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then L.T-1t#] = te-t * L.T-1{O(s)} = e-t - te-t

t '  Y(t)  
-  l r - tgz + e-t  -  te-t

Theorem :- Initial value theorem

Using this theorem we can find the initial value of a of a function without finding the complete solution

/(o*) = lim'--[sF(s)] 
,: , ::::::

Prove rr: i ': '

L.T of {f '(t)} = 1f, 7'1t} e-'t dt = s r(s) - /(0)

Taking limit as s -t oo of both sides of above equation

limr-- Ii f 
'(t) ,-" dt = lims,-[s F(s) - /(0)]

as s + oo e-st + 0 =+ limr-*[s F(s) - /(0)] = 0

l

since /(0) is constant /(o) = l im,-*[sF(s)]

Example:- If Y(s) = 
# what is y(o)

Solution

sF(s )=*#
-s-z-4

limr--[sF(s)] = -t'-f = -5
'-;-;z

The student can check this result by takingrfl ' T]-1 then taking 
!g f Ctl

ili$i* iiit-i=

$$fsr(s) 
- /(o*)l =.f'(o*)

Engineering Analysis (Third Class)

itr, +, 'i

,,tttt 

tL '

Corollary

.:t:l

!!I4]!p!9:-If ,""t,,i

F(s) =
s - l - 3

2 s 2 + 2 s t 1

what are the values of/(0+) and f'(0+)?

Solution ' : , .

* ] l

sF(s)=J#

r  s z + 3 s  I  I  t * |  I/(0*) = JssrsF(s)l = Jrrs L##ll = lls FE+l
.r,(0*) = Jll* s[sF(s) - /(0*)] = Jgg' [2+* 

- 
il

L

2
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Theorem :- Final value theorem

f(*) = limr-s[sF(s)]

Prove

L.T of V'(t)j = [f, f 
'G) e-st dt = s F(s) - f (O) ,:,;,j,,

,  , ' " '
Taking limit as s _+ 0 of both sides of above equation 

:i1,, lliiiiirill1;l1 ,., ,
lims-o If f 

' (t) e-'t dt: lim"-s [s f (s) - /(o)] 
1,,,. ii,

a s  s - + 0  e - s t = 1  = +  / ( t ) l f = l i m r - s [ s f ( s ) - / ( g ) ]

+ /(*) - /(0) = lim,-6[s r(s)] - /(o) ,,,r+:,,

/(*) = limr-6[s F(s)] ' 
,i i;:,:,,,

Examnle:- If Y(s) = 1 
what is y(oo) , 

.'

. ' .

. f (*)  = l imr-s[s F(s)]  = l ims-o* = 0,-  .  : '
-  - s + r

Check since LT-t * 
= e-t f(*],=...fr'h!r,q[[-t] = o

Differentiation and Intesration Theorems of Tranq,form

I -Differentiation Theorem
,, 'ril?llliilii;i

If f(t) ispiecewiseregularo,gl[0,lpo.,J,pndofexponentialorderandif L.Tof f(t)= @(s)then:-

r-.r oi urrrli= i*'trj
Prove By definition we have 

,... 
,,"

L.r of {/(t)} = F(s) = If f (i) t-u dt

Differentiating both sides with respect ro s

*rt'l =*ff rrtl e-st dt
t l f f i

#* *9ruft1 ; 1; ftf o ,-" dt = [: f@ [-t r-", dt
1" 

J::

or S'(s) = - lf tf ft> e-'t dt - -L.Tof {r/(t)}
'i=. i
i...*,1, ,' L. T of {tf (t)} = -0'(s)

Corollary' By taking inverses of above theorem and solve tor f (t) we obtain

ttf (t)\ = -[L . T]-1{0,(s)}

f  (t) = _l tt .r l-1{0,(s)}
Example:- Find is L.T of {t sin rrrt}

Solution

2(2f  ' (o*)= t i rn ,  Is+co t

4s2

PT
- 1

+ 1

- s

k tl
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f(t) = sinart L. T of {sin rrrt} = 
*; 

= @(s)

i r l

tnrfrrrni"g theoreml

+ 0'(s)= ffi + -0'(s) =Gffi

L.Tof { ts inart}  =G#,y

ES:- Find is L.T of {t cos art}

Example:- Find is L.T of [t2 sin 4t]

Solution

t2 sin4t = t.  tsin4t = t f(t)

But from previous example L.T of {tsin+t} = 
#= @(s)

Then s'(s)=W=ffi
.'. L.T of [t2 sin4t] = -Q'(s) =ffi

t ' ,rt. 
,n

' ' ' I e  
1 ;  '  l '

T ' ,

, . ' '

.l.]... r't- .ir 
''

' , .  l .  
'  

' :

s
'"'lP

Example:- Find is L.T of {t e-st sin 2t}

Solution

Let f ( t )=e-3ts inzt  -  Q(s)=# . :
;rltNiiX:;r:i

+ 0'(s)=# - fl,*,,ju'i,

L.T of {r e-3t sin zt} = -q'(r) = ojffi'**'
-:?," *,&tu, '

Els!r:p!e:- What is y(t) if Y(s) = ln[@+ 1)7ft;,- 1)]

Solution ' 
',ii,

From the corollary'' /(t).-==- i [l' 11-t{0'(s)}

i +

Let Q(s) =,n;11 
'' 

