Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Power Series Method of Solving Differential Equation

Power series is an infinite series of the form ,
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Where a,,a,,a,,a;,---are constant called coefficients.
Familiar examples of power series are the Maclurian series
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To solve the differential equation we assume a solution in the form of a power series with unknown
coefficients
Y(x) = Xm0 @mx™ =ag + a,x + ayx? + azx3 + - ‘ R ¢ )

and inserting this series and the series obtained by termwise differentiation
y'(x) =Ym=1may x™ ! = a; + 2a,x + 3azx? L4 ’ T e v ()
y'(x) = Em=am(m — 1)a,, x™ 2 = 2a, +3 X 2030+ 4 X 3 ax? - | TR <))
Example Solve the following ordinary differential equation by power series y'=2xy
Solution by inserting (1) and (2) into the given equation
@y + 2ax + 3azx® + 0 = 2x(ag + ax + ax% + azx3 + )
Multiplying 2x inside the bracket we obtain'
a1 + 2a,x + 3a3x? + 4a,x3 + S5asxt +‘6a6x5 + = 2a0x + 2a1%% + 2a,x3 + 2a3x* + 2a,x5 + -

For this equation to hold the two coefficients of every power of x on both sides must be equal, that is

a, = O, 2a2 = 2a0, 3a3 = 2(11, 4'a4 = Zaz, 5a5 = 2a3, 6(16 = 2(14,
=03 = A5 = Apqq = 0
= a2 _ Qo _ % __ Qo
and az—a:O) . a, = 7 2 E) g = ‘? = ;,
A (xv)k"= ap (1 + x? +ZC: +£i +X 4.0) = gpe where a, is arbitrar
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Shifting Index Method

By substituting equation (1) and (2) into the given equation
Loy & g Wil 2™ = 2 32 @™ =3 50 L
Letm =5+ 2 in the left then the summation, which started with m = 2, now starts with s = 0. On the right
we simply make a change of notation m = s.

8 + 2eals + 2)ag,, x5! = Lol
1ce,
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Petroleum Systems Control Engineering Engineering Analysis (Third Class)
2
a; =0 . (s + 2)as4+2 = 205 or Ast2 = 5%
Then, for s=0,1,2,-- we have 6 = %ao, s = %al =10, oy = %az

Example Solve the following ordinary differential equation by power series y'+y=0
Solution by inserting (1) and (3) into the given equation
2 _,mim — Dy, x™ 2 + T gamx™ =0
To obtain the same general power on both sides, we set m = s + 2 in the first series and m = s in the

second, this gives

Yszo(s +2)(s + Dasy, x° = — Yo asx®

Each power x° must have the same coefficient on both sides. Hence

S =a
2 1 =— = =4 —oE =012,
(s+2)@3El)ass as As+2 (+2)(s+1) (s 1,2,0+)
= widopte do =it it 0
b =255 2! g ds 32 3!
=eido . Go —ipds 4
WS e T 5 ? s 5.4 5!

Where ag and a, remains arbitrary. With these coefficients the series (1) becomes
Xige X o
100 = (12 ) b (5 E ).

y(x) = agcosx + a; sinx

H.W

Solve by power series
- x+1)y' —(x+2)y=0 Answer y(x) = ay(1 + x)e*
2- xy' —(x+ 2y = —2x? — 2x Answer y(x) = ayx?e* + 2x
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Gamma Function

The Gamma function I'(a) is defined by the integral »

Engineering Analysis (Third Class)

T(a)=f, e tt<7ldt x> 0
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Integrating by part  let u=e¢ = du = —e~tdt
=1 =
dv=t dt = = -;
N o _tt,xoo ot _,
Judv =w — [vdu = sl =e ;]0 + [ =etdt
o400
- e r
But tl]l =0 then [(x) = 1f°° poct1=1 5=t gy — THD)
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now integrating by part twice and more

for
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Where k= times of integration -1

Note that
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Engineering Analysis (Third Class)

when «=1 , T()=[ e ttldt=—et]P=-23] =1

Nowfrom T'(x+1)=«T(x) let «x=1

let " ot=2
let =33
let «=4
let «x=k

Ir2)= 1r@) = 1!

r(3) = 2r(2) = 2!

r'(4) = 3r(3) = 3!

I'(5) = 4r4) = 4!

T(k+1) = k!

So the Gamma function may be regarded as generalization of the factoffa‘l function.

Table A2 Gamma Function [sec (24) in App. A3 1]

T o« Py

n Tt @ I’(a)

st

4018169 | 140 0887 264

(02 0USSS4s T 122 L 0013106 | 142 | DBR6ISE
148 ORIR438 L34 0 O90RA2 . L4 DERAEOS
SIPe 0988 744 126 0004397 Ldn | DSBS eDd
P08 0959025 L 128 DSOOTIS | 1AB | 0885747

(1000051351 0 1300 ORuT4TL ) L0 DSBo Y

L2 | 0943590 |
L4 DS aie L3 0892206 | 154 0888178
116 0929803 | 136 | 0890185 | 136 | DRSO3V
LIS | 0923728 | 138 | OSSS53T | 138 | 0.R01420

120 L 08I tes | 140 0887264 0 LoD OR9ISIS

16D 0893515 180 | 0.9313%4

l62 ) 0s95924 | 12 0U36RE
16t 0898642 1 EB4 0042012

170 0908639 | 190 | 0961 766

130 | 0RO4GAD | 182 08870

e

i

166 090L 668 | L86  0.948 087
(68 0 0O0SO0E 18R 095307

122 0812581 192
174 1 0916826 @ 1M
L7361 0921388 ¢ B
178 heiedy ) 198

180 B93Ia%E ] 200

Example:- Evaluate fooo B e
Solution since % = %+ I=P=15"1 then

I'(1.5) = 0.886227

Example:- Evaluate fooo et g
Solution since % = -32-+ 1-1=25-1 then
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Petroleum Systems Control Engineering Engineering Analysis (Third Class)
then fooo g 't gt = I'(2.5) to find I'(2.5) we use equation (*) I'(e) =
I'(ec+1)

(o ¢

« [(x) = T(xx +1) let x=15 then =T(2.5) =15 I'(1.5) = 1.5 % 0.886227

SO r'(2.5) = 1.32934

Example:- Whatis I'(-2.7)

I'(oc+k+1)

Solution From general form of equation (*) which is ['(x) = PO v W W

r(=2.7+3+1)

let x= —2.7 and k=3 then TI(-27)= ~2.7(_2.7+1)(_2.”2)(_2.7‘{3)‘

T3 T aanerl
= 309639 =~ ={(.9639-—

—-0:93108

Example:- Prove that r (%) =T

Solution from the definition of Gamma function I'(a) = fooo e~ ¢ Yt

Cottm =i o = et
{1}
let t=u? then dt'=2udu equation (1) becomes to
F(%) = foooe_uz u 2udu = F(%) =2 fowe“uz Bl i Sossns @)
and let t = v? then ~dt=2vdv = [‘(%) =2[ e dv e (B)

now multiplying equatidns (a) and (b)
1 2 0 AO0 | a2l B 00 00 | g2
[F(E)] =4[ [, eV e Pdudv=4[ [ e %) dudv

Using polar coordinates , where v2+u?=r?and dudv=rdrdd

2 e o0 2 =
[F(%)] =4f:/2 fo e_rzrdrdH =4§fo e”"rdr=-m e 7‘2]0 e
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