
Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Laplace Transform (simon Laplace l74g -1827 was a great French mathematician)

Is the transformation the independent variable to s domain, if the ipdependent variable is t then

tdomatn a sd.omaln

Definition:- Laplace transform L'T of /(t) is

F(s) = 
[- f Ctl e-st dt

where s is complex variable or s = x * iy '

Example:- what is the L,'T of /(t) = 1

i = ̂ l7T

Solution From the definition L'T of f (t) = fo- t-" f (t) dt

= Ii ,- ', dt = -l "-"lf 
=

Example:- What is the L'T of f (t) = 1

Solution L,T of f (t) = Ii t"-" at + Let u = t

dv.q, e-st dt

,r,".-lTl
so  I o - t r - "  O t= - f r * I o - l r - "  d t= -1 t - '  r 0 - l  s ,  l

zero

1,i

-t (r-- - "o),

+

dt + c, 
l* fr{r)r-u o,

du: dt

1  - c f
v --  --  e "

Example:- Find the L.T of f (t) = e"t 
ni::i,.

Solution L.T of f (t) - Ii ,"' e-'t dt = '1i:ea-:"t'"" dt

= J-  { r - -  -  eo)  =

The General  Method ,  " : i , .  .

The utility of the ,I,aplace transform is based primarily upon the following three theorems

Theorem 1:'

L.T of lcr.ft(t).+ c2f2(t)l = crFr(s) Xc2F2$)

Prove i:=

L.Tof lcifr(t) + czfz!)l = Ii l','f'(t) + c,f,(t)le-st dt

r -  [ *  f * ^
= | c1f1$)e-' t  dt t  l^ c2f2(t)e- ' t  d"t = ct I  f ' ( t) '-"

J6 Js ro

: crFr(s) * crF2(s)

Example:- Find the L.T of f (t) = cosh at

Solution Since cosh at = L 1s"t + e-"t7

L.T of coshat =:t:  eat e-st dt+r[ i  ' -"t  e- ' t  dt

= 1[-1- + -Ll = 1[' '*"-5,o.l-  
z  L t - o '  t + o l  2 L ( s - o ) ( s + a ) J

= 
* s(a-s)t l@

where s ) a



,'d.:.
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... L.r or cosh o, = 
| *+l

H.W prove that L.T of sinh af = 
#

Example:- Find the L.T of f (t) = cosalt

Solution From Euler formula e d o = c o s 0 * i s i n 9

then replace 0 by at :e et@t - cos rrrt * i sin art ... ... ... ... (1)

and replace 0 by -ott + e-iat - cos alf - i sin alt ... ... ... ... (Z)

adding equations (l) and (2) cos cdf =|(ttrt + e-i@t)

now, L.T of cosot = !1f,{rt't *r-iat1s-st dt =}t:r(ic'r-s)t d, +.,if" pry,|,r, a,
- !  ,  o ( ia r -s ) t l6  - !  L  o - (dar+s) r l@

2  t a - s -  1 9  z  i @ + s "  l o

If s ) o then L.T of cos at = -), 
#*I

1 /s+io+s-i@\- ,  
\  s r + @ ,  )

H.W Prove that L.T of

Example:- Find the L.T

Solution L.T of tn = - z
L -  

-

s

e-z dz

d t  = y
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6_%
$\., ...%,, B,va;-

t
i@+s

I
= l

L.r of t" : [i (7)" ,-"

Then L'T of t" =H 
,i

s t = z

fr 1; r"*'-'

Now, if n is positive

Example:- If

Solution

Example:- What is L.T of U" (t)j

Solution Since /"(t) = lf 
'(t)l'

L"r of {f '(t)} = L.r * {H}: s F(s) - /(0)

$ i "+  L )=n t

v(t)?

,.ri,r

" '  

l ;  '
L /  t  .  1 \= -  l - + - l
2 \s-iar s*iot/ _rl

L.T of r" =H

=
.  s.+1 _ ., .*.s*1 = !J_a k,
sz is -e  

-  
(s -zy1s+s;  

-  
; -2 '  

" *3: .*n%: "1, ='#1"=, = i k, = 31,=-. = i
r i

@- *ur(') = i(*.*)",:-Efl
i y(t) =!lsrr' + ze-3'l

Theorem 2:-

27

f '(t) = g(t)
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rhen f"(t) = [g(t)]'

From Theorem 2

Applying Theorem 2 again

Engineering Analysis (Third Class)

so L.T of t/"(t)i = L.T of [g(t)]'

