Petroleum Systems Control Engineering Engineering Analysis (Third Class)

ee]

f:o dg =] = tan‘1£ & g— tan‘li = cot‘l-f;
Lok {Sintkt} — cot‘li
Example:- Find LT~ of Y(s) = 7275
Solution
From the corollary Pls) = @fT)Z
2 d(s) ds = ff(sst)z ds = %fsm(sz —1)"22sds = _%ﬁf N,
[ o6 ds =3 55 ,
LT‘1% 521—‘1 = % sinh t then y(t)= % sinht

Multiplying the Function by Unit Step Function

Example:- What is the equation of the function whose graph is

ft)

Solution

This function can be regarded as the sum of two translated (shifted) unit step functions as

v
o~

More generally, the expression f (t — a) - u(t — a) represents the function obtained by translating f(t) a

units to the right and cutting it off, i.e, making vanish identically to the left.
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Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Example: What is the equation of the function whose graph is

Y.
A
Solution =
T Y > t
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RS e :
the general equation of line is y=mt+c where m is the slope of line
then, for the left hand linem =2 y(t) = 2t +¢ s e (@)
and forright linem=-1, y()==t+c RN ()

we need only one point to find c,
for left hand line when t = 1, =0 fromEq. (a) c = =2 soy(t) =2(t—1)for 1<t <2
for right hand line whent =4,y =0 fromEq. (b)) c =4 soy(t) =4 —tfor 2<t<4
now, from 1<t <2
2(t — D[u(t — 1) —u(t — 2)] {defines the segment of the given function between t = 1 and
t = 2 and vanishes elsewhere}
now, from 2 <t <4
(4 — O)[u(t — 2) — u(t — 4)] {defines the segment of the given function between t = 2 and
t = 4 and vanishes elsewhere}
so the function fromt = 1tot =4 is
2= Dut-1)—ult—2)1+ @4 - t)[ult —2) —u(t - 4)]
or

2-Dut-1)-2t-Dut-2)+ @A -tu(t-2)— (@ —-tu(t —4)
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Petroleum Systems Control Engineering Engineering Analysis (Third Class)

but
—2(t = Dul(t —2) + (4 — Hu(t — 2) = —2tu(t —2) + 2u(t — 2) + 4u(t — 2) — tu(t — 2)
=6u(t—2)—3tu(t—2)=-30t—2ul- 2)
then, the function of graph is

2(t — Dult—1) -3t - 2)ut - 2)+ (t—Hult-4)

Second Shifting Theorem
LTof {f(t —au(t—a)} = e”* LTof {f(t)}
Prove By definition we have
LTof {f(t —au(t—a)} = fow{f(t —au(t —a)} et dt

because u(t — a) vanishes the f (¢t — a) identically to the left of t = a then the integration will starts from a

or fow{f(t —au(t—a)} et dt= f:o{f(t —a)} e St dt
now by transformation of the domain of integration by lettingt =T —=aqa = dt =dT
note that =g T =10""and! when t— o , T - ©

f:o{f(t —a)} e st dt= fooo{f(T)} e-s(T+a) - qT
= e705 [P{f(T)} €T dT = e LTof {f(t)}

Corollary 1:- .
LT of {f(Q)u(t = @)} = e~% LTof {f(t+a)}
Corollary 2:- £

if LT-1%of {Ps)} = f(t) , then LTt of {e=®¢(s)} = f(t — a)u(t —a)
This corollary states that suppressing the factor =9 in transform requires that the inverse of what remains be
translated a units to the right and cut off to the left of the point t = a
Example:- What 1s fh‘e‘transform of the function whose graph is shown in Figure

1)

f®) =—(t*-3t+2)

| 1 g

Solution

glty= 11t —1) — Fl) u(t = 2]
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Petroleum Systems Control Engineering Engineering Analysis (Third Class)
where f) =—(t*-3t+2)

using Corollary 1, observing that fE+1D)=—[t+1* -3¢ +1)+2]=—(t*—-1)

and fE+2)==[(t+2)?-3t+2)+2]=—(t*+1)

the required transform is

—eSLTof {t?—t}+e > LTof {t2+t}= —e~* (-2- - i) +e~25 (1 i l)

8 g2 8 &2
Example:- Find the solution of equations  y'(t) + 3y(t) + 2 foty dt = f(t) for whichy, = 1 itf(¢)

is the function whose graph is shown in Figure

o
ot e
e
Solution
In this case ) = 2ult—1) —2u(t — 2) then the differential equation can be written as

y'(t) + 3y(t) + 2f0ty dt = 2u(t —1) — 2u(t — 2) |

now taking L.T of both sides we have

[sY(s) — (1] +3Y(s) + Z-i-Y(s) = 27 2l Note :-sincea=0, then f;y(t) dt=0

S S

(s?435s4+2)Y(s)=2e5—2e7* +5

s 2e~5 W 2e7 %
o YO = T Goem, ClerD
s Tee i A —S — £ iz_. - — =
the first term in Y (s) can be written as T e e ki =-1 and k, =2
SRR S T S ol S gt o gt
then (s+1)(s+2)  s+2 s+1 0 (s+1)(s+2) &

and by suppressing the exponential factor in the second term Y (s)

2 -7 ky

GG s 52 B MhoE i

,, -1 207 SR P o= 2
then L.T (s+1)(s+2)—2(e e Ju(t—1)

bl B2 a2 ) DT *3
and L.T (S+1)(5+2)—2(e e ) u(t - 2)

y(t) = 2e72 — et + 2(e~ ¢ — g 2"V y(t — 1) — 2(e~ 2 = 2D y(t - 2)
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Example:- A small body of mass 10 N/m, let y(t) be the displacement of the body from the position of
static equilibrium. Determine the free vibration of the body, starting from the initial position y(0) = 2 with
initial velocity y(0) = —4 and the damping constant ¢ =2 Ns/m.

Solution

By applying Newton’s second law to the free body diagram

Z

dy
mc KBy +y) e

i
S
|

Where 8, = static deflection me

m = mass (kg)
k = stiffness (N/m)

¢ = damping constant (N.s/m)

ZF=m'y

Kyt -c L g+ FY=my

m

By gy £ R
+e—+ky = F(t
di’ 4, dt ® W)

or
my + cy +ky = F(t) [Equation of Motion]

For free vibration F(t) = 0,m=2kg,c=4and k=10 then the equation of motion becomes
25 +4y+10y=0, = or  J+2y+5y=0

Taking L.T of both sides of differential equation

s2H(s) 5 sy(0) — y'(0) + 2[s ¥(s)— y(0)] + 5¥(s) =0

2s 2 2(st1-1)
S2425 +5+1-1  (s+1)2+22

(°F 2s +9 ) =25 - = Vi) =

Y(S)= 2(s+1) 2

(st1)%+22" (st1)2+22

Y =1LT *¥(s)=2e "cosat — e “sinZt
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