Petroleum Systems Control Engineering 24-25 Engineering Analysis (Third Class)

Example:- Evaluate I 0°° Vze 2’ dz
Solution let f=g" = 7z = t1/3

dt =3z%dz =  dz= ';'Z—Zdt
2 1
e f:‘/;e_zsdz=f;o t1/3e~t 2 ¢7s dt = A £ e

© D I O . BTN T o e
fO \/Ee de—'gfo et tz dt—gr(z)—

Euler Beta Function

The Beta function B (x,y) is defined by the integral

Bx,y) = f01 ael pIE L x>0, ‘\ y >0

The Euler Beta function can be represented in terms of Gamma function as:-

_ @Iy U
B(xl ) i I‘(x+

Example:- Evaluate fol aed G t)°'9d\\i,tf
Solution
L 1act o4 _ Do £ S X _ ra3)ras) _ rasras)
fo : Q- g = B(1.31.9) = r(13+19)  TI(32)
but 1212 +Dr(2) =02 +1+1) =T(3.2)
50 [(3.2) = 12 2.2 0.9182 = 2424
S o folt; _ 0.8975:0.962 _
[yt°% (-0t =" = 0.3562
1 : o ya-1
;- Evaluate 5 rywalcod

i

T gy= [ Ny g

Let y=%x where y=0 when x=0 and Yy - ®© when x =1
1-x+x dx
> =T o»

Then the given integral becomes to
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. = [ A+ )T (1—x> 2dx

0 1+y

= Ppeikra gyl s et =g e =T

Lx¢1 (1 —x)"%dx = Lxo1 (1 —x)"¢ 1 dx
0 0

f01 x%1(1—x)A" D dx = I@rd-a) _ r(g)r(l —a)

r(1)
Example:- Evaluate f:/z cos2M1x sin®lx dx
Solution let sinx = +t e
then from the figure cosx = Vi—t - sia-sas e L &

from equation (1)~ cosx dx = % =1/% g

il 1
= dx= == t
2+tcosx

Also from equation when x =0,

2m--1)

Then fn/z cos?™1x sin?"1x dx = f (1 — t)(

0 t Vi-t
1.4 m—-1/p\n—-14¢
or  =[;A-"() dt
/2 1 I(mr®)
fo e 2 T(m+n)
H.WS
1- Evaluate each of the follo;zving
(a) % f°°(x +1)2e* dx ®)- [ exp(—Vx) dx ©- Jy 4 dx
2- Evaluate eaeh of the following
Jz T®
(a) f 2Jcos® do Answer 5
(b) [7/*Vtan® do - Answer ) re
. dx i
© [, ¥ let In(l/x) =z Answer r (5) = r
o ok R
@ f, x (ln ;) dx Answer (—er T(n+1)
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1_dz 4_ vz TQ)
© [ = let  z*==% Answer e
3-By setting 2m — 1=k and n = % in the result off s2m-1y sin?"~1x dx , show that
/2 i ) ﬂ I[(k+1)/2] =
[y "8 di= - mems k>-1
Whatis  [i/*sin*® do

Partial Fraction Expansion

In many cases the solutions are usually appears as a quotient of polynomials
G(x) = Q(x)/P(x) S (1)

Where Q(x) and P(x) are polynomials of x. It is assumed that the order of P (x) is greater than Q(x). The
Pl = o 4w 1x" 1+

“Hax +ag

polynomial P(x) may be written as 4
...given for the cases of simple pole, multiple — order poles and complex conjugate poles of G(x)

1- G(x) has simple poles

If all the poles of G(x) are simple and real, equ ion'(1) can be written as

:‘«

=80 Q). 7
Sl P(x)  (x+x)(@Ha) i(x+x5) 2)
where xq # Xp #F -or oo F X Applymg part1al fraction expansion equation (2) becomes to
= ~1 . v kn
G(x) = (x+x ) (5c+x (x+xn)

The coefficients k; (I = 1 2, 3

,n) is determined by multiplying both sides of equation (2) by the factor

(x + x;) and then letting x equal fo —x; or

K= [(x + 1)

P00 e
- NI ST
m— Expand the following by Partial Fraction ~G(x) = -
Solution ¥ G(x) = 5x+3 5x+3

T x+ex2+11x+6  (x+1)(x+2)(x+3)
5x+3 _ Kk ks, K
(x+1)(x+2)(x+3) x+1  x+2  x+3

to find k, multiply both sides by x + 1 then let x = —1

then the Partial Fraction form of G(x) is

o BEDEE
1 m=hE=1)
_ 5(=2)+3
ky = G=2)=2)
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o = 5(-3)+3
37 (1-3)(2-3)
I L St
G(x) = x+1 T oo