L.T of [g(t)] '  = sG(s) - s(0) = s L' Tpf i / ' ( t)]  - / ' (0)

L.T of tf " (t)\ = s[sF(s) - /(0)] - /'(0)

L.T of [.f "(t)] = szF(s) - s/(0) - /'(0)

H.W Prove that L.T of {J"',(t)} = s3F(s) - s2l(0) - s/',(0) - /"(0)

Example:- Find the particular solution of the differential equation y"(t) - 3y'(t) + zy(t) = x.?''dii'':t 
, 
for

which l(0) = 2, Y'(0) : 6

Solution From theorem 2 L.T of {/'(t)} = s F(s) - /(0)

L.T of {.f "(r)} = szF(s) - s/(o) - /',(o)

Taking L.T of both side of equation

fsz r(s) -sy(0) -y'(0)] - 3 [sv(s) -v(0)] + ZY(s) = 12L'Tli-ztl

Substitute y(0) = 2andY'(0)= $ L.Tle-zt1= J-

,,ui
,.i:li r.riili

k '  +  !z+k-
s  -1  s -2  s+2

k z = t

,  a 2 - 0

i rt'l + i I: r&) dt *id ilr@atat

[s2 r(s) - 2s -6] - 3 [sr(s) - 2] + ZY(s) = 1?:

s2 r(s) - 2s -6 - 3sv(s) + 6 + 2Y(s) =.ffi" *'

(s' - 3s + 2)Y(s) = 2s *#r='ry

Y(s )= f f i , = f f i =
k t =  - 6  ,  k z = 7

Y ( s )  =  4 +  = * # :  
' '

y ( t ) = - 6 e t + 7 r z t 1 ' - 2 t

,,.,1' ",, i1,,.,.
:: 

.:i.ir:ttL!

Theorem 3:- 
= ilLir

Where

Example:-

Solution

S'iio* ttut L.T of llX tlrolotatl=

Let

then * i.f g&) dt

+i I| rrt> atl+

F(s) + i tl rol at
sL.r or lf[,f Ct> at1

flf Ct> dt = s(t)

L.r or ltl ilf ftlotatl=L'r or Ils @ dt = 1 G(s)

= i[t.rorf 7glat]*if ;itrtlatat= ifrrr'> it flrrt>a'at

L.r or Iil t: r rt>otatf =} tc'l + $ tl r rtl at +i tl il r tt>atat
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Unit Sten Function

The unit step function can be defined as

. "ct) = {or : '3

Example:- Solve for y(t) from the simultaneous equations

where

Solution

y' (t) + Ty(t) + 6 $ z dt : -Z u(t)

y ' ( t ) + z ' ( t ) + z = 0

/(0) = -5 z(0): 6

Taking L.T of each equation term by term

Equation 1

-ssz -7s-B
= -

s3 +3s2 -4s

Engineering Analysis (Third Class)

" " . . . . . . . . ( 1 )

" " . . . . . . . . ( 2 )

' l':t:'

.-'tll'' "jll

riit:"

,  k g , = - 3

: )  y ( t )  = Z u ( t ) - 4 e t  - 3 e - a t

,'o*\'

;."*1,$lr
,l,r 

;j,

[sr(s)-(-s)] +Zy(s)+612(s) - -2.: 
,#3&p.. a:0, then fizg)dt=0

s y(s) + 2y(s)+ !z1sy = -: - 5 =+ (r.l^y,&itb I oz(r)= _2 _ 5s ... ... ......(3)
Equation 2 

,*rff fu-l
s l / ( s )+5+sZ(s ) -  6 *Z (s )  =g  +  . "  s r , ( s )+ (s *  t )Z (s )  =  1  . . . . . . . . . . . . ( 4 )

EquationS (3) and (4) can be written as a matrix ffil, 
titrffi'

["]" ,f ,]ffi]1re.F,'3.......r,F{

Solutionl

.  , .  L  c o s z t 'sln-r =
2 . , 2

r. LT.of sin2t - 1 --:- =
2s z(sz++)

s2+4-sz 2
2s(s2+4) s(sz+e)
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Solution2

. f ( t ) = s i n z t  +  f ' ( t ) = 2 s i n t c o s t = s i n 2 t

since L.T of [/'(t)] = s F(s) - /(0)

L.T of [sin2t] = s[L'T or /(t)]  - o

+ h= s[L.r of /( t) ]

