
Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Constant Coefficient Homoqeneous Equation of Higher Order

Consider the following homogeneous, liner, constant - coefficieht equation of higher order

aoy(n) * ary@-t) + . . .+ an-t ! '  *  any = 0

where n is order of derivative andn > 2

the substitution y = emx leads to the characteristic equation

asmn * a.rmn + "'I an-1m * &n = 0 (n- roots equation) ', 
,,

Example Findacompletesolutionoftheequation y"' + 3y" * 3y' + ! = 0,:i:.,,+-
; '

Solution
. .

In this case the characteristic equation is m3 + 3mz * ,* * fltn 0

One roots of this equation is m = -1 
'"

then to find the other two roots multiply the characteristic equatiort UV S. the equation becomes to
" m+I

(m + 1) 
(m3+3m2+:m+t) = (m t r)(m + t)z'= pn:J 11t' /  

m + I  \ " - '  - / \ - - - '  - /

; the roots of characteristic equation &ra tfl1 = nt2 = tTLz = J7

the complete solution is y(x) = cre-* * crxe-' * csxze-x

Exampfe Find a complete solution of thp,,,,,,,,,,,,,,,, equffio{tii' + 5y" + 9y' + 5y = 0 *

;*tKSolution ,:

To f i nd thecharac te r l g l { - , i , , ,  a t i on i i i i L , , ; , , r l i l (O3+SDz+9D+5)y :0  : r  m3+5m2*9m*5=0

by inspection one roots of this eq"u'ation is = -1-, then to find the other two roots multiply the characteristic

equation UV # the equation becomes to^ ' m + L

; r  ' r ' : r '  : : : :  
@ * D @ # ! : 2 = 0  +  ( m + L ) Q n z * 4 m * 5 ) = 0.tii",= t ,

- 
,,,',, 

' -. the roots of characteristic equatiotr a.re r\ - -I , rrrzs = *2 + i

so the total homogeneous solution is c1e-x+s-2x (c2cosx * casinx)
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Example For what nonzero values of 1,, if any, does the equation yiu - 14y = 0 have solutions which satisfy

the four conditions y(0) : y" (0) = y(I) = y" (l) = 0 and are not identically zero? What are these

solutions if they exist ?

Solution

The characteristic equation in this case is m a - l a = 0

Q  = 1 7 2

tofind the roots of this equation let

m 2 = Q then qz - 7a =0 +

Hence, a complete solution is y(x) = A cos 7x * B sin,lx * qeb + cze |,t,!( .rliittr4
r..ijt

t h e n  m = 1 7 , 1 i 7 "r''Wi!1,: ,ll',tit'., ,

y(x) = A cos trx + B sinix * C cosh.lx * E sinhir

differentiation this twice gives us

y" (x) : 72 (-Acos.trx - B sin 7x * C cosh

From the first two conditions. we obtain the relations

'',,l:ii,-'lf'iii]113,,,,,,

'  s  
t4 ' "

, t  

- t ' *  '

M
Lx)

From the tworlast conditions, we obtain the relations ,,ffiit, o,,. 
'

I
B sin2l * E sinh2l = 61 11i.,,,,,,,,,1;ii i l l

' l  -  l

1'(-B sin.i,L* 4'siphi.i) =,0

Dividing both sides by I and uopkffi, we find

A * C = 0

1 2 ( - A * c ) = 9

which implies that

must have sin ll : 0 od 7l = ntt

,:::lr1:l:llr.

rilillli,. 
'4*ou...

s i n c e  2 * 0 ' t  +  1 , , i , , '  A = C  = 0

sinh,l.l + 0 " .  E = 0

B = 0 the solution would be identically zero, thus we
^ nlt

=  t [ = - , " .

ln = Bnsin(nnx/t)then by substituffi this value of 2

-t 
* '.' 

=ut'

&̂ , , , ,U
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Variable Coefficients Differential Equation

aoxzy" * alxy' t azy = f(x)

Engineering Analysis (Third Class)

Euler - Cauchy

The Euler - Cauchv Differential Equation

There are one type of linear equation with variable coefficients, by simple change of independenl

variable it can always be transformed into linear equation with constant coefficients. .::. .,,.,.,,. "" . ,
The equation 

''t'1t 
.,,.",, 

'.,.,,,,, 
.iiiix::r:! :.:::llr: l

aox2y" * alxy' * az! = f (x) is called Euler - Cauchy equation

Note that The coefficients of each derivative is proportional to the corresponding power of the independent

Then by changing the independent variable from x to zby means of the substitution ,

x = e "  o r  z : I n x

.a'

s o  y = f ( z )  =  * = :d x x

variable.

v"'

Examnle:-Solve

l d y , r d ' y-7A-7 
d*

" " "  " " "  (a )

