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Power Series Method of Solvine Differential Equation

Power series is an infinite series of the form ,

s m
Lor* '  =  oo.*  orx  + erx2 + orx3 +. , .
m=0

Where ao,o1,o2,o37... dta constant called coefficients.
Familiar examples of power series are the Maclurian series
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,,'lliii,,,,1  = i * ' = l + x + x ' + x 3  + ' . .l -x  f r
(Geometric series lxl < 1) irl;it,

ex = r  r  x  ** . *+  . . .  +  f f  +  . . .  =Lf r= ' f f
c o s r =  1 - t  

' 4  ' 2 r r t  - z m- zi + 4t 
-.. '+ (*f ;m h,+... 

= Ifr=o( -L)* 
h ,,,, , 

, l  
, 
, i i i i l l t i=., ' i :: i

sinx = . -*+ f - ...+ (-r;m ffi+ ...xfr=o(- 1) #, ', ', 
' '*

To solve the differential equation we assume a solution in the form of a fower series with unknown
' t = '

coefficients

y(x) =[fr=oamxm = c0 * arx * arxz + aux3 + ...  . ,  i '1,,," ' , , , ,a. ir i i i , , , .  . . . . . . . . . . . .(1)

and inserting this series and the series obtained by t1mw:e.,,'q.,,.]....$' ffiiatiori
y'  (x) = Zframa*xm-L = aL + Zazx * 3asx2 I," ' . . . . ' . . ' . . . . . ( 2 )

y" (x) = Lfr.=zm(m - r)a*xm-z - Zaz+ S,, i l lZ,ai l i i  i  + x 3 arx2 ...  . . . . . . . . .  (3)
Examnle Solve the following ordinary differential equa+ion,by power series y, = Zxy
Solution by inserting (1) and (2) into 

lhe Siven equation

a1* 2a2x * 3asxz #,,1iu,:. = Zi&:(*,p I a1x + a2xz + arx3 + ...)

Multiplying 2x inside the bracket y" oUtuin

a 1 * 2 a 2 x * 3 a s x 2 + A f i o * t + s i r i { : + o a u x s + . . . = Z a s x * Z a 1 x 2 * 2 a 2 x 3 * Z a s x a + Z o * x s + . . .

For this equation to h.pld ihe two coefficients of every power of x on both sides must be equal, that is
eL = 0, zaz 5,.?a6, 3as = 2e.1, 4a4 = 2a2, 5a5 = Za3, 6e6 = 2e.4,
) az :.481'= codd = 0

and az=,g0, : , , i l  i i " ' ' :+= ?i ,  ou=7= 3,
. , { } r  / .  ^  y 4  1 6  y g  \

: ;  ! (x ) '+  ao( f  +x2  *7 , * i * f i * . . . )=  oo" , '  whereas  isarb i t ra ry
I I'i rr:: |t:,a,ry

By substiffiing equation (l) and (2) into rhe given equation

l .  arxo +\fr=zma^x*-r = 2xlfi=s&^x^ =Xfr=6 Za*xm+L
Lelm= s* 2 intheleftthenthesirmmation, whichstartedwith m = 2,nowstartswiths = 0.Ontherisht
we simply make a change of notation m = s.

c1 + fpo(s * Z)ar*rrs+l - f,ps 2arxs+1
.1Ce,

L1,
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Q t = 0  ,  ( s * 2 ) a r * 2 - Z d s  o r

Then, for s = 0,!,2," '  we have az =2rao, 'a1- =?o, = 0, &4 =!ro,

Example Solve the following ordinary differential equation by power series y" * y = 0

Solution by inserting ( 1 ) and (3) into the given equation

Zfr=zmQn - L)a^x^-z +\f i=sanlxm =0

Engineering Analysis (Third Class)

2
Qs+z = 

fias

in the first series and m # s
:,.,;: 1:

To obtain the same general power on both sides, we set m = s * 2

second, this gives

Xpo(s + 2)(s * L)ar*2xs = -Xpoartr'

Each power xs must have the same coefficient on both sides. Hence

,txl.the
',:,:itlii. 

.!
1: ,+ .w,

=# 

'*,rn= 

0,7,2,"')
r-

a 4 = - # = +  
r :  { * t : - f r

Where as and a1 remains arbitrary. With these coefficientifi.'ruri", (1) becomes

y(x)  =oo ( t  -  
* . * . -  )  + 'a ,  ( r  _  t .  