2- G(x) has multiple — order poles

24-25 Engineering Analysis (Third Class)

If r of the n poles of G(x) are identical, or we say that the pole at x = —x; is of multiplicity 7, G(x) is

written as
- Ax) i —
GO = Py = e rma) G T R : i
Then
T kl kz * 00 kn—r Al Az - Ar
Glx) (x+x1) ~ (x+x2) , ( (X+xn-r)  (X+xi) i (ep2)? (x+xi)"
n—r terms of simple poles r—terms of repeated poles
Where
- yr 2
A, = [(x +%;) P ye s
14 Ar %)
Ar1 =1 % [(x %) POy
. - ’ c 1
Example:- Expigd the following function by Partial Fraction ~ G(x) = TP iD
Solution.
N AN N T S W oL
G(x) T x(x+D)3(x+2)  x o el (x+1)2  (x+1)3
oy i Byl
then ky = D 2
1 1
ky = -D-2+1)° 2 _
A= [0 + 1761l =g = -1
o d 3 gy oo fF S =
AZ T dx [(x + 1) G(x)|x=_1 T dx [x(x+2) e = [xz(x+2)2 =1 0
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e [ 1
T 2tdx? Lx(x+2)

=-1

x=-1

1 dz 3
Ay=2 [+ 1) G(x)lx:_1

Substituting these values G(x) = 51; o ;(x—1+7) = ﬁ 0 :1)3

3- G(x) has simple complex — conjugate poles

Suppose that P(x) has simple complex conjugate poles with a; as real part and a, as imaginary part then

G(X) = Qx) _ Q(x)

—P(—x) - (x+a—iaz)(x+a+iaz)

The expansion by partial fraction gives

G(x) Ay k—a1+ia2 k—a1—iaz
xt+a,—ia, xtagtiag

where K-o,+ia, = (x + @y — iaz) GOl x=-q, +ia,

and k—al—iaz = (x iy F iaz) G(x)|x=-—a1—ia2

9 . . . A x-:z o
Example:- Expand the following function by Partial Fraction G(x) = (meyre e

i x+2 k Keo—2i  K—giod
Solution Glx) = = il 0-2i 0+2i
( ) (x+1) (x+21) (x—21) (x+1)  (x+20) (x=2i)
whe L e
where ki =—— == »
e e 3 .
I . x+2 _ 2-20/"=8+al 24i-8
=020 = i ==
(x+1)(x—2D)1 = g2 8—4i —8+4i 80

i L xA2
—0+28 T (1) (x+20)

_——_— e =

x=—0+2i EBAM —8-4 80
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Roots
Equation ~ z™ = 7" (cosn6 + i sinn@) can be extended to find the roots of integral orders
Let n-throotsof z=r(cos@ +i sin@) isdefined by number w =R (cos® + i sin @)
then, wWh=g or
R™ (cosn® + i sinn®) = (cos + i sinH)
comparing the two sides of this equation =~ R" =r = R =gt

and the angles of equal complex numbers must either be equal or differ by an integral multiple of 27

nd =6 + 2kn or ¢=6+% where k=0,1,}2.;,&;---,n——1

0+2km . . 0O0+2km
w=zl/n = y1/n (COS—n—+ i sin=— )

Example:- Find the four fourth roots of —8i

Solution I‘rFl
41
w, )
Then e 1
K > Re
s W4

k=0 o

k=1 ¢ -8

k=2 (cosll—n+isin11—”)

8 8
5 o
ks Wy = 81/4(cos%+151n-m8—”)

With integral powers and roots defined, the general rational power of complex number can be

defined as

D 6+2k . . 6+2km\1P
ZP/q = (zV4)" = [rl/q (cos—q—n+ Esin— n)]

= r?/4 [cos 2(6 + 2km) + isin'§(6+2kn)] k=0,1,2, ~,n—1
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Example:- Find all the distinct values of (=1 — pyes

Solution

z=—-1—i Iz = JD2+ (12 = V2

§=tan1E=225"="2 ¢=5 p=4

—il

745 = (=1 — 1)*/5 = 7#/5 [cos £ (0 + 2km) + isin (O + 2km)|

k=0 = 22/5[cos m+ i sin T]
= = 22/5 B% s 2=
le="1 2 [cos 5+lsm 5]
= — 92/5 T0 e ol
k=2 2 [cos 5+lsm 5]

k=13 = 7%= [cos 2L 4 psin 9—"] . N
5 5 -
k=4 = 22/5 [cos ™ +isin -71]
5 5
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