Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Laplace Transform (Simon Laplace 1749 —1827 was a great French mathematician)

Is the transformation the independent variable to s domain, if the independent variable is t then

taomain — Sdomain

Definition:- Laplace transform L.T of f (t) is

E@y =1 fey &= &
where s is complex variable or s = x + 1y , i=+-1
Example:- what is the L.T of f=1
Solution From the definition L.T of f (t) = fooo g=* F(t) dt

_ g _ 1 stjeo — _ Y-8 by | 1
—foe dt = Selo— s(e e)-—‘S

Example:- Whatisthe L.T of f =t

Solution LT of f(t) =[5 te™* dt = Lat~ u=t = du=dt
dv= e Stdt = v=——z- g
s st s i =St ©l1l _gt o 1 “ot ko 1
S0 fotesdt——t;eslﬁf+f0;es dt=— e ¥[g = 3

zero

Example:- Find the LT of f(t) = %

oo

Solution L.T of f(t) = fooo et =St dt = "’f:?‘e(af—s)f’ dt = ai_s e(a—S)tlo

1
a—s

(e™® —e% = S—ia where s > a

The General Method

The utility of the Laplace transform is based primarily upon the following three theorems

Theorem 1:-

L.Tof [c1fs(®) £ c2f2(D)] = c1F1(s) £ c2Fa(s)
Prove

LT of [cafu(®) £ c2fo®] =[] [c1fs(®) £ c2fo(]e™ dt
f et drt f " eaf et dt = ¢ f " et dt o f " f (et dt
0 0 0 0
=F@G)t c2F>(s)
Example:- Findthe L.T of f (t) = coshat

Solution Since coshat = % [e% + e%]

_ 1 R e st 10 —at ,—st
L.T of coshat=:[ e*e dighgh ¢ " e dt

)

T 2ls—a  s+a 2 l(s—a)(s+a)
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Petroleum Systems Control Engineering Engineering Analysis (Third Class)

5
s2—q?

LT ‘of coshiat =

a )

H.W  Prove that L.T of sinhat =

52—q2

Example:- Findthe L.T of f(t) = coswt

Solution From Euler formula el = cos@ +ising
then replace 8 by wt = el®t = coswt + i sin wt e (1)
and replace 6 by —wt = e~ = coswt — i sin wt e (2)

adding equations (1) and (2)  coswt = %(e"“’t + e~iot)

now, L.T of coswt = %fow(ei‘”t g tp Yo =Stud —;-fome(i“"s)t dt +%f0°° eGw+s)t gy
o da 4 e(iw—s)t|°° o B 1 e-(iw+s)tl°°
2 iw-s 0 2 iw+s 0

If s>w thenL.T of coswt = —= — +1 L =—;—( - + 1)

2 iw-s 2 iw+s s—iw = Ss+iw

ik (5+ia)+s—iw) N s
= s24+w? | st+e?
HW Prove that L.T of sinwt=| ———
Sct+w
Example:- Find the L.T of f(t) =t" 5 >l
Solution LT of %= fooo the St dt i et st =g e g = dt =%
n
LT dit%= fooo G) e~? fif: ;,;175 fooozn B e = Snlﬂ e
Then L.T of t" = Fi::ll)
Now, if n is positive integer = {n+ 1) =n! LT of t" = S:il
« +1 -
Example:- If F(s) = szs+s:‘6 what is y(t)?
Solution
U s¥1 s .E.L ko
s245-6  (s=2)(s+3)  s-2 @ s+3
=l o8 =2t =72
Where k= az PN I = = M

S—2 S+3

\ WLOE i(ﬁ_ i L)
g %[3e2t + 2e73]

Theorem 2:-

LTof {f'()} =L.Tof {Z} =5 F(s) - £(0)
Example:- Whatis L.T of {f"'(t)}
Solution ~ Since f"'(t) = [f'()] let @) =g(t)
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Then P =gt ) L ik = 1.1 of [g(D)]
From Theorem 2 L.T of [g(t)]' =sG(s) —g(0) =sL.Tof {f'®3}-r1'©©)

