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L.r of {+g} : cot-'i

Example:- Find LT-1 of Y(s) = 
ufu

Solution

From the corollary 0(s) = 
*}

Engineering Analysis (Third Class)

I i  ae = olf = tan-1;l:  = l*tan-Li =.ot-.ol

[*orrl dr = J,',r-lo ar =

l* octl at =* L*n

l r - ' i ; 1  = l s i n h t

it:c" - r)-zzs ds r ! l -
=  - - - l  

" "2 (s2-1)1" . : ; . ,r  ' r ,  
l

-  ' t t " l ,

'i rt: 
"::::l'i

, iril,,,,

. l  -  f

/(f) = i sinht
, ::t:::::,,

f i i i  , '

then

Multiplving the Function by Unit Step Function 
,,,...,,

Example:- What is the equation of the function whose grap.ll is

Solution
t , ,

This function can be regardod as tne sum of two translated (shifted) unit step functions as

+

-7

More generally, the expression f (t - a) ' u(t - a) represents the function obtained by translatin g f (t)

units to the right and cutting it off, i.e, making vanish identically to the left.
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Example: What is the equation of the function whose graph is

I

Solution

the general equation of line is ! = mt * c

Engineering Analysis (Third Class)

,,,,, irri\ U;'T,41:
\ 4lliiti:',,,r,i

t%'

i .,t 'a, ,t'

, .,w.here m is the slope of line

then, for the left hand line m = 2 y(t) - 2t * c ... (a)

and for right line m = -1,... y(t) = -t * c "'(b)
'  

'H ' l  i i '  I  ) :
we need only one point to find c, 

:
f o r l e f t hand l i newhen f  =L , ) r= i i . - ?= , , , . ,  'Eq . (a )  

c= -Z  soy ( t )  =2 ( t -1 ) fo r  L< t<2
:::t ::: 

... ,

forrighthand linewheii f = 4,!,,';.-,0 from Eq. (b) c = 4 so y(t) = 4 - t for 2 < t < 4

n o w , f r o m  L < t < Z  l . _ . _ :

2(t - 1)[u(t - 1) - u(t - 2)] {defines the segment of the given funption between t = 1" and

,,,,,,,,,,,, .,,i ii.,,= lliil,lt t = 2 and VaniSheS elSeWhere)

now;rrom Z't*,.t 14

iir,i,(*,u- elr["(t - 2) - u(t - r, t:fl:j:Til::j,J:J" runction between t = 2 and

so the function from t = 1 to t = 4 is

2(t - L)lu(t- 1) - u(t - 2)l + (4 - t)lu(t - 2) - u(t - +)l

or

2(t - t)u(t- 1) - 2(t - L)u(t - 2) + (4 - t)u(t - 2) - (4 - t)u(t - 4)
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but

Engineering Analysis (Third Class)

-2(t - L)u(t - 2) + (4 - t)u(t - 2) = -\tu(t - 2) + Tu(t - 2) + 4u(t - 2) - tu(t - 2)

: 6 u(t - 2) - 3 tu(t - 2) = -3(r - Z)u(t - 2)

then, the function of graPh is

2(t  -  L)u(t-  t )  -  3( t  -  Z)u(t  -  2)  + ( t  -   )u( t  -  4)

Second Shiftine Theorem

L.T of {/(t - a)u(t - a)} = e-as Ll of {/(t)}

Prove By definition we have "',,, 
r'.

L.T of tf & - a)u(t - a)j = fftf (t - a)u(t - a)\ s-st dt 
' ' . ,

because u(t - a) vanishes the f (t - a) identically to the left of t = a then the integration will starts from a
..::::z

or IiVft - a)u(t - a)\ s-st at -- ffVCt 
- aLtr,i!'+!=dt

now by transformation of the domain of integration by letting,rivr,q +  d t = d T

T - + o ot - - a  ,  T = 0  a n d  w h e n  t + @ ,note that

ffVft 
- a)] s-st dt = I:tf (T)\ s-sT+'a) dr

= s-as ir-fiflt e-'r dT = s-as L,Tof t/O]

'  
, , ; r , . ,  "  

1 :

Corollary 1:- ,' 

" 
"o

L.r of {/(t}u(t * ai} - l?ds L.r of {f (t + a)}

Corollary 2:-

if LT-i" of tOCs)i = f G) , then LT-1 of {e-"sQ(s)} = /(t - a)u(t - a)

This corollary statq that suppredsing the factor e-as intransform requires that the inverse of what remains be

translated a units to the r.i and cut off to the left of the point t = a

Example:- Wftut ittttg'transform of the function whose graph is shown in Figure
:::, ,.,..:j

