Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Constant Coefficient Homogeneous Equation of Higher Order

Consider the following homogeneous, liner, constant — coefficieht equation of higher order
ay™ + ary® D + ot ap gy + ayy =0
where n is order of derivative and n > 2

the substitution y = e™* leads to the characteristic equation

am™®+am*+--+a,_.,m+a,=0 (n- roots equation)
Example Find a complete solution of the equation y"+3y"+3y'"+y=0
Solution
In this case the characteristic equation is m3+3m?+3m+1=0
One roots of this equationis m = —1_

then to find the other two roots multiply the characteristic equation by %% the equation becomes to

3 2, 4
(m + 1) BB - 4 1)(m +1)% = (m + 1)°
the roots of characteristic equation are m; = m, = m3 = —1
the complete solution is y(x) = c,e™* +gxeE + c3xle™

Example Find a complete solution of the equation y'" + 5y"' + 9y’ + 5y = 0
Solution
To find the characteristic equation (D3 +5D?+9D +5)y=0 = m3+5m?2+9m+5=0

by inspection one roots of this equation is = —1, then to find the other two roots multiply the characteristic

s

. 1 .
equation by % the equation becomes to

3 2
(m S 1) (m°+5m*+9m+>5) =0

2 -
= = m+1)(mM*+4m+5)=0

the roots of characteristic equation are my = —1, mp3 = -2+

so the total homogeneous solution is cye T He"**(c,cosx + €;5inx)
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Example For what nonzero values of &, if any, does the equation y® — A*y = 0 have solutions which satisfy

the four conditions  y(0) = ¥ (0) = y(I) = y"'(1) = 0 and are not identically zero? What are these

solutions if they exist ?

Solution

The characteristic equation in this case is mt—2At=0 to find the roots of this equation let
m*=q then g2 —2*=0 = q=F21? then m=F1, Fil

Hence, a complete solution is y(x) = AcosAx + BsinAx + c,e?™ 4+ c,e=*

or y(x) = AcosAx + BsinAx + C coshAx + E sinh Ax

differentiation this twice gives us

y"(x) = A2(—AcosAx —BsinAx + C coshix + FSwmh Ax) :
From the first two conditions, we obtain the relations

A+C=0

A(=A+C)=0 since A =0 = A= =0
From the two last conditions, we obtain the relations

BsinAl + EsinhAl =0

A*(—=BsinAl + EsinhAl) =0

Dividing both sides by A? and adding these equations, we find

2E'sinhAl=0 sinh AL # 0 ~ E=0
which implies that B smM =0 , nowif B =0 thesolution would be identically zero, thus we
must have  sinAl =0 (;r Ml =nm SR — ?
then by substitution this value of A Yn = By sin(nmx/1)
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Variable Coefficients Differential Equation

apx?y" +a;xy’ + ay = f(x) Euler — Cauchy

The Euler — Cauchy Differential Equation

There are one type of linear equation with variable coefficients, by simple change of independent
variable it can always be transformed into linear equation with constant coefficients.
The equation ;
apx®y" + a;xy’ +a,y = f(x) is called Euler — Cauchy equation
Note that The coefficients of each derivative is proportional to the corresponding power of the ‘independent
variable. | i
Then by changing the independent variable from x to z by means of the substitution -

dz

x = e’ or z =Inx SO y = f(2) = e

L
X

Note that z=f{x) and y=f(z)
Then Y ==t === : Rgredon b

o ldy 1d’yd lidy 1 d*
”=_{=__2__y+__g}_2=___i_l+_2 g’ -~ (b)
dx x°dz xdz dx X d7:- x dz
@y _ 2dy 34y 1d%
T dx3 x3dz x3dz?  x3dz3 (C)
Example:-Solve S y"”éi' 4xy" +6y =0
Solution

from equations (a) and (b), fhe given D.E can be transformed
2
x4 —LZ—C—IX+L2d gj —4x<l.£{}—}> +6y=0
x@dz x° dz 5

2
L

(constant - coefficient)

dz dz
the characteristic equation = m2—5m+6=0
the roots of characteristic equation are my, = 2 X m, =3

then the general solutionis  y(z) = c,e™ + c,e™*

finally transform from z- domain to x —domain by substituting z = Inx

y(x) =c¢; e2M¥) 4, ¢3nX) = yX)=c¢¥+ex
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H.Ws
Solve
- x*y"-3x)'+4y=0 Answer y(x) = (¢; + ¢; Inx)x?
2. p ’ = . ﬁ
2- x°Yy'-x'ty=x Answer y(x) = c; + cpxInx + -+
3- 2x%y"+5xy +y=3x+2 Answer y(x)=%+cx—2+2+§

Euler- Cauchy Equation of Higher Order

Example Solve the nonhomogeneous Euler- Cauchy equation  x3y"’ — 3x2y" + 6xy’ — 6y = x*Inx

Solution

From equations (a) and (b), the given D.E can be transformed the homogeneous part to

y" —6y"+11y'—6y= 0 where y = fi(z)
then the characteristic equation is = m3—6m?2+11lm—-6=0
the roots of characteristic équation are my; =1 ; Jmile 2 ms; =3
yi(@) = e* y2(2) = e ya(2) = 6
then yi(x) = x Y2 (x) = x? ys(x) = x°
then the complete solution is yp(x) = et c3x? + c3x3

now to find the particular solution we use the method of variation of parameter where

Yo = X1 Y ) WW"((-;)—)r(x)dx where n = order of differential equation
w, W, W
Forn=3 Yo =100 [ E Ty, () [ 5 Tty () [ Gl
where ya () = x )=’ pafle®
i 2
W= 2x 3x2|=2x°
0 2 6x
B = a
Wy=|0 2x 3x%|=x*
1 "2 6%
o
W,=[1 0 3x%|= —2x°
(0 7
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% %= B
Wi=|1 2x 0= x :
Ol 2=
Recall that rix) = x‘;l? X = xInx (by comparison the given differential equation by standard form)
Wl/W= X/z Wz/W= _11 Wg/W= 1/(2x)
Vo =xf§xlnxdx— x? [ x Inx dx + x® [ —x Inxdx
Now |Inxdx : let" %y ="lnx . du=2%
dv=d -
y.=dx : f=
dx
JInxdx=xInx — e
“{fInxdx=x Inx —x
[xInxdx e 4= Inx ; du=i—x
dv = xdx g v=§
e %% dx
fxlnxdx—;lnx— 77
X X
fxlnxdx——z—lnx——4-
[x®nx. dx = ['ex Tnx iz : u=x . ' du = dx
2 2
dv =xInxdx : v:%lnx—%
2
T x de= xz—ilnx—x;— f(-xz—z lnx—a—)dx
3 2 x5 a® & %3
or sixt Inxde=—Inx—"-Wg Jx*Inx dx= T Inx -~

3 3 2 2 3

P = g(x? lnx—%) —x? (% lnx—%) +£2-(x Inx —x)
1 114

Yp =¢x*(nx — )

(%) = 1% + 6322 + c3x3 + ~x*(nx — 2
y 6 6

10



