
Petroleum Systems Control Engineering

Dirac's Delta Function

Engineering Analysis (Third Class)

Consider the function

rn(t - o) = {'{u 
'"-il;iJ u """ "'(1)

This function represents a force ofmagnitude L/k acting from t = a to t = a + k,

isposi t iveandsmal l .Theintegra lofafunct ionact ingoverat imeinterva la l t<a*k

the impulse of the function.

.-.::

,., -t

: 'li!,..

\:, .i "

Now, the impulse of /p is

Iu = [f,  fnG - a) d.t = I:.r;dt = 
,L 

...  . . .  . . .  (z)

By taking the limit of fi, as k -+ 0 ,':: ,,, 
,,

limp_,6 fx(t - a) = d(t'; a)=,..,11

d'(t - a) is called Dirac delta function

Note :- From equations (l) and (2) by taklhg liruaire* -r 0 we obtain

where /<

is,.called
: :  i i f

i,r ' 
riir ii

,. , Iii,,'
a;:!"
rila:;it r'"'

; , i :

d ( t - " ) = { ; "

Sifting property of d(t -.9)

To obtain the L.T of 6(t Ji )."-we write

uno tar<.tl.f

fr- oCt - a) d.t = 
,1

:. 1

fx(t - a) = i lu(t - a) - u(t - (a + /c))l
I

L.T of {ft(t - a)} - rtlr-"' 
- 

"-(a+t)s] 
= e-as#

now, ttiking the limit as k -r 0 (using l'Hopital's rule)

r : *  s e - ( ' + k ) s  -  ^ - a sl l f f lk+g 
, 

= e

L.T of d(t - a) :  e-asThen

a  a t k

4"ffiJ 
and
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Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Example:-

Find the response of the mass - spring - damper system under a unit impulse (Dirac delta function)

at t ime t  = 'J . .Let  m :  I  kg,  c  = 3 andk=2

Solution

The equation of motion in this case becomes y" (t) + 3y'(t) + zy(t) : d(t - 1) Note that

initial conditions:O i,""""'tFW-,-.:.: : ":j4

Taking L.T of both sides of differential equation ,

(r' + 3s + 2)t/(s) = e-' + y(s) =ffi;= Gft, = (# *H)"-'

Y(s) = ( ' -1) e-' 
'' " 

ir'" '
-  

\ r*1 
-  

t+i l

By corollary 2 the y(t) = t. t-ty(r) ir 

_.., 

' ' ' , 
,,,.

y(t) - e-(t-t)u(t - 1) * ,-z(t-t)u7s * 11 
::.

r  0  0 < t < 1 .
y ( t ' l  =  {  , *  . .  , / }  a \  , , i  i  i : ' r ' ,r \ - ' '  ( g - ( t - r ) -e -z ( t - t )  t f  t >L  ,  

'  
, . , , , , , ,  

, ' '

Convolution.Integral Equations 
.,.. 

!=..'

If L.Tof {/(t)} = F(s) and L.Tof {,q(q)1,+ G,(*) then

L.T of {f g} + F(s) ' G(s) '. t:::t,,,,,,.,,,,,,i,"1i

or the transform of a produc, tr t""_:::llV,di.ffeient from the product of the transforms of the factors.

to seethisconsider f ( t )  = st  and'g.( t )  4, t .  Then fg = et ,  L.T of{ fg}= *'4*n,

but L.T of {/(tp' 'A"Sl ,,, 
i ,, i1,1 ' 

and L.T of {g(t)} = 1 so F(s)'C1t; =;f

... L.r ,iI tjl g\,r F(s) . G(s)
then, what is F(s) . G(s)? ihSanswer is

i;i.

F(s) ' G(s) is the trangf-.prm of the convolution of /(f) and g(t), denoted by the standard notation

f * g.*niffl defineC,Uy the following integral

ili
::::. J' f i , , r . ,n/" h(t) = (f * g)t = I: f G)sG - r) d'r

Example:-

If H(s) = 1/[(s - a)s]. Find tl(t).