H.W What is L.T ofthe following :'::

1- cos(at -l b) 2- cos2lbt) 3- (t + f;2 ,' 
' ' ',

Theorem :- If a Laplace Transform contains the factor s, the inverse of that transform can be 
":u.lt

suppressing the factor s, determining the inverse of the remaining portion of the transform' and ffnally

differentiating that inverse with respect to t'

f@=*  L . r -1 {Q(s) }

Example:- What is L.T-t [+J

Solution ;t: : = j-tuppt"ssing the factor s +
s _ + +  > _ a a _

... [L' T of f (t)] = L' T of sinzt I =

,,1-.r"1

r+,,.' t 1 2

Q(s) =;,Ei = ;a."

fG)=*, L.r-1 e#) = :*L'r- l  l#)== | f is in2t= coszt

, i . : , , .  
: i i . : i l i i ' ' -

-ir 1

Theorem :- If a Laplace Transform contains tf,e factoi f, the inverse of that transform can be found by

suppressing the factor 1,, determining the inv,relse ;fth" remaining portion of the transform' and finally

integrating that inverse with respect to i::lirom 0 --r t'

f(t)=f;r,,1-1161s;1at
f 1 _ l

Example:- What is 'L.T=: 
LFi*l

Sotution L.r-1[#-J'3"i.r-'[G*-)] + q1s) = 
"f;

liir:.

f  ( t )  =f ;r . t - ' to(s))dr = f  ( t )  = f ; t . t - ' i  #ot

f (:rl; l i  f; sin zr dt = -] .o, zilto =i-ry ='-ff3 =L sinzt

' t r .  r i

nirst Shiftile fheorem:- This theorem says that the Transform of e-at times a function of t is equal to the

transform of the function itself , with s replaced by s * a

LT {e-at f (t)J = LT{/(r)} | s-s+a

By means of this theorem we can easily establish the following important formulas:-

Formula I :- LT{s-atcosr,-rt} = 
G#.*

s(s2++)
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Formula 2:- LT1s-at sinalt} = 
1rffi;,

( , t ! "13,  n> - !
Formula 3 :- LT{e-atsn} = 

Jtt""i';'^
t G.''Ftr 

n: a Positive integer

corollary IL'Tl-t[O(s)] = e-otlL't1-r tQ(s - a)]

Thistheorem says that, if we replace s + a by s ors by s - a inthetransform of afunction, thenthe

inverse of the modified transform Q(s - a) must be multiprie dby e-at to obtain the inverse o{fri*orisi&tr

transform $(s).

Example:- If L.T of Y(t) is Y(s) = F#h what is Y(t)

,'T& 2y'(t) + y(t) = te-t for which

liiii,l'il

Solution

2s+5 (2s+4)+1 - ?(s+z)+t- = ?\i:?::,
,r+4s+13 

: 
fr4s+Gffi,- tzaasaaag (s+2)z+3'

r , /  \  2s+5 2(s+2)  ,  -1  3
Y(s.; = 

sr+4s+13 
= 

1y 
1 

1t;ry*t,  1

y(t) = LT-1y(s) = ls-2t cos 3t + | e-zr sin 3t 
"' '! i ', '. 

'

Eym@:- What is the solution of the differential equatiory '

y(0) = 1, Y'(O) : -Z =r{" 
'rrllq

Solution Taking L.T of both sides of differential equation

s2r(s) - sy(0) - y'(0) + 2{s r(s) +i,y,($)ilii1 i1t; = L.T of (te-t) """ """ (1)

but L.T of (te-t)= 
# 

equation (1) becomes to

s2r(s; - s * 2+ 2[s Y(s) tal +Y(s) = 
#

+ (s + r)2r(s) = fi7 + t

y(t) = L'T-1r(s)

Methotl l ,"
s:l ' ' :  - t+1-1 - s+1 - 1 - 1 1

(s+r)z (s+r)i 
= 

G+1)'? 
- 

GF 
: 

t+1 
- 

G+1)'

'  (  1  - -L- ]  = e- t  - te- t
then L. T-' 

tr* 
- 

(s+1)zJ

Method 2

Suppressing s from

'11L: t']i 
,i ir"''

(s2 + zs + 1)/,(D,= ffr+'*
: . : i

Y(s)=tr+*r , "  then

r  r - 1  f  r  ' [ = 1 r - t t s

"" , t{t*t;*1

and {#r}

-:= then ,
ul  r , r -

31

O(t) = 
rr*h