'**o,

o,(s) = *-+ 
** S(s) = ln(s * 1) -ln(s - 1)

LT-10,(s)  =s- t  _r t

f(t)=il+l 2 sinh t= -
t" ; +l.*/(il*: -l lr-' - t'l'X +

*! 
d

HW:- What is y(t) if Y(s) : tn#
tat

Example:- prove that L.T of $2 f (t)j: 0"(s)

Solution

Since ttz f (t)\ = {t' tf (t)} now let tf (t) -- g(t)

then from theorem L.T of ttg(|] = -G'(s) but

34
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L.T of ttz f (t)j: -[-0'(s)] ' = 0"(s)

S: Check L.T of [t2 sin 4t]

P @ ) : = 3  '(s+t)

S o  h = [ u f r { s = a

Engineering Analysis (Third Class)

Example

Solve the following variable coefficient differential equation i.rri,,.,,'r::i,i
ty"(t) +2(t - l)y'(t) + (t - Z)y(t) = g i:]u'.,i' ':$;$

solution sui' ' 
"''. 'b' '

tt"t':' 

' 

'

The given differential equation can be written as . ;;i:i i:,,:. i,,j*,,u

ty" (t) + Zty' (t) - 2y' (t) + ty(t) - Zy(t) = g "';.' "' (1) .- 
"'t;"-'"'

Since L.T of ttf (t)\= -0'(s) ,,' i,,,,,,,, "
. 'i::tilj

L.r of {y'(0} = L.r of {#} 
= s Y(s) - /o 

'il:ili

L.T of {y" (t)} = szY(s) - s4o - !'o 
,. aryF,tijil.,.

then L.T of tty'(t)j = -[Y(s) + sl/'(s)] ..,.,".,.:'tolli,,Lii,,,, .:W'
and L.T of tty" (t)j = -[s2ll'(s) + zsr(s) *$;'f'- , 

''$

now, taking L.T of both sides of equation ( I ) , , ,..,. , "lllliii,,r:;,t,'i iF

-[s2r'(s) + 2sY(s) - !) - zlY(s) + sr'(sf -,pls r(s) - !o] - Y'(s) - 2Y(s) = s

after rearranging we obtain 4"..W6tt#l#,i,l1ll,
-(s' + 2s * 1)Y'(s) - 4(s+ 1)rG) = .-ei,

(s + 1)2Y'(s) ++(s + 1X[iJ - -3!o

or  y , (s )  +*y ( r )  =  
# , tu t t , , ,  

. . . . . . (z )
t " * t ' , " *  

B ' , * * r ; r
this equation is linearffrrsi"bf,Aer diffffitial equation which can be solved by Integrating Factor

\ '@,.
Intesratins Factor :: :'

The solution of {i@renti($eWation of the form

'+i&o,*.{,u,ti 
V = Q@) has solution of the form

, ':'. {, j i ,  y = C e _ h  * e _ h  ! e h . q @ 1 a x
t " "

Where , h: I P(x) dx = Integrating Factor
$e

Now comptning with equation (2)

and ok) = -3Y!-
!  \ - - l  (s+l)z

l n ( s + 1 ) = l n ( s * 1 ) a

Ir(s) = 6'"- ln(s+l)a a ,- ln(s+r)4 
J eln(s+l)a uffi at
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The inverse L.T is

I/(s) = 
S + #JCt + L)z 3Yods

Y(s) =afu* #
y( t )  =* . r rn  *  yoe- t

'""11:.:2-Integration Theorem ,:: .,:, :

If t(t) is piecewise regular on [0, oo] and of exponential order and if L'T of f (t) = @ (s)' and if

f (t)/t has a limit as t approaches zero from the right then:- 
".,,.. 

"i',

r-.r of ffi = 1r- O{s) as , ,,., .1.''iii'n-.',1*
This theorem means that integration of the transform of a function /(t) corresponds to *rg:Ji{ition of /(t) by

t  
1 " ,

.#jlr,,l,Prove ,. _^
From the definition of L.T of /(r) L.T of {/(f)} = 0(s) = ff f(ii e-'t dt

integration both sides of this l* Oftl dt =,f-Ur* f (t) e-" atfas

by reversing the order of integration [- Ofrl dr'= lo- f, f CO e-'t ds a' = li 161ff)- at

[- OC'l a' = Ii * e-'t dt = L'T "t{?}
l

Corollary 
t" ' l t ' , ' ,  

,t '  
"='l '"t,1,

'  
: i :,: l :

By taking inverse of a integration theorem

f (t) - LT:t lr- 0G) ds '' + f (t) = r LT-1 Jr- O(r) at
t

This Corollary is usefhi in finding i"i,"rr. when the integral of a transform is simpler to work with than the

transform itself. 
'i !::' "

- , ; , t - ^ f s i n k t )
Examnle:- What i5 L.T of t - t

\ i J

:.,
Soluttpn

'  r /  \  k

l-et /(t) = sinkt + Q(s) = 
F#

' '
applying the integration theorem

l e t  s = k t a n 0  +  0 = t a n

d s = k s e c z 0  d 0

so t: #ds = l,- ##ot

f, ot'l as = li fi, as
- r !  -

k

e assumptlons:-

l - a 2 + u 2  L e t  u = a t a n ?

2 - a 2 - u 2  L e r  u = a s i n O

3 - u 2 - q 2  L e t  u = a s e c ?
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