Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Dirac’s Delta Function

Consider the function

o Tk gEi=d+k
fie(t a)_{O otherwise (1)

This function represents a force of magnitude 1/k actingfromt=a to t=a+k , wherek
is positive and small. The integral of a function acting over a time interval a <t < a + k is called

the impulse of the function.

Area=1

a atk
Now, the impulse of fj is

a

Ik=fooofk(t—a)dt=fa+kidt=1 ......... (2)
By taking the limitof f, ask — 0

limyo fi(t —a) = 6(t = a)
6(t — a) is called Dirac delta function

Note :- From equations (1) and (2) by taking limit as k — 0 we obtain
o8 ift=a
d(t—a)=
g {0 otherwise
Sifting property of §(t —a) -~

Uy 9@ 6 =a)dt = g@
To obtain the L.T of §(t — a), we write

felt = @) = 2u(t — &) —u(t - (a + k)]

and Jy 8¢t-aydt =1

L 1 2t e to=ks
and take L.T LIat{f.(t—a)}= = [e as —e (a”‘)S] =g ask—s
now, taking the limit as k — 0 (using I’Hopital’s rule)

—(a+k)s
limk,_,o L =er®s
Then LTofé(t—a)=e™%
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Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Example:-

Find the response of the mass - spring — damper system under a unit impulse (Dirac delta function)
attimet=1.Letm=1Tkg,c=3andk=2
Solution
The equation of motion in this case becomes y"(t) + 3y'(t) + 2y(t) = 6(t — 1) Note that
initial conditions = 0 '

Taking L.T of both sides of differential equation

2 = oS _e's_e‘s__"_l__’iz_)~s
(s*+3s +2)Y(s) =e e Y(s) = s243s42  (s+1)(s+2) (svrd ok szl

1 BN
W) S
By corollary 2 the y(t) = L. T™1Y(s) is
y(t) = e E Dyt — 1) — e 2Dyt — 1)

0 <t 1
L= {e—(t—l) — g—2(t-1) if-t=d

Convolution. Integral Equations
If LTof{f(t)}=F(s) and L.Tof{g(g}=G(s) then
L.Tof {fg} # F(s) - G(s)

or the transform of a product is generally different from the product of the transforms of the factors.

to see this consider f(t) = et and 9(®) =1. Then fg = et , LTof{fg} = ;—i—l

but L.T of {f(t)} = -s—i—l | and L.T of {g(t)} = % o) F(s):-G(s) = Szl_s
L.Tof {fg} # F(s) - G(s)
then, what is F(s) - G(s)? The answer is
F(s) - G(s) is the transform of the convolution of f(t) and g(t), denoted l;y the standard notation

f * g which defined by the following integral
" h(t) = (Fxg)t = f, f(Mg(t —1) dt

Example:-
If H(s) =1/[(s — a)s]. Find h(t).
Solution

1/(s —a) has the inverse f(t) = €%, and 1/s has the inverse g(t) = 1
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Now f (1) = e?* and gt-1)=1

Then h(t) = e x1 = fote‘” YL = %(eat )

Properties of Convolution

Frg =gy
frl@r+g)=frg1+f*g
(frg)rv=Ff*(g*v)
fx0=0=f =0
Unusual Properties of Convolution
Folef

Let f=t then t*1=f()tr-1dr=%t2¢ t

Engineering Analysis (Third Class)

Example:- Find the solution of the differential equation -y’ (¢t) + 4y'(t) + 13y(¢t) = %e"zr sin 3t

for which V=1, y'(0) = -2.
Solution

Taking L.T of both sides of equation

s2Y(s) — sy(0) — y'(0) + 4[s.Y (s) = ‘y(O)] +13Y(s) = %L.T of (e?t sin3t)

S2Y(s) —s+ 2+ 4[sY(s) — 1] + 13Y(s) ==

i 3

3 (5+2)2%+32

(s +4s+13)Y(s) = (—55)12+—32+S+2 = [(s+2)2 + 32]Y(s) = (—512—)12-52-+s+2
Y(s) :’ ((s+2)12+32)2 (s+2;22+32
VORI s + LT s
ygt) =e #LT™1 (52:32)2 + e~ 2t cos 3t
1. sin 3t

now, to find the LT~ by convolution , where

(52+32)2
then LT™! (32:32)2 = %fot sin3(t — 1) -sin 37 - dt
but sinxsiny= %[— cos{x +3) + cos(x — 7]

sin3(t — 1) *sin3t =

N

44

(s2+32%)?