Applying Theorem 2 again  L.T of {f"(£)} = s[sF(s) — f(0)] = f'(0)
LT of {F"0)} = s°B0) =50 = (1)
H.W  Prove that L.Tof {f'""(t)} = s3F(s) —s*f(0) — S0y — £(0)
Example:- Find the particular solution of the differential equation y"'(£) — 3y'(t) + 2y(t) = 12e3%° for
which y(0)=2, y'(0)=6
Solution  From theorem 2 LT of {f'(D)) =8F(s)=r(0)

L.Tof {f"(t)} = s2E(s) — sf(0) — f'(0)

Taking L.T of both side of equation
[s2 Y(s) — sy(0) — ¥'(0)] — 3 [sY (s) — y(0)] + 2Y(s) = 12 LT[e™]

Substitute y(0) =2 and y'(0) =6 L.T[e 2] = !

s+2
[s2Y(s) — 25 — 6] — 3 [sY(s) — 2] +2Y(s) = 5_155

12
s¥2

s2Y(s) —2s — 6 —3sY(s) + 6 +2Y(s) =

2 ;
(s2 —3s+2)Y(s) = 25+—53+2—2=2ii-d-‘fil—2

s+2
Y(s) = 252+4s+12  _ 2sP44s+1Z 4 ka o Ka | K3
T (s2-3s+2)(s+2) (s —1)(s-2)(s+2) 7 s-1 ' s—2 @ s+2
Where ki, =-6 , k, =7 ) kz=1
w8 e T
Y(s) = s-1 A= t o
y(t) = -6l +7e* 4+ e
Theorem 3:-
t 1 1 -0
Lot {faf(t)dt}=; F(s)+= [ f@®de], az0

S

Example:-  Show that L.T of [f; fatf(t)dtdt] =2 F(s) + ;1;]; £(6) dt +§ff [ f(©)dtdt

Solution

Let  [if@dt=g(®)

then L.T of [ i f(t)dtdt] =LTof [fg®)dt= 7 G(s)+ X[y g dt
= i[L.T of [JF(t) dt] +1 00 L F@dedt = %EF(S) +10F@) dt] + 22 [ f(©dede

L.T of [fat f:f(t)dtdt] =5 F(s)+ Siszf(t) dt +§f: [L F(®)dtdt
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Unit Step Function

The unit step function can be defined as

Sl =
”(t)‘{1 t>0

Example:- Solve for y(t) from the simultaneous equations

Engineering Analysis (Third Class)

u(t)

A

Y'(£) +2y(t) + 6 [, z dt = ~2 u(t) (1)
y)+z' 0 Fa=1 weeee (2)
where y(0) = -5 z(0)=6
Solution
Taking L.T of each equation term by term
Equation 1
[sY(s) — (=5)] +2Y(s) + 6%2(5) =-2 % Note :=sincea=0, then f;z(t) dt =0
SY(s) +2Y(s) + 22(s) = -2-5 = (s? +25)Y(s) + 6Z(s) = =2 — 55 e (3)
Equation 2 :
sY(S)+5+5sZ(s)—6+2Z(s) =0 = sYEs)+ (s+1)Z(s) =1 e (4)

Equations (3) and (4) can be written as a matrix form-
[32 +2s 6 ] [Y(S)] g [—2 - 53]
5 s+ 1LZ(s) 1

Applying the Grammar rule’s

I—Z—Ss 6 I 5
Y(S) - 1 s+l _ (s+1)(—=2-5s)-6 S —55%—-7s-8

,SZ+ZS 6 (s2+42s)(s+1)—6s s3+352—4s

S S+1!
(P airen . I, ks

s(s=1)(s+4) S s—=1 s+4

Where k=2, k, = —4 g
. 2 4 3

L = %
Example:- What is L.T of f(t) = sin?t
Solution1

SN2t = 1 cos2t

2 2
S oA 2

k3=—3

y(t) = 2u(t) —4 et — 34t

L.T of sin?t = = —

e (G 1) 25(s2+4)  s(s2+4)
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Solution2

fle)y=sint =5 f'(t) = 2sintcost =sin2t
since LT of §f (b= sFE)—0)

