
Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Partial Differential Equations (PDE)

When the differential equation consists of dependent variable and more than one independent variable

the differential equation becomes to partial differential equations. The general form of partial

differential equation is

A(x, y)u*, * B (x, y)u ry * C (x, y)uyy = g(u,'tt y,'tt y, *, D #
o- t)

W ^ t ^ t  -  -  ^r r  dx '

The equation (l) is said to be hyperbolic, parabolic, or elliptic throughout a region R lccdrding 
as

82(x,y) - A(x,y)C(x,y) is greater than, equal to, or less than zero at all points of rt. 
' '

The simplest, and in elementary applications the most important, examples of hyp-erbOli,c'parabolic,

and elliptic partial differential equations are, respectively, ,,, " . 
l' '

(a)- The wave equation 
"t #-fr 

= o

(b)- The heat equation # 
- o'# = O

(c)- Laplace equation fr +fr = o

Solution of Partial Differential Equations

Example:- A rod of length L is perfectly insulated against the flow of heat. The rod, which is so thin

that heat flow in it can be assumed to be one-dimensional, is initially at uniform temperature u =

100 C". Find the temperatur e u(x,t) at any point in the rod at any subsequent time, if at t = 0 the
o 

and maintained at that temperaturetemperature at each end of the rod issqddenly dropped to 0 C

thereafter. ,t:,:,:.,:.. 
'ii 

-'- "
:::'

Solution ;

The governing equation of ffi problem is

-  8 2 - A C > 0
: . : l  

' i " r '

= +  8 2 - A C = o

- '8, - 
'Ac 

< o

d 2 u  o  A u
- - a " ] = 0
dx.  o t

:,,',

subiected to the boundary conditions
' ' ' ,  

'  u ( 0 , t ) = 6

u(L, t )  =  g

and the initial condition

02u .t  0u
-  f , j =  a - -

u ( x , O ) - f ( x ) = L 0 0

we assume that the solution for the temperatur e u(x, t) exist as products of a function of x alone and

a function of t alone
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u(x,t) = X(x)T(t)
If this is the case

# = x " T  a n d  ? r = r r
Substituting these into the heat equation, we obtain

x " T = a z x i  
,  , r , i ,Dividing by product XI then gives 11. ,,'r','il,;.,,u

x't  .> i

i 
= o'i = consta nt = lt (since the left hand is a function of x and righthand iS a function

",:::.:
'  i i  

i "  

' t  

t t"
of t)

, :.: 
ii:;,', , ,. ,ii,r, ,

Thus the determination of solutions of the original partial differential e,guation hm.b;;" reduced to
the determination of solutions of the two ordinary differentiar equatioil

X,, = ttX .; .  (1) and i __ 
*f . . .(Z)
a .

Assuming that we need consider only real values of p, there..rr" iiir*u cases to investigate:
t t > O  F = 0  p < 0

Let p ) 0, say !-t = rz ,where 1 > O,then the difforentiar;le4uations (r ) and (2) andtheir sorutions
are  

. : : . .

X " = 7 2 X  i i : , , . i r i i : , : i . , , i i i ,  
i : t r

x(x) =.A cosh rx * Br,;;i*' 
" t'..,,, ''" ' 

, 

'rrul', 

,r1^,,o,1,
, , , i :4,:  : . :r i .

u(x,t) = X(x)T(t) =: (Acosh lx * B sinhix)(C ue3/o,1t1
This must be rejected immediately Ur.uur. l.t _) @ when t __) oo
Let p = 0, then the differential equations (l) and (2)and their solutions are

X . l t ' = O  ? n = 0
x(x) =,Ax f-B re) _ 6" l

then u(x't)'r x(x)r?) = Ax * B [The coefficient c is absorbed in the arbitrary constants A and
Bl "''iil'. ...,;'

, . - i

apply ingboundarycondi t ions u(Q, t )  =u(L, t )  =  0 =+ 4= B _0
Let p ( 0' say P = -12,where 7> O,then the differential equations (l) and (2) andtheir solutions
are

X " = - 7 2 X  i = _ 4 ,
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X ( x ) - A c o s I x * B s i n ' l x