*  
-  

) ,

Y(x) :4s cos. t r  *  a1 s i f fx  
r : : ; '1  I  :  r l

(s + 2)(s * L)ar*2 - -cts :t

46 an
t7 '2  = - f i=  - -  )

i

Qs+2

a, 
" i ; ia z = - f r , = - -

Answer y(x) = ao(L + x)ex

Answer Y(x) = a2xzex + 2x
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Gamma Function

The Gamma function f(o) is defined by the integral

, I(o): fo- e-t f-Ldt oc> 0

Engineering Analysis (f hird Class)

Integrating by part let It = e-t

dv = t*-tdt ,ii

I u d u =

But 
"-t t l -( l o

PROOF

u u - [ v d u

: g u,.tilll*'".', 
1r.:,,

'sflqt* ,
. 

t'; '"oi, 
r1o.; = e-t:]; . [-* e-tdt

;r .:r 
''j::::.::1 

.:: i'

"' '*,,^T{kn f (oc) = * Jo'- ,"*t- L e-t dt: ry

;s
Since e;tt " ='fr. ur,ffig L'opital rule limg-- #: lim6-- ry: "' "' :

t1*n;l-"<"lii<*-'itl'lc"-n*tlt"-u-o for k>x
'::::|'.|: 

) :;:ii:

now int€g4atin,'fi by part twice and more

f ((+k+1)

o((o(+1)(o(+2).. . . . ' (o(

Where k: times of inteeration -1

Notethat ftol - J when (x) = 0,-1, -2,-3,-4,"'

k)
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when o(= 1 , f( l)  :  !* e-t f-7dt - -e-t]t  =

Now from f(x +1) = o< f(o<) let x= 1

let x.= Z

let x= 3

let x= 4

let x= k

then If, e-tsttzdt = I; t-tsls-t4s -

Engineering Analysis (Third Class)

L

= 1[ (1)  = L!

\:r,.rlllir.
."{

1 l -

" t lo

f(2)

*\' d

"d ,o_
So the Gamma function may be regarded as generalization of the ffiltoffiftt function.

r .  ;  r
Trbie Al Sarnl$ tuii*tlon fsei tj+l

til ljqi- T-iilT
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I  r '  l i  i  " f
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I '.* | oo'*ic* l] ,* j o-"tua 1l
,,;S'' "'!ll:rii, 

r 'rrr':r'
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r.g'l,*.M',tt**'
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Example:- Evaluate 1* 
"-tgt/246' 

,t't:l,tit", ,+

S o l u t i o n , , s i t i &  1  =  1 +  1  -  1  =  1 . 5  -  L' d , 2 2

f(1.5) = 0.886227

Example:- Evaluate I- e-tf/2dt

Solution .since : '= :+ 1 - L = 2.5 - t
2 2

t.rl'| I {}"$93$It

Lst I (}.s5 e:4 {iif.$
0"${l stl
0"q.t8 d\rtl
0.9J5 {n I

t.64 , {}.$9lt{r"l:
t.b$ ; 0.r$l s$
ris{r i {},11s$trrl

l.?0;t s.ffid3$
: :liirl

{}"$si:
r nrr;:t:i

ili's'iii,u*iss*l $;

{,?d | 0"tfdi$}6
t-?6 | 0.9913?5 $,

I.?S | 
{}.9?6 1i? &6$t' j

L4

then If, e-tsztzdt : I: ,-ts2s-146
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then [f, e-tg's-tdt = 1. (2.5) to find f (2.5) we use equation (*)

r((+1)

oc t(o<) = f(x +1) let a= 1'5 then = I '(2.5) = L'5 f(1'5) = L'5

so f(2.5) = L.32934

Example:- What is t(-2.7)

Solution From general form of equation (*) which is f (x) =

:::l::r;, li

let x= -2.7 and k :3 then f (-2'7) --' ,, 

:

_ I-(1.3) _0.897+71. = _0.9310B
-0.9639 -0.9639

/ 1 \r[;J = vz

Solution from the definition of Gamma function F(o) =
' 1  

r i
r ! i i ' . .  ' f  ,  t , t t '

Engineering Analysis (Third Class)

f(x) =

x 0.886227

,i::1 
.rl'tt1l:::t:tl

,rilj

-r f-Ldt .

t'\

irs. :)
lliri :

'iii.
iii::

*,. -:::: :

Example:- Prove that

;oo

J o e

9 rQ= ff '- ' t- iatif x= 1 then f1J) = Ii ,-t t1-4fu;,r;,:,lriiii11
... (1) 

= 
",.--,,,, .,,, 

'

let t = 1t2 then dt al|':Zud*"

,ttt)]' = 4 I; !f, e-u' s-u'dudv = 4 ff If, e-o'*"I dudv

v 2  + u 2  = r 2  a n d dudv = rdrd?

[40]' 
- n I{' ' [* e-r'rdrde = 4:[* e-r2rdr = -n ,-"17 = o

<(o<+ f)1o<+.21" " l

equation (1) becomes to
' 'rr: t'! ":'it

-  ,1 -  4  co  - , ,2  -1
f  ( : )  =  1. "  e-u-  u- 'Zudu't Z ,  J U

f() = 2 ff, e-"' du "" " """ (a)

a n d l e t  t = v 2

now multiplying equations (c) and (b)

f0 = 2 [f, e-"' du ":""" " '(b)

','ri1111,,,, 
,j

Using poltii'coordinates , where

then ",,dt = zudu

:!':"';
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