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Multiplying the Function by Unit Step Function

Example:- What is the equation of the function whose graph is
ft)

Solution

This function can be regarded as the sum of two translated (shifte

5
u(t—a)
1 {--- > -
i + i I
= >t po b > i
More generally, the expression f(t.—a) - u represents the function obtained by translating

y
@ Wﬁlaking vanish identically to the left.

A

Solution

the general equation of line is y=mt+c where m is the slope of line

W
—_—
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then, for the lefthand linem =2 y(t) =2t +c R ()
and forright linem = -1 y(t) =—-t+c R ()
we need only one point to find c,
for left hand linewhent =1,y = 0’ fromEq. (@) c = =2 soy(®) =2(t—1) for 1<t<2
for right hand line when t = 4,y = 0 from Eq. (b) ¢ = 4 soy(t)=4—tfor 2=t54

now, from 1<t <2

2(t — D[u(t — 1) — u(t — 2)] {defines the segment of the given fu

and t = 2 and vanishes elsewhere}

now, from 2 <t <4
(4 — t)[u(t — 2) — u(t — 4)] {defines the segment of th ; y etween =2

and t = 4 and vanishes elsewhe

so the function fromt = 1tot = 4 is

2t - Dut -1 —ult—-2)]+ (@4 -t

or

but
—2(t-Dut—-2)+ @ —-tu

because 1(t — a) vanishes the f (¢t — a) identically to the left of ¢ = a then the integration will

starts from a

or fow{f(t —au(t—a)} et dt = f;o{f(t —a)} et dt
now by transformation of the domain of integration by letting t =T + a = dt =dT
note that t=a , T=0ad when t—oo, T -

M
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{ i r= ) e-ST+a) T
=™ [P{f(T)} e dT = e”* L.Tof ()}

Corollary 1:-
LTof {f(Hu(t —a)} = e * L.Tof {fit+a)}
Corollary 2:-
if LT-! of {&(s)} = f(t) , then LT~ of {e ~3Sp(s)} a)
This corollary states that suppressing the factor e~ in transform requires thafgh erse of what

g@®
gl ==@* -3t +2) F(&) = —(t? =3t +2)
== 2 — B /i N 2
Solution
g@®) = f@ut-1)-f
where ) = (2 —3
using Corollary 1, obse 'ﬁ%th D=—[t+1)*-3¢+1D+2]=-(*-1)

and fe+2)=—{+22-3¢+2D+2] = —(t2+1t)

the required transform is

~SLTof {t?—t}+e2LTof {t?+t}= —e(5— i) +e7% (—2— - i)

X
s3  s2 52 52

solution of equations ' (t) + 3y(t) + 2 fot ydt = f(t) forwhich

Yo is the function whose graph is shown in Figure
f®
A
2| e e
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Solution
Inthiscase  f(t) = 2u(t — 1) — 2u(t — 2) " then the differential equation can be
written as »

') + 3y(®) + 2 [y y dt = 2u(t — 1) — 2u(t - 2)

now taking L.T of both sides we have

e~ e %8

S S

[sY(s) — (D] +3Y(s) + Z%Y(s) = Note :-since a=0, then

0
[[y@®)dt=0
(2 I+ () =2 =2 +5

2675 2e28

or = - -
T (s+1)(s+2) | (s+D)(s+2)  (s+1)(s+2)

the first term in Y (s) can be written as =

and kz =2

e SIENP LS. N =
then (s+1)(s+2) SR 5D s o LT

and by suppressing the exponential factor in the gecor Y(s)

2 _ ks k3
(s+1)(s+2) s+1  s+2

sa s BHT
then L.T (s+1)(s+2)—2(e

and
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Dirac’s Delta Function

Consider the function

o M EBEEEGER -
fu(t ‘a)—{O otherwise (L

This function represents a force of magnitude 1/k acting fromt =a to t=a+k , where

k is positive and small. The integral of a function acting over a time intervala <t < a + k is

called the impulse of the function.

Area=1

a at+k

Now, the impulse of fj is
() +k 1
=5 fit—aydt =]

= N . T )
By taking the limit of fy ask — 0
limgo fir(t — a)
&(t — a) is called Dirac delta function
(2) by tak

Note :- From equations (1) and tas k = 0 we obtain

6(t—a)={80

Sifting property of (¢ -

and .8t —a)de =1

To obtain the L.T of §(t — a)s we write

(t—a) =%[u(t—a)—u(t—-(a+k))]

i = il =S
and L.T of {f,(t — @)} = — [eos —e = g aST
now, Jie limit as k — 0 (using ’Hopital’s rule)

—(a+k)s
limy_,q % =g ®
Then LT of§(t —a)=eg %
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