Now, apply the boundary condition u(0' t) = g

and u ( L , t ) - g  -  B s i n l L = 0

) .L  -  m  1=T

Engineering Analysis (Third Class)

, T(t) -- ceGt'/o')t

u(x,t) - X(x)T(t) = (AcosAx* B sin lt)e?t"/o'1t

+  A = 0  s i n c e  ' ? t ' / o " ) t * g

B + 0  s i n i l = 0

n  =  L ,2 ,3 ,4 , " '  , . , i i 11 , , , . .

un(x,t) = Bnsinffx ,(-nzn2/r'at)t 
"1i1,,. 1ift..., 

t.,.,ri

So u(x, t )= I t rBnsinf f*  ' t - " 'n2/r2az)t  .  ' i i : - .

This equation is satisfy onry boundary conditions but not initial conditi'on,*$iffm'is to fm'd the

constant 8,, where u(x,t) satisfy both boundary and initial condition

applying initial condition u ( x , O ) = f ( x ) = 1 0 0

u(x,0): f  (x): Xtr Bnsinffx

Then

^ I! f f*> sin(nn/L)xdx - tloo sin(nn/!)xax- - too t sin(nn/L)xdx
B"= 

tr,rrr . ,* M= W"t""/Drd. l-  
L/2

Bn='# [-, .o, H'o-# it-t co'snn]

But [1" - cos ,a =13' t#H,',*"#
u(x,t): ,Dzq# ,P'* '(-"'t21rza2)t where n is odd

r,t:, .- . . ::t L

. i"',,

Exampre:_ a ,n".t'tr '",1t 
"oin"ides 

with the square in the xy-pranewhose vertices are the points

(0,0) , (1,0) , (\.{') and (0,0. The two faces of the sheet are perfectly insulated and the sheet is so

thin that.hq..,-..,a,t n8*i" it lln ue regarded as two-dimensional' The edges parallel to the x axis are

insulated, and the teii-trano edge is maintained at the constant temperature 0. If the temperature

distribution u(r,y) = f (y) is maintained arong the right-hand edge, find the steady-state temperature

distribution throughout the sheet'

Solution

The governing equation of this problem is two - dimensional heat equation

4 * a z u - o z U = o
0x2 

' 
oY2 at
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Since we are asked to find steady-state temperature distribution in the sheet - # 
- O

Under these assumptions, the two - dimensional heat equation reduced to Laplace equation

02u 02uo r  f r = - a f
subjected to the following boundary conditions

0

f0)

fr+ffi=0.

we assume that the solution

a function of y alone

If this is the case

4  -  o , , u
0 x 2 - "  

t

u(0,y1 --

u(L,y) --

Y l  = Q
o! t  x ,o

Y l  = Q
oy l  x , !

't:;".*. 
l|

for the temperature u(x, y)'.e p"$ ducts of a function of r alone and

,.N-*'fu#
u(x,y)  -  X(x)Y(y) '  r ;

':l

..::'. .:,t
a Z w

^- I  021. i .  r , r , r ,  ,  yr t  -  2and i, - = IY ' 
Wnefe /'  oYz  " '  dxz

and Y" -#

Substituting these into thffiwog'ifiryrEnfipUuf heat equation, we obtain

i,, 7" Y ='-YY"

Dividing by product{Y th*b.gives

x" Y"

" 

= -}1= constant: 1r (sincethelefthand isafunctionof x and.righthand isa

function.ffi:y)
-,, iilii:. ';

fhtr*the deteffiinaiion of solutions of the original partial differential equation has been reduoed to''illrr,,. 
#

the dei€fujnatlbn of solutions of the two ordinary differential equations'*'rt"

, 'E X" = l tX . . . (1)  and Y" = - l tY . , , (2)

Now, let p < 0, say p = -72, wherc 1> 0, then the differential equations (1) and (2) and their

solutions are

x" = -12x

X ( x ) - A c o s l x + B  s i n ) e

Y" = 72Y

Y(y) * Ccosh ly + D sinh,try

L
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then

Engineering Analysis (Third Class)

u(x,y) = X(x)Y(y) = (1 cosAx * B sin Ax)(C cosh'ty + D sinh'1y)

