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Multiplyine the Function bv Unit Step Function

Example:- What is the equation of the function whose graph is

Calculus II (Second Class)

Solution

This function can be resarded as the sum of two translated (shi

u(t * a)

f (t) a units to the right and cuttinffiofffia,'making vanish identically to the left.

Example: What is the function whose graph is

Solution

the general equation of line is
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Y = m t + c where m is the slope of line
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then, for the left hand line m = 2 y(t) = 2t + c "' (a)

and for right line m = -! y(t) - -t + c "'(b)

we need only one point to find c,

f o r l e f t h a n d l i n e w h e n  t : L , ! = } f r o m E q .  ( a ) c =  - 2  s o  y ( t ) = 2 ( t -  1 )  f o r  1 < t < 2

f o r r i g h t h a n d l i n e w h e n t  = 4 , !  =  0 f r o m E q ' ( b )  c = 4  s o y ( t ) : 4 - t f o r  2 < t < 4

n o w o f r o m  L < t < 2

2(t - 1)[u(t - 1) - u(t - 2)] {defines the segment of the given fu

and t = 2 and vanishes elsewhere)

n o w , f r o m  2 < t < 4

(+ - t ) lu ( t -z ) -u ( t -+ ) l

sothe function from t = 1 to t = 4 is

{defines the segment of thgffifunct

2(t - 1)[u(t - 1) - u(t - 2)] + (4 - r - u(t - 4)l

2(t - L)u(t - 1) - 2(t - L)u(t - 2 u ( t - 2 ) - ( 4 - t ) u ( t - 4 )

and t = 4 and vanishes elsewherW'

or

-2(t - 1.)u(t - 2) + (+ - t)uk &N:ruNt 
- 2) r Zu(t - 2) + 4

= 6 u(t- Zru tW- 2) = -3(t - z)u(t - 2)
^.^ +L^ G,-^+i^- ^f -.-^hJn ru Wthen, the function of grap$Su ffigW

z&u(r &$ - 3(t - z)u(t - 2) + (t - 4)u(t - 4)

s w
&ffi

KWt 
- 2) + zu(t - 2) + 4u(t - 2) - tu(t - 2)

but

because

starts from a

Second Shiftine Theorem (t-Shiftine)

ffit - w)u(t - a)j = s-as L.T of tf @j

hpton we have

tf G - a)u(t - a)j = 1o-{/it - a)u(t - a)} s-st dt
.t - o) vanishes the f (t - a) identically to the left of t = a then the integration will

or litf ft - a)u(t - a)j e-s! dt = I:tf G - a')\ e-st dt

now by transformation of the domain of integration by letting t = T * a

note that
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t = q  T  = 0  a n d  w h e n  t - t o o ,  T + a

d t = d T



Corollary 1:-

Corollary 2:-
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a.3"tT-a'3i'"1,",

ffvrt 
- a)\ s-st dt = I:tf(T)] s-s(r+a) dr

= e-as ;i{f e)} ,- ' , dT = e-as L.Tof t/(t)}

L.T of {/(t)u(t - a)} = e-as L.T of {/(t + 4)}

Calculus II (Second Class)

'f 
(t + 2) = -l(t + 2)z - 3(t + 2) + zl : -(tz + t)

Example:- What is the transform of the function whose graph is $o

Solution

s ( t ) = f ( t ) u ( t - L ) - f rurow
MruU
ffi&"* 1) = -[(t + 7)2- 3(t + 1) + 2] - -(t2 - t)

where f  ( t )  -  - ( t2 -31

using Corollary 1, obseryi

and

the required transform is

-s L.T of {r2 - r} + e-2'L.Tof {t2 + r} = -r-'(i.- 
i) * t-" (: -;)

s
solution of equations y'(t) + 3y(t) * Z IJ y dt = f (t) for which

is the function whose graph is shown in Figure

S ( t ) = _ ( t ' - 3 t + 2 )
t 2 - 3 t + 2 1
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Solution

In this case f (t) :\u(t _ L) _ ku(t _ 2) 
' then the differential equation can be

written as

y' (t) + 3y(t) + 2 I:! dt = Zu(t - t) - zu(t - 2)

2024-20525
Second Semester

now taking L.T of both sides we have

lsr(s) - (1)l + 3v(s) + 2:v(s) --'+ -'+ Note :- sincea: 0' t* ffi

llva)dt=o 

s . s r 
%ruW

(s '+3s+2)Y(s)=Ze-s-2e-2 '+s pq dru%-
s . Ze-s 2"-"- ,1fu w

(s '+3s+2)Y(s)=2e- ' -2e-2'+s -*w f f igY
r,/ \ s Ze-s 2e-2s i%, w

or Y(s) = 
G)G- 

+ 
ir*tlir*a 

- 
G+1)G+r) ${ 

%,

the first term in I(s) can be written as 
s = k' + u' F=+ kt = -1

(s+1)(s+2) s+1- s+2

and kz=Z @fu
then # =h-# so rr-'ffi.4:%-zt-e-t

and by suppressing the exponential factor in the ffiffi rCtl

#=#+k ff i f f i=Zand kz=-Z#=#+k  W= '
then L.r-1 # = 21,-c'\ffiS uG - 1)

and L' r-1 uffi,,gfl'&'d$f- 
2G-2)) uQ - 2)

y(t) - z"-rt€ 
"\zlrYct-r) 

- e-2(t-1)) u(t - 1) - Z(e-G-zt - e-2(t-2)) uG - 2)
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Dirac's Delta Function

Consider the function

Then L.T of d(t - e) = e-o'

# #(t 
- d -- ;luG 

- a) - u(t- (a + /c))l

*.p L.T of {fr(t - a)} = *lr-"'- ,-(a+rc)s] -- s-as#

" &  
K d

now,ftffiffie limit as k + 0 (using l'Hopital's rule)

P limp*o# = s-as

Calculus II (Second Class)

rxG-e={'{u ";n:; iJu ""(1)
Thisfunct ionrepresentsaforceofmagni tude 1, /k  act ingf romf =a to  t=a+k,  where

0 we obtain

Io- utt - a) dt -- 1

Sifting property of d(t

To obtain the L.T of d(t - a)fwe write

Iu= lf, fn1-a)d.t= I:.r;ot=4fu"""'(2)
Bv taking the limit or f1' asu 

;:,, fx(t -", *nmw
d(t - a) is called Dirac delta function 

"^ 
ffi

d ( t - a ) d t =  g ( a )
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