. . .  . . .  . . . . . . ( b )

" " "  " " "  (c )

Notethat z:f(x) and y:f(z)
,  d y _ d y  d z  _ l  d y

T h e n  y  - - = - . -' ',.=f2::L;.oro*+=
dx' x' dz x dz' dx

d 3 y  z d y  3 d z y ,  l d s y= - =
d-x3 x3 dz x3 dzz x3 dz3

*'iit* +i * 6y = o
Solution

from equations 1a; anl tUl, ifru giu.r o." .* be transformed

*,(  _+q .+t4) _ n" (  L L\* 6y = s" \  
x r d z ' x r d r r J  

- ' - \ x ' d r /  - '

f u -s !z+6v=o' '  
d r '  " d r ' " "

thecharac f f i s t i cequat ion  +  m2-Sm*6=0

.'. the roots of characteristic equation &ra rr\ = I , ffiz = 3

then the general solution is y(z) = cp2' + e2e3'

finally transform from z- domain to x -domain by substituting z = lnx

(constant - coefficient)

:+ y(x) = c1 x2 * c2 x3

8
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H.Ws
Solve

t- x'y'  -3*y' + 4y = O

2 -  x ' y o - ) c y ' * y = x t

3-  2* t  y '  +5xy '  +  y  =3x +2

then the complete solution is

Engineering Analysis (Third Class)

'Answer 
y(x) = (c1* c2lnx)x2 

-
Answer Y(x) = ct* c2xlnx *fr+
Answer  y (x )= f t * }+2+ ;

Euler- cauchv Equation of Hieher order 
,i , .*....-,

Example Solve the nonhomogeneous Euler- Cauchy equation *'y"' - 3x'y" 1- 6x11l' 
,- 

6y ,= *!rrff''

kilSolution 
:o+l;'iu 

'E*"

From equations (a) and (b), the given D.E can be transformed the homogeneeus part to 
'"':ijil;'4r

Y" ' -6Y"*L IY ' -6Y= 0  whue Y=f \q ,& , '

then the characteristic equation is :) m3 - 6m2 + tim- 6E,iO
!/'

; the roots of characteristic equation we m1 = 7 ' .;,i;.,,,i;1s.,. 
ffi2 = 2, Tns = 3

.r,,,,,i:' "'qHh

!t(z) = e" !z(z) = e2" 
'tfu1 :2s"

I  ta t t l '

then yr(x) = x !z(x) = x2 ' ys(x) = x3

l.t ,,,,, ,ll,'";ii au
.  I  : :  , 1 4 :

y r r ( r )  f  r l c2x2*csx3
:' , .rl;:;lj;.,.

now to find the particular solution we uEgtfr8$helhod of variation of parameter where

where n: order of differential equation

F o r n = 3

where

g i , ,  ,  
' -

-.:rtt:, q 
t '. 

,, l.tr X2":,W =;ll.I 2x
' , , ,  '  l o  2

*#h. 
#*s ' l o x z

w t = l o  2 x
1 L 2

!S,x) = x

l x o
. w t = l t  o

t 0  1

'rrrr !z(x) = x2 !s(x) = x3

x3 l
3 x 2 l =  2 , 2
6 x l

x3 l
3x2l  = xa
6 x l

i r l
3x2l= -2x3
6 x l
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Recall that

Now J lnx dx

Engineering Analysis (Ihird Class)

(by comparison the given differential equation by standard form)

x2
lx x2 ol

w z = | l  2 x  0 l  =
l o  2 L l

r (x)= #=*rr*
W,/W = x/2
l p = x l l x t n x a x -

let u = lnx
d v = d x

r d x- l x -

I l n x d x = x l n x - x

xlnx dx let u = lnx

dv = xdx

xtnx dx =t tn. - I+f
2 x 2

l x l n x d x = ! l n r - -
4

x 2  l n x d x = l x x l n x d x

, d x ,
,  q U = ;

, 
'12 = x -,.,..,, ' ,, ' . ' , , ""tuxlJ', 

,. 
'.:;'

",rir,, .t' b 
"'lil.i ' '

$," 
' 'i1"

,,11irr,, 
.,:l;iiiii;;r;,,,, 

'1,!i!l:,:,r.,!,

, du =# ""til1iit.via,,,.

x 2 :
.  u : -' 

'51'tll'11{

;",
, o u ' { i '  ,. .  

. , t  
" ,

i t  
: ,  " . '

u 4  x  d u =  d x

wz/w - -1
x " l * l nxdx+ f ! ) x Inxd .x

Wz/W = L/(2x)

x 2 ,  x 2
,  V = T l n X - T

I x 2 t n x a x = t n x - !

.4s,r ....

lnxdx = x lnxI

I

I

iir:

I

or

.e- {

" ; " ' * , : \

\:

t0