Solution

I/(s * a) has the inverse f (t) - eat, and 1/s has the inverse g(t) = t
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Now /(z) = eax and g(t - r) = t

Then  h ( t )  =  eo t  *1  -  I i t " '  . ' J ,d r  -  ! 7s " t  -L )

Properties of Convolution

f * g - g * f

f * ( g r + g ) : f * g t * f * U z

U * g ) * v = f * ( g * v )

f * 0 = 0 * f = 0

Unusual Properties of Convolution

f * t + f

L e t f  = S  t h e n  f  * 1 " =  I [ t . t d r = ! t 2 +  t

Engineering Analysis (Third Class)

,,,,"f{$
'rii;

Example:- Find the solution of the differential equation'y''(l + +i'G) + 73y(t) - !r-zt sin 3t' 3

forwhich /(0) = L, y'(0) - -1.

Solution

Taking L.T of both sides of equation ",:::::':t::i::::::::':

szy(s) - sy(o) - y'(0) - ld''tC (o)l + l3y(s) = :1. r of (s-zt sin 3r)

szr(s) - s * 2 + 4lsv(s)-'11 + 13Y(s) = 1

( s 2 + 4 s + 1 3 ) r ( ; )  =  
# * s *  2  =

1  s+2
I (s.,1 = 

G+r)z#:y G+2)z+32
'ililLil, 

"' !r

Y(f)"t.
1 r ' r--1 s+2

@fr4 
-r ut -1e2Yay

' n{t, =1it -ztY[-t 
& 

+ e-zt cos 3t

now, to nao tne tr-t ft.,by convolution , where *i 
- L.T 

"t{ry} 
L. T of {ry}

then LT- t#  = 
; f ;s in3( t  

-  r ) 's in3r '  dr

but sin x sin V =;[- cos(x + y) + cos(x - y)]

s in3 ( t  - r ) . s in3z  = ) t - cos3 t *cos (3 t  -  3 r *32 ) l  =  j l cos (S t  -6 r ) - cos3 t ]

(s+2)2+32

[(s + z)2 + 32]y(s) = 
G;ft**s r 2
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= 
] [cos(6r - 3t) - cos 3t]

so Lr- '#= *f  [cos(6r-3t)-cos 3t]dr= *[ry] :

= *{ : [s in3t*sin3t]  
-rcosst]  -  ry

y( t )=e-z t  ry*e-z t  cos3r

Engineering Analysis (Third Class)

-  r  cos 3t l [ ]

Example:- What is y(t) if f(s) : ffi
Solution .,:l.t

,,,:i 
'

::,

J,- o(r) at

[-tr, + 1]-z

g(t) = eos t

;'i'i 
"l;i':*fu

*.qffi-' ;*;r=
q;i lt'.irq**,' lllrit'

'i4ii]lii'

7  L  l -- t E l s

i

s2 + 4s + 5 + 4 - 4 = s2 + 4s * 4 * l. = (s + z)*4rtr$li+

so y(s) can be written as y(s) = 
#,1,

LT-l of {v(s)} 
- s-2tY7-1 

s
- / )  -  

[sz+1]z

Method I

ts'z+lr 'z 
= [s2 +L]-z

then from integration theorem

#,..-%ffi-s

let 2 s d s =

then

let

Method II (by convolution theorem)
tli,tL

. s 1 ssince # =" *'fr where ,f(t) = sint
-  ' ' - i - r  

-  3 , " ! - - l

. Js!;r,!: . 
| '+-uf(s) E(s)

, ,"sai:i:t:],," 
& ,

norlq; W* g = Jo sinr.cos(t -r)dt
,i5,.{?-L:" ::+

b u t ' l - ; , ,  
.  

s i n  x  c o s y -  l ' [ r i n { x  +  y )  + s i n ( x  -  y ) ]

x = T  , ! = t - r  t h e n  x * y - t

f  *  g  = Jots inr .cos(r  - )dr  =)  l i [s in t*  s in(2r  - t ) ]  dr

- | l ts in t l [ , ]  * ;  t-  cos(Zr - t)16l = 1t sin t

y( t )  - |  t  e*zt  s in t

a n d  x - y - - 2 r - t
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Example:- Solve the integral equation ,

y(t) - IiY(t)sin(t - r)dr : t

Solution

Write the given equation as a convolution y(t) - y(t) * sin f = t 
,:,,,,,i.,rirjir

t ak ingL .To fbo ths ides  r ( s ) - r ( s ) *= j  +  r ( s ) [ r -# l= t  
" ' '  

*' t t"1-1.1*, tl'"'+* t

rG)L+J:+ + Y(s)-+=*t*i ' ,nn-:! 
" ,,: iN

.  
' * " , ,  i l , ,

then y(t)  = t* i

Example:- Solve the integral equation

y(t) -,fCr + r) y(t - r) dr - t - sinh t *.,fl 
b...,s" 

