Petroleum Systems Control Engineering 2024-20525 Calculus II (Second Class)
Second Semester

Complex Variable

Consider the number of the form z=x+iy where x isrealpartofz and y is
imaginary part of z. then z is called complex number
i isimaginary unit i2=-1

Notes:-

1- Two complex numbers a+iband ¢+ id are said to be equal if and opi$iif the
real and imaginary part of the first are equal to the real and imaginary patgs o
Example:- If (x+y+2)+ @*+y)i=0 , then x+y+2
y=4

from these pair of simultaneous equations x2—x—-2=0

then x=2, and y= —4 or =-1 = =]
2- The conjugate of a complex number zis Z  where Z
3- i ==1
P=iti==
it=i%-1?=1
=g
4- %= =
5- ,
+0)+ (b d)i
6
(ac — bd) + (bc + ad)i
ib  c—id _ actbd  bc-ad
ctid c—id  c?+d? = c?+d?
(x + iy)(x —iy) = x2 + y2 = |z where
/(Rez)? + (Imz)?
9- s+Z=(x+iy)+ x—iy) =2x=2Re(z) = Re(z) =22
To- 7-Z=(x+iy)—(x—iy)=2iy=2ilm(z) = Im(z)=32_lj
b= 212, =717
12- 77, = 7,7,

%
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13- (j—z) = i—:

PROBLMES
1- Verifythat z = (1+iV3)/2 satisfies the equation z2—z+1=0
2- What is Re(z3 — 2z )? What is Im (23 — 2z)
3- Reduce the following expression to the form a + ib
i(2+30)*
The Graphical Representation of Complex Number

Let z = x + iy is a complex number then the vector OP represe

plane

r =,/x2 +y2 = |z| = Absolute or modulus value of z

A z-plane
6 =tan™! i’- = Argument of z (written as arg z) ) RS P
and from the figure we see that 5 i
z=x+iy=rcosf@+irsinf f E
or z =1 (cos @ + i sin@) = polar or trizo ric formofz O . > Re

now, if we have two complex nu
Z1 = Nn (COS 01 + i sin 91)

then

z12Z; = 1113[cos(6; + 6,) + isin(6; + 6,)]
Z 3= alHs [COS(91 Sl 62 op 93) +i Sin(Gl = 62 =1z 93)]

212973 " Zy = 1113 “'Tn[COS(Gl it 92 =l 63 Sl +9n) i Sin(Gl i 92 =+ 03 SfEseies +9n)]
if all these z's are the same, then:
z" = r"(cosnf + i sinnh)

and if |z] = 1

z" = cosnO + i sinnd = Demoiver’s theorem

W
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if n=-1

_1_1_1 e
z —Z—r(cose i sin@)

The quotient of two complex number can be written

Zq ro(cos Oy +isinf;) _ ry(cosBy+isinfy) ra(cos 6,—isin6;)
Z,  Ta(cosB,+isind;)  1p(cosB,+isind;) rp(cos 6,-isinb,)

zy _ 717 (cos By cos B,+sinf; sin 0,)+i(sin 8, cos B,—cos 64 sin 6,)

Zs - co0s20+sin?6

2= 2 [cos (6, — 0;) +i sin(6; — 6,)]

Z2 T2

Example:- Using Demoiver’s theorem and Binomial expansion , exj
interms of powers of cos 6 and sin 6
Solution
From Demoiver’s theorem let n = 4

z* = (cos O + isin6)* = cos46 + i sipe
remember that

s
40k =1+ ke + L2204

k!

cos*@

then (cos@ +isinf)* =

cos*
now, let k = 4 an

cos40 + i sin

: (i sin@)2 4 4(4-1)(4-2) (i sin9)3 A

cos 6 -3! cos 6

£9 = cos*0 — 6c0s20 sin%0 + sin*d and  sin460 = 4 cos36 sinf —

4 sin36 cos 6

Roots

Equation z™ = 7" (cosnb + i sinn@) can be extended to find the roots of integral orders

M
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Let n-throotsof z =1 (cos@ +i sin@) isdefined by number w =R (cos @ +
i sin @)
then, wt=2z or

R™ (cosn® + i sinn®) =r (cos @ + i sin6)
comparing the two sides of this equation =~ R™ =r = B=gli®

and the angles of equal complex numbers must either be equal or differ by an integral
2

ng =0+ 2kn or

6+2km
0=

where Feen—1
n

0+2km . . O+2km
w=zl/n = y1/n (cosT+Lsm - )

Example:- Find the four fourth roots of —8i

Solution I‘?
z=0-8i
GE=227.02 Wy
Wy ]
Then R = g1/4 \ \x
Ne, »Re
w = 8l/4 (cos %
Wy
k=0
i s Py T O —gi
= (c058+1,sm8)
= — Qql/4 UR o i o 11T
k=2 w3 = 8 (cosB+Lsm8)

‘ 151 oo 157
%/4 L (cosT-HsmT)

@ — i AfaN2 = |4y 0+2km . . 6+2km\]P
zP/1 = (21/9)" = [7' & (cos . tisin : )]
= 72/4cos o (8 + 2km) + isin 2 (0 + 2km)] N o

Example:- Find all the distinct values of (=1 — {)*/5

Solution

%
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