
Petroleum Systems Control Engineering 24-25 Engineering Analysis (Third Class)

Example:- Evaluate Ii fie-"'az

So lu t i on  l e t  t=23  +  z= t7 /3

dt  = 3zzdz + d.z  =:z-zdt

then If 'lZr-* az = I; ',ffir-t i r?; at = 1l; u' '-l-]+t dt

f 'fis-z'dz = i1f '-' ti-' at = 1r H = +

Euler Beta Function

The Beta function F@,y) is defined by the integral

F(x,y) = IL f-7 (l - t1t-t61

The Euler Beta function can be represented in terms of Gamme function as:-
; _ .  i '

" ; ,

F@,y) = #
p .  r

_  
n *

Example:-

Solution

Evaluate lo'to'' (1 - t)o'---q'1"4' ffiW

- '  , -  " *  
* ' *

I! t .'-' C' - r)suvt': p*tr'.s,r.e) = ffi = w
1.2(t.2+*OrC&z)%*t, + 1+ 1) = r(3'2)

r(3.2) iq,a. z.zib.'gra 2 = 2'424

Jo 'so ,  c r  - l i ' o ,  = f f=  0 .3562

but

SO

n @  t , a - l  '

Jo 
-GdY

+ y)-L dy

Let  y=*  where Y = 0  w h e nx = 0  a n d  y - . @  w h e n  x = 1

+  a y = f f i d " x =  &
Then the given integral becomes to
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ff ; ay = Ii(*)a-I(L * *)-' (t - x)-zdx

(b) - [i e"p?{D ax

' i

, i i : '  '

"'1'fr"'o'%8.,,.
"i,ir,:l";

* -  z  )

! l L a t
2 lt l t-t

t = 1 ,

ln(1'/x) = 2

Answer

Answer

Answer

Answer

= t(+)"-tf,)-' (t - x)-zd* = Il *a-r (L- x)-@-t)(L - x)-1dx

F=(i

from equation (1) cosx dx - ! 6-r/z 46

+ ax=)ftLat e o.=i#{;;**fi:
Also f romequat ion  when x=0,  t=O 

-  T=** , -Ut

Then I{/' ,or'*-'* sin2'-1/ a* = fd_#G#) 1t1(3i1)

or =)fig- g;m-1(t)"-r$;l*-{dfu"+

"' J:'2 cos?!=t' "ttnt*-tF"d* =; ffi

H.ws ** 
4-\ ' \s

"'r4-{fl

1- Evaluate each.of the follo{ving
' {F:'

,
(a) '  = ,  

* lo?{g + ! )z  s-x"  a*
' 

e+'

2- Evaluate eaeh of the following*%"
ru) Iir'l6-o- de

-  l a

(b) [" 'Vtane de

t.)t'ffi ret
(d) lo'"- (r"i)" dx

= f ya-l (L - x)-ad* = Ii *a-t (! - x)-a+L-to*

= f xaa-t(1-v)(t-a)-7d.x= I9ff i=f(a)f(1 -a)

Example:- Evaluate I{/''o"^-t * sinzn-7x dx

Solution let  s inr :  r / f

then from the figure cos x = IFT

fi f(;)

, i 6

i '(i)
t(;) =

7

@

(c) - I;; d.

f (i)
,li

r(n + 1)

2L
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Answer2 4 = x
$
rr1'r

'lz
4(e\ f1L let\"t Jg ,/[7+

3 - B y s e t t i n g  2 m - t - k

I{/' ',otu e

What is ff/'sink e

in the result or !{/' 'cos2m-L*

fl(k+7)/2\ k > _1
fl(k/z)+Ll )

sinzn-7x dx , show thatr r
a n O  n = =

z

d F ^ =  
v "

2

de

::: 'rl:l::r'

4'g' ;r'=fri.
,$ ii*,',,=, 'il.ll ir

,- 
,,,irlllllir,.ii il 

t",,,',, 
, "t'-

Partial Fraction Expansion ,,f,,-ri 
"n*'''

In many cases the solutions are usually appears as a quotient of polynomialS 
:::'::

- i i

G(x) = Q(x)/p(x) """ """ (1) (+-

Where e(x) and p(x) are polynomials of x. It is assumed that the order 
3je 

(x) is greater than Q(x)' The

P(x) = xn * an-1x"-t',41i;'-.." ':'trt* a1x * as

polynomial P(x) may be written as 
,,'*)j]i'i. . 

r';r+

...given for the cases of simple pole, multiple - order pg"!qp,And q.g plex conjugate poles of G(x)
' " \ : * : l

1- G(x) has simPle Poles , ..:
If all the poles of G(x) are simple and real,rdqiibtioTi (l) Can be written as

d#- +lt I

P S) 
- (x + x'f 1x + 4i)..'.a;@ + xS

where xt + xz + ... .... 
?._lrltrj!.i,d*t.*{,**.tion 

expansion equation (2) becomes to

G(x) = #*ff i+.. . . . .+ @h
The coefficients ki., i =\,2,1,', %i is determined by multiplying both sides of equation (2) by the factor

(x * x) and then letting x eqffirto -xi or

kt= [(" *',)ffi|,=-,,
- lh  ' i '

Example:- E*pand'ihe following by Partial Fraction G(x) =
T **.. ,=;