.
solution **'* 

"T

l r

Write the given equation as a convolution y(t) -, (t*+ t) i y(O =

taking L.r of both sides v(s) - (i. i.I,t€qt,#,,$- * +

E3'g-ti:" ltl

@,.J@'',b, *'
"+'' ril-

s

1 - s i n h t  _
- , .  '  [ s2-s -11  s2-s -1r(s)[-F-l =6

:) Y(s) : a
s2 -L

then y(t) - cosh t
,l!t:;'1

,,,tt"1ii,,,, 
r. j-":L!l

problems ,., '-r,,,.il

Convolution By lntegrationTi
#ffiir

. *,,i .+
l- .ks_e"'Y *,

. 9 :  W l \  ' - r & ,

,Z -  ea t  i&b t : '  @+ b )
' ;  

. f

3 - " "  1 * c d s a l t
, l '
r t  I

Using CoriVolution Theorem, Solve

4- y" (t) + Sy'(t) + 4y(t) = ls-2t for which /(0) = 0 /'(0) = 0

5- y"(t).+4y(t) -Su(t-r) forwhich y(0) = 0 y'(0) = 0

6- y"( t )+ Sy'( t )  + 6y(t)= d(t-3) forwhich y(0) = 1 y ' (0)  = 0

7-  y , , ( t )+6y , ( t )+By( t )  =26( t -1 )+  26( t -2 )  fo rwh ich  / (0 )  =  1
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Integral Equation

8 -  y ( t ) -  I l y @ c o s h ( t  - t ) d r = t * e t

9- y(t) - IiyCr> sin(t - r) dr = cost

Problems

Find the L.T of each of the following functions:

l- u(t - a)

2- u(t - e-t)

3-  tzu(t  -  2)

4- cos tu(t - t)

s- f  ( t )  = f i l '  l : ' r ' "

(  f  0  < t  < 26 -  ( t ) = t i  z < t
7- The function graphed in Figure (1)

Engineering Analysis (Third Class)

.;" 'a J

-1 ::tiil:lt:r. t
"" {ii i"l:r'r

: ;  * . . ; l  '1, ,  '
\  r , . ?  . '

; t l_  ' " :
Y i  l .

.,:::: '+. 
' '%.*.'u

,, ,=,, , '

i:i,}]}is

',,i-i:.'"u'"" +'

,,11,.n""{;i' rr,-
, "r+.i

ir+i+'

Figpr,e (l.t

,rS,ii;iu
. "*lq '  q " . .

8- The tunction graphediiiFigure (2)

9-

r0-

ffi

Figure (2)

te-3t'sin?t

,-" t t  sin 2t dt
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l l -  t  $ r - t t  s i n 2 t  d t

12- II tt-tt sin 2t dt

i .  1 - c o s 3 t

t

1 A e-3t sinZt

t

| 5- e-st f! 
sinzt 

dt- J o t

Find the inverse of each of the following transform

1 .  1ro_ 
@!

Engineering Analysis (Third Class)

1 1  s + 1r , - ! f f i

18- ,,fo
19- 

"-#.4
o -3s

20- -=
sz-9

a I e-s+e-zs
'  r -  

s , - 3 s + ,

22- h+
^ . 2
z._t- 

@1$
, t  

1 j ; :

24_ ,  
t+2 

f ' "  ,  ,
(s2+4s15;z "f i

zs- ltan-tfu.
., ",#.k26- 

F

;:ii:,r111
ii ..j'

ll ..,i"

dlillllrftF-
: : l  ' w

''lil 
llt,,'

l, ""''

,,/*+iiirl'''r,,ili;lii.r$ll

%iillns1*,+$
t!rrl,ii.il,

$i4,,li',"""i ii',ii,,,i,.

-ffiiri'1*'l
%

the,*Laplace Transformation to solve the variable-coefficient linear differential equation-$h,.

27- 
r:;  

ty"(t) + 2(t - t)y'(t)+ (r - Z)y(t) - g Answer :- !  = lo e-t +ltte-t

28- ty" (t) + 2(2t -.r)y'(t) + 4(t - l)y(r) = 9

29- ty" (t) + Zy',(t) + ty(r) = g

30- ty",(t) + 2(2t - L)y'(t) + 4y(t) - g
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