[=cos 3t + eos(5t — 3v — 37)] =

=L.T of{ - } L.T of {5“‘3”}

%[cos(3t — 67) — cos 3t]
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= %[cos(6r — 3t) — cos 3t]
i 1 1 gt » o _ 1 {sin(67-3t) 2 = t}
m T e a s o J, [cos(6T — 3t) —cos 3t] dr = — {—6 |0 7 cos 3t|§
= %{% [sin 3t + sin 3t] — t cos Bt} = BRAveeosgt 3t_53: =
y(t) 2t sin3t—534tc053t $ o2 posar
; p _ s+2
Example:- What is y(t) if Y(s) = o

Solution

sS4+ 4s+54+44—4=5+4s+4+1=(s+2)*+1

g o s+2
so Y(s) can be writtenas Y (s) = G2y i1
-1 — ,-2typ-1__S
LT™* of {Y(s)} = e *'LT " =
Method I ’
O e e, -2
T [s“+ 1] s
: : 10 VA %
then from integration theorem {T} = LT~ of [~ d(s)ds
= 2 ® 1 oo _ TRl
let o =[?+17s Sa . s @()ds =5 [[s* +1]7 2sds = =3 ol
) e 1 .
I hle)ds =g ms g;f(t) =t sint
then (= ~21- t e 2tsint
Method IT  (by convolution theorem)
: 1 s 4 A
since T = Sf.ﬂ-ﬁi} where f(t) = sint g(t) = cost
F(s) G(s)
now frg= fotsinr -cos(t — t)dt
but sinxcosy = %[sin(x + y) + sin(x — y)]
let xX=1, y=t—1 then x+y=t and p x—w=i1dt -1

frg= fot sint - cos(t — t)dt =% fot [sint + sin(2t —t)] dt

N

[tsint|f] + % [—cos2T = t)[§] = %t sint

y(t) =% t e “sint
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Example:- Solve the integral equation
y(t) — foty(r) sin(t—1)dr =t

Solution

Write the given equation as a convolution — y(£) — y(t) *sint =t

taking L.T of both sides Y(s)—Y(s) Szl+1 = ;1; =5 Y(s) [1 - 5214,1] = 5-12-
R Rl il il 1
Y(S) [32+1] T s = Y(S) T e 5 + 5%
then y(@) =t +§

Example:- Solve the integral equation
y(t) — fot(l +17)y(t—1)dr =1—sinht
Solution
Write the given equation as a convolution ~ y(t) — (1 + t) # y(t) =1—sinht

S . 2_ e
taking L.T of both sides Y(s) — (l + ;1;) Yig) = i— 1 = Y(s) [sz - 1] SO

s s2-1 52 T s(s2-1)

s
sz2-1

=3 Yis)=

then y(t) = cosht

Problems

Convolution By Integration

I ,t*et‘v

2 e xePt/ (a+b)
3-" .1 x cos wt

Using Convolution Theorem, Solve

4- y"(t) +5y'(t) + 4y(t) = 27" for which y(0) =10 y{0) =0

5- y'"(t) + 4y(t) = Su(t — 1) for which y(0) =0 y'(0)=0

6- y"(t)+5y'(t)+6y(t)=256(—3) for which  y(0) =1 y'(0)=0

7o y(E) + 6y (6) + 8y() = 26(t — 1) +26(t —2) forwhich y(@) =1 Y0 =0
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Integral Equation
8- y(t) - foty(r) cosh(t —1)dr =t +et
9- y(t) - foty(T) sin(t — 1) dt = cost
Problems

Find the L.T of each of the following functions:

1- uw(t—a)
2- u(t—e™
3- t*u(t—2)

4- costu(t—1)

sint O<t<m
=S e

it O<t<?2
L (t)_{z e

7- The function graphed in Figure (1)
f()
A
Figure (1) bi :'
I 120 Z
a : 8y
b E

Figure (2)

9- te ™ tisin2t

10- e‘3tf0tt sin2t dt
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11- tfote"3t sin2t dt

12- fotte‘3t sin 2t dt

1—=cos 3t
(&

13-

e~3t sin2t
t

14-

I5- =3 [ S22 gy

Find the inverse of each of the following transform

16- @—fz)—

17-
18- Wlm

19- ———
2

21- esz—+3i+2
275

:
2 G
24- @%ﬁ)z

25- Ttan~11
S S

140

26; (s2 +2s+zj2

Engineering Analysis (Third Class)

Use the Laplace Transformation to solve the variable-coefficient linear differential equation

27- ty" () +2(t—-Dy' @)+ (t—-2)y@t) =0
28- ty"(t) + 22t - D)y'(t) + 4t — Dy(t) =0
29- ty" @)+ 2y'®)+ty®) =0

30- ty"(t) + 22t -1y’ (&) +4y(t) =0
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Answer:- y=y,et +§ e



