -_ ,tzw - 1

" izw 
- Z

L+Z

1 '  t - z  i
W = - l n - ' :

2 i  L+Z  L

y - i s i n x  s i n h Y

Calculus II (Second Class)

wthen

since cosz = cos(x + i

a n z = -
cosz

N o w l e t z = 0 * t

then

Ww
w = t a n - 7 2 -  ! t n ( - ) - '

"  i ,  i + z
tan - 'Z  = , l n [ | . -

H.\il Prove that

1- cosh-12 =ln(ztr lFl  
d

2- sinh-72 --ln(z t'lTt1

3_ tanh-72=1rn(=) 
ffi

Example:- Prove that -cos z =t"'fumry

Solution " W .ft
le t  z=x* tY  and ,=" f f i

then ffi-z = cos x cos&ktl%iuu* sinh Y

but cos Z =.ffi, Stffi6s x cosh(- y) - isin x sinh(-y)
& w

from properties of { %itoshFy) = cosh(y) sinh(-y) = - sinh(y)

cosl -- cos (x - iyffios x coshy t i sinx sinhy =652

cosz : cos(x t ty) = cosx coshy - i sinr sinhy

sinz = sin(x * ty) = sinx coshy * i cosr sinhy

sin 0 cosh 1*i cos 0 si irh 1 - . '  sinh 1 .- t?1 !  =

c o s 0  c o s h l - i s i n 0  s i n h l  c o s h l

Example:- Find all solutions of equation

Solution
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cosh z - -z