L.Tof {sin2t}=s[L Tof f{t)] =0
By ; = ppbae L
= ek s[L.T of f(t)] 2 [L.T of f(t)] = LT ofsin®t ] = P
H.W  What is L.T of the following
1- cos(at + b) %~ icos"(ht) 3= @+ D° ;
Theorem :- If a Laplace Transform contains the factor s, the inverse of that transform can be found by

suppressing the factor s, determining the inverse of the remaining portion of the transform, and finally

differentiating that inverse with respect to t.
d

fO) =% LT o)

Example:- What is L.T‘l[ - ]

s2+4
s

: s : il
Solution 7 = Zp7suppressing the factor s = d(s) = o

1 2
2 2422

=g Safi o2 ) o ldp gl 2 ¥ & 19%0r =
= {2 s2+22} e {sz+22}—_ ZdtSant— Cos.25

Theorem :- If a Laplace Transform contains the factdf -z-, t_hé inverse of that transform can be found by

suppressing the factor E,, determining the inverse of the remaining portion of the transform, and finally
integrating that inverse with respect to t from 0-t.
A
f() = [ LT H{d(s)}de

Example:- What is L.T“«l[ D ]

s3+4s

. -1 j __" = 1 L
Solution LT [ = LT B > 06) =

Fo) = LTt = O = LTS gomdt

s2422

f(t)=-12- [y sin2tdt = -2 cos2tlh =5 -

First Shifting Theorem:- This theorem says that the Transform of e~ times a function of t is equal to the

transform of the function itself, with s replaced by s +a

LT{e~atf(t)} = LT{f(t)}|s—>s+a

By means of this theorem we can easily establish the following important formulas:-

s+a

o —at = —
Formula 1:- LT{e % coswt} i
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: —at o; - &y
Formula 2:- LT{e *sinwt}= Srarar
r'(n+1) s
Grartt ST
Formula 3:- LT{e%t"}= it
W n: a positive integer

Corollary [L- T {P(s)} = e *[L-T] ™ {d(s — a)}
This theorem says that, if we replace s +a by s ors by s — a in the transform of a function, then'the
inverse of the modified transform ¢(s — a) must be multiplied by e ~at to obtain the inverse of the orlglnai

transform ¢(s).

. . 2515 .
Example:- IfL.T of y(£)is  Y(s) = = what is y(t)
Solution

255 = (2s+4)+1 2SR S0 2(s+2)+1

Past13  SPHastl3+a—4  SP+4s+4+9  (s+2)%+32

2s+5 _ 2(s+2) ] i 3

Y p—
() = s2+4s+13  (s+2)2+432%  (s+2)%+3% 3

y() =LT7Y(s) = 2e %t cos 3t + %e‘Z‘ sin 3t

Example:- What is the solution of the differential equation y"r(t) +2y'(t) + y(t) = te™" for which
y© =1  y'(0)=-2 A 4
Solution  Taking L.T of both sides of differential equation
s2Y(s) — sy(0) — y'(O) +2[s Y(s) = (0] + Y(s) = L.Tof (te™") -+ oo (1)
bt LTof (te™)=

(s+1)2 equation (1) becomes to

s2Y(s) —s+2+2[sY(s) —1] +Y(s) =

(s+1)2
, 2 et
(s2+2s +1)Y(s) = GiD? +1)2+s = (s + 1)?Y(s) (S+1)2+s
s = -1
Y(s) = (S+1)4 (s+1)2 then  y(t) = L. TE(s)
=1 (e ) B loZr.3
LT {(s+1)"‘} =ae T
-1 S
and ‘L.T {(§+1)2}
Method 1
S Pmeesiiieg® sebignd el | e Sl it il
GAD?  (s+D?  (s+1?  (s+1)2 s+l (s+1)?
S R e
then LT {s+1 (s+1)2} e e
Method 2
0 5 e 1
Suppressing s from G fhien < ., d(s) = Ty
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