5,x+3

x3+6x2+\ !x+6

""" -' 5x+3 5x+3
Solution "'4." '" c(r) = ffiru, 

= 
1r*rffirxr-

,  i "

thenthe Partial Fractionform of G(x) is 6#G= t* h*h

to find k, multiply both sides by x * 1 then let x''= -1

t r ' . =  s ( - 1 ) + 3  - - 1
(2 - 1) (3- 1)

kr=j$! .=7(r^-2)(3-2)
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l . - =  
5 ( - 3 ) + 3  = - 6

(1-3)(2-3)

G(x)=f i+#-*

2- G(x) has multiPle - order Poles

Ifrofthen polesof G(r)areidentical,orwesaythatthepole alx= -x; isofmult ipl ici t t  t ' f f i [ . t t

written as & f'-fu

G(x)=ffi=(x + x ) (x + x ) " " " (x + x n - ) (x + x )r

Then

24-25

G(x)= h+#+ +#.-Ei,g
n-r terms of simPle Poles

Where

Example:- Expand the foll function by Partial Fraction G(x) = 
ffi

ut=ft ;=)
nr=r fu=I
4s = [(x + 1)3G(x)1, =-! = -L

A, = *[(x + 1)3c( x)lx=-t - Lffil*=-, = -ffi\,=-, = 0

Ar-1 = i*lr. *xi)'ffi|,=-", ,ry-fu
A.- ̂ = 1- d".[rr+r,t '9!"]l@ WAr-z =,+, #[t' +'')' ffi|ffiffi
:  :  ' % % w
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Substituting these values.

24-25 Engineering Analysis (fhird Class)

imaginary Part then

o,=*#[(r + 1)3c(")1,=_, =*#ffil'-J -t

^ 7  \  1  1  1  r
G(x)  = 

2r+f f i -  '+r -  ( r+1P

3- G(x) has simple complex - conjugate poles

SupposethatP(x)hassimplecomplexconjugatepoleswithalasrealpartanda2as

G(x )=P=- ; {5 - -
P(x) (x+a1-ia)(x+ar+iaz)

The expansion by partial fraction gives

G(x )= f f i +m
k-qt+iqz = (x * af ia2) G(x)lx=-at+raz

k-or-io, - (x * a1* ia2) G(x)lr=-qr-io,

Expand the following function by Partial Fraction G(x)

G(x)= = h+ff i+

**rF
where

and

Example:-

Solution

Where

. - = -
-8-4i 80

- x+2 I 1
th  = 

@lr=_L= E

, - - x + 2  1  =ft-o-zi - 
@+L)(x_20 lx=_o_zi

-8

80

24
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Roots

Engineering Analysis (Third Class)

Equation zn : rn (cos n0 * r sin ng) can be extended to find the roots of integral orders

Let n-throotsof z.--r(cos0 * i  sing) isdefinedbynumb-er w= R (cos @ + t sin@)

then, w n = z  o r

R n ( c o s n @ + i  s i n n @ )  = r ( c o s g * i  s i n g )

comparing the two sides of this equation Rn = r + p = yt/n

and the angles of equal complex numbers must either be equal or differ by an int&,gqal mu,ltipL o,iZ"
,  0+2ktrn A = 0 * 2 k n y ] : ry  wherek=o, r ,7*s , ,6 j )  t l r I

w = sL/n - yt/n (rort*'uo + tsine+zko
n

Example:- Find the four fourth roots of -Bt

Solution

z = 0 - 8 t  l z l - J 0 2 + (

R - Bt/+ ,2," **;l

24-25

o  

*  { ; '

Then

w-Br/4(." ,# l@;

'lF t'{-(ru'Ftsin+)k = 0

k = L

k = 2

{**=,, e:'a.(ro^!+ i sinf,)

*, =''fur,n (.o, ff + i ,in f)
r,r$ = srl+ (.orff+ i sinf)

and roots defined, the general rational power of complex number can be

,.$

,o/e - (zt/a1o -_ 
[rrta (ror!* r sin e+znr\1a
t  \  q  q  / l

, f-  r o / a  l . o r  L ( 0  +  z k n )  *  r s i n l ( e  + z k n ) l  k  =  0 , L , 2 ,  . . . , 7 t - 1 -
L  q .  q \ -  

- - - - ' / l  "  - '

oennf8 as
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Find all the distinct values of (-t - t1+ts

z = - 1 - i l z l = , f f f i = ' r l Z
Q = 5

k = 4 - 22/s [."t ?+ i tin f] S%*

-uT;%'Y"
W

%ffi..
,,* 4P,**

* q %  t u s

w

Examnle:-

Solution

g = tan-1 
- ] -  

zz| .  =T

z4/s =, (-1 - t)+/s - r+/s [cos iCe * 2kn) +

- 22/s [cos n * r sin n]

- 2z/s [."' T + i 'in f]
- tz/s [.or i+ i sin i]
- t2/5 [."r ?+ i sin f]

P = 4

i s in f (e+zkn) ]  
:  _ ;  1*

ed-b* ..

.r,,f* '*s;h

* 

-'*\* - +

T, '

k = 0

k = 1

k = 2

k = 3

ffi'
# d #

1 
. 'F'*

.
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