Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Partial Differential Equations (PDE)

When the differential equation consists of dependent variable and more than one independent variable
the differential equation becomes to partial differential equations. The general form of partial
differential equation is
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The equation (1) is said to be hyperbolic, parabolic, or elliptic throughout a region R according as
B%(x,y) — A(x,y)C(x,y) is greater than, equal to, or less than zero at all points of R.
The simplest, and in elementary applications the most important, examples of hyperbolic, parabolic,

and elliptic partial differential equations are, respectively,

2 2 ' .
(@)- The wave equation  a® s (- = B2—AC>0

0x%  ot? :
2.
(b)-  The heat equation %:— —a? %% =0 = B*—AC=0
2
(c)- Laplace equation £ -+ U _ 9 = B*—AC<0
axz = ay?

Solution of Partial Differential Equations

Example:- A rod of length L is perfectly insulated against the flow of heat. The rod, which is so thin
that heat flow in it can be assumed to be one-dimensional, is initially at uniform temperature u =
100 C’. Find the temperature u(x,t) at any point in the rod at any subsequent time, if at t = 0 the
temperature at each end of the rod is suddenly dropped to 0 C" and maintained at that temperature
thereafter. )

Solution

The governing equation of this problem is

o pou_ o
; 4 o P T TN T S DB D
e BT IR A A ELE
subjected to the boundary conditions
=10 x=1L

U(O,t)=0 =1 u=0

st =0
and the initial condition u(x,0) = f(x) = 100

we assume that the solution for the temperature u(x, t) exist as products of a function of x alone and

a function of t alone
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ulx, t) = X(x)T(t)
If this is the case

Ti=xrT and &= X7
Substituting these into the heat equation, we obtain

X'T=aXT
Dividing by product XT then gives

X/ T ; ; ; : W Y :
= a? 7 — constant = u (since the left hand is a function of x and right hand is a function

of t)
Thus the determination of solutions of the original partial differential equation has been reduced to

the determination of solutions of the two ordinary differential eqhations o

X" =ux seoseeennei (1) and T = f;T e (2)

Assuming that we need consider only real values of u, there are three cases to investigate:
=0 u=0 u<o
Let u >0, say u = 22, where 1 > 0, then the differential equations (1) and (2) and their solutions

are

X" =22x T=2=T

2
X(x) = Acosh Ax + B sinh Ax . T(t) = Ce(¥/a®)t
ulnt) = X(x)T(t) = (A cosh Ax + B sinh Ax)(Ce(’lz/az)t)
This must be rejected immediately-bécause U — o whent— o
Let p = 0, then the differential equations (1) and (2) and their solutions are
X"=0 T=0
XG)i= A%t B T(t)=C
theft. . u(x,t) . X(@)T(t) = Ax + B [The coefficient C is absorbed in the arbitrary constants 4 and
B] ;
applying boundary conditions u(0,t) =u(l,t) =0 = ad=5="0
Let 4 <0, say u = —12, where 1 > 0, then the differential equations (1) and (2) and their solutions

are

X'i= 325 s ely
a
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X(x) = Acos Ax + B sin Ax : T(t) = Ce(-#*/a%)t
u(x,t) = X()T(t) = (AcosAx + B sin Ax)e (-4 /a)t

Now, apply the boundary condition u(@0,t)=0 = A=0 since o(-22/a%)t 2
and u(L,t)=0 = B sinAL=0 B#0 sindl = 0
AL = ur /1_—_% n=1,234-"

Lt ="5 sin%x e(-n?n?/L7a)t
So Wl t) = Sy By 5in % x el-nin®/1%a)t
This equation is satisfy only boundary conditions but not initial condition, now our aim is to find the
constant B, where u(x, t) satisfy both boundary and initial condition
applying initial condition u(x,0) = f(x) =100

u(x,0) = f(x) = Yoy BysinT-x

Then

B = j’:f(x) sin(nm/L)xdx _ f: 100 sin(nm/L)xdx _ 100 f;‘ sin(nm/L)xdx

L foL sin2(nm/L)xdx - f:%[l—cos(nn/L)xdx] > L/2
200 L nmx]l _ 200
B== [——n—n cos—L—]0 = [1 - cosnm]
2. ifnis odd

But 1 —cosnm| = .

L ] {O if n iseven

400 . nm

u(x, t) = Xp=1,-SID-X e(-n?n?/L2a?)t

where n isodd

Example:- A sheet of met‘:é‘tl coincides with the square in the xy-plane whose vertices are the points
(0,0), (1,0), (1,1) and (0,1). The two faces of the sheet are perfectly insulated and the sheet is so
thin that heat ﬂow in it can be regarded as two-dimensional. The edges parallel to the x axis are
insulated, and the left-hand edge is maintained at the constant temperature 0. If the temperature
distribution w(1,y) = f(y) is maintained along the right-hand edge, find the steady-state temperature
distribution throughout the sheet.