Solution

s(t) = f (t)u(t - 1) - f(t) u(t - z)

t 2 - z t + 2 1
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where f (t) = -(t '  -3t + 2)

using Corollary 1, observing that f (t + L)

and f(t + 2)

the required transform is

-e-s L.T of {tz - t} + e-2' L.T of

Example:- Find the solution of equations y'(t) +

is the function whose graph is shown in Figure 
f

Solution

In this case f (t) = Zu(t - 1) - 7u(t - 2)

now taking L.T of both sides we have

[s r(s) -  (1)]  + 3Y(s) + 21Y(s) = ;  
*T

Engineering Analysis (Third Class)

= -[(r + 1)2,- 3(r + 1) + 2] = -(t2 - q

= -[(r + 2)2 - 3(t + 2) + 2] = -(tz + q

{t2 + t\ = -e-' (3 - #) + e-zs (3 - 3)
gy(t) + z fiy dt = f (t) for which yo ='1 if )

n :

l . :  t* t

$,.. ,';i.o.,$r.

, . ; ,. : :
. r i j i r .

i,i li.t, ,
I  , j , .

then Lhe differential equation can be written as
":'t::rtt*l'a:: .11

y' (t) + 3y(t) + Z [o y dt = Zu(t - 1 ) - z u ( t - Z )  j

(s2 + 3s + z)f(s) = Ze-s !.2e=.?'r'r + s

or Y(s)=Gfu*cffiT'-':,"-
' '

the first term in Y(s) can be written as Cfu 
: ii + -k- + kt = -!

Note :-  s ince a = 0, then f yQ) dt = 0

a n d  k z = Z

. , s 2 1
t i l E l l  ; - - : = ; ; = - - -(s+1) (s+2)  s+2 s+1

so LT-1 _ -+_ - - 2r-2t - 
"-t(s+1-)(s+zJ

and by suppressingJhe exponential factor in the second term Y(s)

2 ' R l , R 2=  - - -
(s*r)(s+-p) s+1 s+2

''.t'4:

+  k t = Z a n d  k z = - 2

thd#i , . . : ,1 , -T t  =2(r - ( t - t )  -e-2( t -L) )uQ-t )

and t ' ' i - t  
# 

= 2(e-G-2) - e-2(t-2)) uQ - 2)

y(t) = 2e-2t - e-t + 2(e-(t-1) - e-2(t-L)) u(t - t) - 2(e-(t-21' e-2(t-2)) u(t - 2)
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Exampfe:- A small body of mass L0 N /m,lety(t) be the displacement of the body from the position of

static equilibrium. Determine the free vibration of the body, starting from the initial position y(0) = 2 with

initial velocity i (0) = -4 and the damping constant c = 2 Ns/m.

Solution

By applying Newton's second law to the free body diagram

Btlti

k(6r, + y)
dy

c -

-*-------r

Where 6r, = static deflection 
.,, 

il,,,ii mg

m: mass (kg) . i ' ' ' , i , i ,  , ,-* '
k : stiffness (Nim) ;ii,r;3:iir., ,i;ri;,,,,i'
c : damping constant (N.s/m) 'i' ,. ,,

1 , ,  , :  ; r 1 1  
r

S n -
Lr 

=my :i.,11i,:,, .

-k(6u+ y) -. $-f*i ral : m y
d t  

' - ,

d2 r@ Hu llt"'
*-4 * d9 * ttu lj rttl

dt" :, dt

or ... '  
tt '  

.,,, ,, ,,.,':,i

my + cj'+ ky + f'(t; [Equation of Motion]

For f reev ip;at i6nf ( t )  =  0,  m:2kg, t=4andk= 10 thentheequat ionof  mot ionbecomes

, * , .  ,2 i+4 'Y+l }Y=9,  + or  Y+2i '+5Y=Qt , .

i:..:: :::=

Takin$..EJ of.Soth sides of differential equation

s2r(s) - sy(O) - y'(0) + 2[s v(s) - y(0)] + Slz(s) = g

(s '+ 2s + 5)Y(s) = 2s =)

vfs\  = 2(s+1)
' \ - /  

( s + 7 ) 2 + 2 2  ( s + 1 ) 2 + 2 2

, , /  \  2s  2 (s+1-1)- -'  \ - /  s2+2s +5+1-t  (s+r)2+22

y(t) = L. T-lr(s) = Ze-t cos2t - e-t sin 2t
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