Now, f rom u(O,y)  =0  u( } ' y )  =0= A(CcoshAy+D s inh ' l y )

s i n c e  0 < y < L  -  A = 0

absorbing the B coefficient in C and D

u(x,Y)= sin 7x(CcoshtrY f  D sinh' lY)

we must now impose the boundary conditions that hold along the upper and lowor edges of tlrc sheet

[every point on each of these edges the normal temperature gradient must be 
l:tOJ, 

o* 
,

L = sinlx(2C sinh 7y + 7D coshiy) ,, "- 
rl 

l ''1,i'
0y \--- - ',,,, 

, iiiil

Fory=O ( loweredge)  :

0 = 7D sin,tx "' (3)

Fory- 1 (uPPeredge)

sin.lx (.tc sinh 1+ lDcosh2) : Q"":; ' '  
' i |

"]' :

Since these conditions must hold for all 0 ki"st1 
i"ihen' from (4) D = 0

-
From (4) 2C sinh 7 = 0 sinh 'l + 0

.'. P < 0 not satisfY ":':":ri,l" 
'

T r y p = g  -  X t ' = 0 , i , : : , i i i i , . ,  
i i  .  

Y " = 0

X(x) = Ax * B 't 
,. 

"=111i,' Y(Y) = CY'l D

u(x,y) = (Ax + tXcY +D)
d a r Y c o n d i t i o n , , r 1 0 , Y 1 = g  o = B ( c Y + D )

Then either B : b 
'".'' 

or C and D both is zero

To obtain nontriv-ial solution ,let B = 0

u(*.,I) i.,1G1+ D) t The coefficient A is absorbed in the arbitrary constants c and D l

ro i*for. irt. inru#i.d conditions which hold along the upper and lower edges

'  L = C x
0y

"i 

i'

This will be zero at! - 0 and aty = 1, if and only if C = 0

u(x,y) = Dx for convenience let p =f,Co then u(x ,y )  - | cox

Now, , let p ) 0, say p = 12,where 1> o,then the differential equations (1) and (2) and their

solutions are

X" = 72X
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X(x) =.A cosh 7x * B sinh/.x

0 - A(C cos ly * D sin iy)

u(x,y) = sinh 7x (C cos 7y * D

Engineering Analysis (Third Class)

Y(y )=Ccos ly+D s in t r y
then

u(x,y).= X(x)y(y) = (,4 cosh 2x * B sinh Lx)(C cos Ay + D sin ly)
Applying the boundary condition u(0,y) =. g

For the upper and lower edges

+ l  = Q
o l ly=0 0 = Dl sinh 2x

: : +  A = 0

sin 2y)

sinh.l.x (- Cl sin 2y *

: +  D = 0

'.;i 
l+' 

''ffii'"0'0u
0y

I = nn ,,m,ffru
Then ur(x,y) = Cn sinhnnx cosnry ..r.':t+ ' 

, 
'*'

And the solution of fr + ffi = o is l";li %-*r.{

u(x,y) =|cox * Zt=t C,, sinh4r&*p,s:ff i i !
kgs'tr:

This equation satisfies ,,,,,* $l ,,upr,r'

l- Laplace equation 
,h.' 

t*. 
..,,,. 

"lill'u'

2- The boundary contitior.rlu(0;y) + O

3- The boundaq,coh4ltion 
Hl***= O

so #= 
- C2 sin lysinhlx

* l  - o  ,  o = - c r s i n . r . s i n h 2 xot ty= l

co=z l i fCy lay

+ 
', 

* l't':] 
'" 

sin,r. = o

r t Ii f fv> cosnny d.y
" sinhnn Jjcosz nrydy

ition, namely,that along the right-hand edge of the sheet the temperature
distrtbution u(t,yf -/(y) is maintained .Let x = L

I o:l

B* " u(L,y) : f (y) = 
)Co + Xf,=r (C,, sinh nn) cosnfty

To determine the constants Co and C' multiply both sides by cos rury andintegrate from 0 to L
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