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hence the only values of z for which sin z = 0 are of the form
z=nw+0i =nm  where n=0,¥1,%F2,

Hyperbolic function

From the definition of hyperbolic function we know that

eZ+e~? . eZ—e~%
sinhz =

coshz =

Let z=x+iy then

e@+iy)y o—x—iy

1 i Gt .
coshz=# =E(excosy+1exsmy)+§(e *cosy —i

coshz = ;(ex +e™*)cosy +§i(ex + e *)siny

Then cosh z = coshx cos y + i sinh x siny

By the same way we can prove that

sinhz = sinhx cos y + i cosh x siny

In particular, setting = 0, we find
coshiy = cosy

sinhiy = isiny

The Logarithm of z

Let w=Ilnz the

(1)
Ifweletw = u+iv an

eu+w

Henee e¥ = ¥, or

Inz =In|z|+iargz

principle argument of z, the particular argument of z which lies in the

{0 < m. In z can be written

Inz =In|z| +i (0, + 2nn) n=0,+1,+2,4+3m, - -

which shows that the logarithm function is infinitely many-valued. For any particular value of 7 a
unique branch of the function is determined. If n = 0, the resulting branch of the logarithmic

function is called principle value.
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Theorem1
Foreverty n=0,+1,+2, %3, -~~~ In z is analytic except at 0 and on the negative real axis, and

has derivative

d(lnz) _ 1
dz  z
Theorem2

The principle value of In z satisfies the following relations:

Inz; +Inz; + 2in —2m < argz; + 3
Inz,z, = {ln z; +1Inz, —n < argz; + argzg <
Inz; +Inz, — 2in

Inz; —lnz,
Inz; —Inz, - 2in

zZ
In2=
Z3

{ln z; —Inz, + 2in

InzZ™ =mlnz - 2kin

Where k is unique integer such that (m/2m)argz —

Solution

By definition

In(1+0)! — piln(1+0)

1+i)=e

= i(nVZ+i[(n/9)+2nn]) — o-[(m/4)+2nm] Hilny2

The p b 0 f§his, obtained by taking n = 0,is

e~"/D[cos (Inv2) + isin (Inv2)]

= e~ 0784 (cos 0.3466 + isin0.3466 ) = 0.429 + 0.155i

Example:-Ifz; =i and 2z, =—1+1i ,find the real and imaginary parts of lnz,z,

Solution

A 180° < 225° < 360°

T 3 3 T
arg z; = 5 argz; = - argzl+argzz=5+7 7

Then Inzyz, =Inz; +1Inz, — 2ir = In |z,| +iarg z; +1n |z;| + iarg z, — 2in

e
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Inz;z; =Inl+ i§+ln\/—2-+i37”—2in =1n\/_2_+i(—37")

The Inverse Trigonometric and Hyperbolic Functions

w=cos 1z e (1) 2 Z = COSW

eiw_l_e-iw
2
multiply both sides by e™ e?W —2ze™ +1=0
eW =z+vVz2 -1

Taking logarithm of both sides
iw=1In [zt VzZ—1] %
w=—iln[z+Vvz?-1]

From equation (1)

cos~lz=—tlIn [z vzt -1]

> 2zz=eW+4e™

then z=

Example:- Prove that sin™'z = —iln [iz & 1

Solution
w = sin"'z z =sinw
iw_,—iw y
then z=°— = By
20
multiply both sides by g =0
eiw
Taking logarithm of both sid
iw = In [iz £ V1 —22]
then n [iz £ v1—2z%] .
Fro
sin"lz = —iln [iz £ V1 —2%]
Examplé:- Prove that tan™'z = %1n i—z
Solution letw = tan™'z e (1) 2 =l
cosw
e iw_,—iw  giw
=2 — A s ol i
i Z = Gwyew e lZ = Ciwie-iw  eiw

2

/_—____—‘—_-_g____—_/—_____
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; elzW_1q - . ;
iz = = ize?W + iz =W —1
e +1
gitw o L 1 5 SlPW = 152
1-iz A 1+z
: i-z 1. i-z i
or i2w =In— = w=—=In— -
i+z 21 i+z 1
" - -1
— L I1=Z
w=tan"lz=- ln(,—)
2 i+z
= i i+z
then tan"lz == In—
2 i—z
H.W Prove that
- costi™tz =z £ V2%~ 1)
2= ginh™lz =Inflz V2% + 1)
E 1 1+z
3- tanh™lz ==In (—)
2 1-z
Example:- Prove that COSZ = CO0SZ

Solution

let z=%X+ 1y
since cos z

then cosz

but cosZ

from properties of
cosZ = cos (x — iy) # cosx coshy + isinx sinhy = cosz

Example:- Ex

Solutio

ss tani in the form of a + ib, giving only principle values.

= sinz
S =

Cosz

cosz = cos(x + iy) = cosx coshy —isinx sinhy

sinz = sin(x + iy) = sinx coshy + i cos x sinh y
Nowletz=0+1

sin0 cosh1+icos0 sinh 1 __ . sinh1
cos0 cosh1—isin0 sinh1 ~ " cosh1

then fani= =0.7621

Example:- Find all solutions of equation ~ coshz = —2

Solution

y
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