Solution

The governing equation of this problem is two — dimensional heat equation

9%u  9%u ou
2 _agb—=10

ax2  9y? o ot
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; S sl s a
Since we are asked to find steady-state temperature distribution in the sheet = a—ltt =0
Under these assumptions, the two — dimensional heat equation reduced to Laplace equation
R g P,

ax2 ' ay? dx? ay2 y  ou

A a—y— =

0,1 ///I}/ £ £

0
subjected to the following boundary conditions

Sty = 0cC fO)
u(1,y) = ) o k
oul  _ 00477 i// 1,0

0¥ 1x,0 3 a_u =

du sl dy :

Bl

we assume that the solution for the temperature u(x, y) exist as products of a function of x alone and
a function of y alone

ulx,y) = X(x)Y (y)
If this is the case

0%u " 0%u " " a’x " a’y
— and ayz—XY where X" =-— and ¥ =

Substituting these into the two — dimensional heat equation, we obtain
X"z -XY"
Dividing by product XY then gives

X v . - ; : ;
~ = — 3 = constant = u (since the left hand is a function of x and right hand is a

function of y)
Thus the detefﬁ}ination of solutions of the original partial differential equation has been reduced to
the defermination of solutions of the two ordinary differential equations

X" = ux e (1) and Y'=—pY e (2)
Now, let u < 0, say u = —A2%, where A > 0, then the differential equations (1) and (2) and their
solutions are

X" = —-22X _ Y = A%y

X(x) = AcosAx + B sin Ax Y(y) = C coshAy + D sinh Ay
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then
u(x,y) = X(x)Y(y) = (Acosix + B sin Ax)(C cosh Ay + D sinh Ay)
Now, from u(0,y) =0  u(0,y) =0= A(Ccoshiy +D sinh Ay)
since 0<sy<1l = A=0
absorbing the B coefficient in C and D
u(x,y) = sinAx (C cosh Ay + D sinh Ay)
we must now impose the boundary conditions that hold along the upper and lower edges of the sheet

[every point on each of these edges the normal temperature gradient must be zero], or

% = sin Ax (AC sinh Ay + AD cosh iy)

Fory=0 (lower edge)

0 = AD sin Ax R )
Fory=1 (upper edge)
sin Ax (AC sinh2A + AD cosh ) = Q-+ i (4)
Since these conditions must hold for all 04 <it’ ifhen, from@4) D=0
From (4) AC sinhA =0 sinhA # 0 cC=0
u<o not satisfy
Try u=0 = X' =0 <=0
X{x)y=Ax+B @ Y(y) =Cy+D
u(x,y) =.LAx ¥ B)(Cy +D)
Applying the boundary condition u(0,y) =0 0=B(Cy+D)
Then either B =0 or C and D both iszero
To obtain nontrivial solution ,let B'=0

u(x»,‘vy)’ﬁ-\-z}x(C y 4 D) [ The coefficient A is absorbed in the arbitrary constants C and D ]

To impose the insulated conditions which hold along the upper and lower edges
L Ol
5 =Cx

This will be zero at y = 0 and at y = 1, if and only ifC=0

u(x,y) = Dx for convenience let D = %CO then |u(x,y) = %Co X

Now, , let 4 >0, say u = A2, where A > 0, then the differential equations (1) and (2) and their
solutions are

X=gEx y" = —2%Y
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X(x) = AcoshAx + B sinh Ax Y(y) = CcosAy + D sin Ay
then

u(x,y) = X(x)Y(y) = (4 cosh Ax + B sinh Ax)(C cos Ay + D sin 1y)
Applying the boundary condition ~ u(0,y) =0

0= A(Ccosdy + D sin 1y) = A=0

u(x,y) = sinh Ax (C cos Xy + D sin 1y)

For the upper and lower edges g—;‘ = sinhAx (= CA sindy + DAcos 1y)
=9 0=DAsinhix = D=0
ay y:()
au
SO e CA sin Ay sinh Ax
Al =g, O e ey =y sind=0
ay y:l
A=nm
Then un(x,y) = C, sinhnmwx cosnmy
And the solution of ?-—u $ 22 = 0 is
6y2

u(x, y)——C ¥ Doy L, sinlugh s cosnmy

This equation satisfies
1- Laplace equation

2- The boundary condition u(0,y) = 0

3- The boundary condition %l

=0

x,1

4- The boundary condition Z_:
The final bounaéry condition, namely, that along the right-hand edge of the sheet the temperature
distribution u(1,y) = f(y) is maintained. Let x = 1
wly) =fly) = %CD +Xn=1 (Cysinhnm) cosnmy

To determine the constants C, and C, multiply both sides by cos nmy and integrate from 0 to 1

T zflf()’) dy and o 1 folf(Y) cosnmy dy
0 0 3

sinhnm fol cos? nmydy

or

68



