Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Orthogonal Properties of Sine and Cosine :

Definition 1:- If a sequence of real functions

{0,0} n=123, -

which are defined over some interval (a,b), finite or infinite, has the property that
b
[ 6m (0 (x)dx {
a

Then the functions are said to form an orthogonal set on that interval.

=0, % m=n
=0, m=n

Definition 2:- If the functions of an orthogonal set {d)n (x)} have the property that

b
Joreodx =1

For all values of n then the functions are said to be orthonormal on that interval (a,b).
Notes : O
1- It is no specialization to assume that an orthogonal set of functions is also orthonormal.

2-  Any set of orthogonal functions can easily be converted into an orthonormal set. In fact, if the function of

. ,
the set {¢n (x)} are orthogonal and if k, is the value of J.d)ﬁ (x)dx, then the function h&) 9, (x)

------ (k, must be positive) are orthonormal. -

Definition 3:- If a sequence of real functions

0.0} n=123

has the property that over some interval y(a,b), finite or infinite

b =
| p(x)¢m.<x>¢'n(x>dx{ g

=0, mi=n

Then the functions are said: to be orthogonal with respect to the weight function p(x) on that interval.

Now, 1- any set of functions orthogonal with respect to a weight function p(x) can be converted into a set of
functions orthogonal in the first sense (Definition 1) simply by multiplying each member of the set by \/_p(T) .
p)>0

2- with respect to any set of functions {¢n (x)} orthogonal over an interval (a,b), an arbitrary function f(x) has

a formal expansion analogous to a Fourier expansion,

f(x) = Cyy (X) +Cody (X) +C393(X) -+ C§p (X) +oor - wreeees )
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then multiplying both sides of equation (1) by ¢, (x) and integrating formally between the appropriate limits

a and b, we have '

[£G)0, (0dx = a1 [9,(00,(x)dx+ @z [, (0 ()dx+as [0 ()05 ()dx +
s b
+J‘¢n (X)¢n (X)dX (7 e {0 5 j(bn (X)¢n+1 (X)dx e

b P
From the property of orthogonality, all integrals on the right are zero except Jd)ﬁ (x)dx

a

b
[ £609, (x)dx
—
L e
[ 97 ()dx
a
Example:-
Show that the given set is orthogonal on the given interval I and determine the corresponding orthonormal set
{ 1, cosx, Cos2X ,/COS3X ;"7 SCOSIIX ;i } , 0<x<2m
Solution
b
Let ¢, (x)=cosnx ¢, (x)=cosmx, in the Id)n (x),, (x)dx
a
2n 27
jcos mx.cosnxdx = IE[Cos(n +m)x +cos(n — m)x]dx

0 y. -

) n+m n—-m

2n

0

Since n and m are integer eq.(1)=0 forn=m

Now, forn=m :

the first term in eq. (1) =0, but for second term we take limit as n— m as follow

lim sin(n ——m)xilmt _ lim sin(n —m).2n

-3 ., -, 5 gt 0 -

lim 2m.cos(n-m)2n

Taking limit using L'opitals rule 2n
n—m 1
2n
2 1
Icos nxdx=—2n =(=n
5 2
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Now we need checking the orthogonality condition for 1 with ~cosnx for n=123,--

)

2n

sin nx
J.l.cosnxdx=
0

2n
} :0’1’1:1,2’3’...
n

Forn=0, cosO =1
21
jlz.dx =2n
0

. the given set is orthogonal on the interval 0<x <2m
Then the corresponding orthonormal set is
1 cosx cos2x cos3x
r' dn T o T Am

Definition 4 :- A real function f(x) is said to be Null function on the interval (a,b) if

b
J.fz(x)dx =)

Example:-

Show that the set { sinnx } are orthogonal at the interval (- m, 7 ) and then show that the function g(x) = X’
cannot be represented on this interval by a series of the form

C,sinx +C, sin2x + C;sin3x +---+C, sinnx +---

Solution
» e N b
Let ¢, (x)=sinnx ¢ (x)=sinmx, in the I o, (X)), (x)dx
; : a
T T 1
Jsin mx.sinnxdx = j—[— cos(n +m)X + cos(n —m)x]dx
o’ —n2
" ll:sin(n +m)x , sin(n - m)le" ........ )
2 n+m 0 e vagl)
Since n'and m are integer eq.(1)=0 forn = m

Now, for n=m
the first term in eq. (1) =0, but for second term we take limit as n— m as follow

lim sin(n—m)xil7T _ lim sin(n —m)2m _
T

1 —> 1 =1 n —>m n'=m

.. the given set is orthogonal on the interval ~—7<X<m

Then, let us find C,
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b b1 ] >
If(x)d)n (x)dx sz sin nxdx IX sin nxdx D I
= 4a = T =K Xz >
C, = - - N sinnx
J 02 (x)dx J.sin2 nxdx 2x cosnx
a =T
Using integrating by part

Note that cos (nm) = cos (-nm)

% [cosnT — cos(—nm)]

C.= & =0
T

Partial Fraction Expansion

In many cases the solutions are usually appears as a quotient of polynomials
Where Q(x) and P(x) are polynomials of x. It is assumed that the order of P (x) is greater than Q(x). The

PO = X" 4 Ay X e +ayx +ag
polynomial P(x) may be written as ;

..-given for the cases of simple pole, multiple — order poles, and complex conjugate poles of G(x)
1- G(x) has simple poles
If all the poles of G(x) are simple and real, equation (1) can be written as

_ 0 Q)
G(x) TP®) (xtxq)(xHxp) e (xHan) .

where x; # xp F 0vo # x,,. Applying partial fraction expansion equation (2) becomes to
— k1 k2 ------ kn
G(x) ] (x+x1)  (x+x3) (x+x7)
The coefficients k; (i =123, ,n) is determined by multiplying both sides of equation (2) by the factor

(x + x;) and then letting x equal to —x; or

ko= [+ x)

PO by,
. . g N 5x+3
Example:- Expand the following by Partial Frac‘uon G(x) = e e
Solution §x) = SIS = i R

X3+6x2+11x+6  (x+1)(x+2)(x+3)
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53 — kq ko k3

then the Partial Fraction form of G(x) is T T e e

to find k, multiply both sides by x + 1 thenletx = —1 :

= (25:)1();—31) e

ke = 5o -

i (15—(;)3 ()z+—33> =

Bl =ik e

x4d. - X2 x+3

2- G(x) has multiple — order poles

If r of the n poles of G(x) are identical, or we say that the pole at x = —Xx; is of multiplicity r, G(x) is

written as
=0 Q) L T T
G(®) = Py = Gormn et mn ) " ’ A i
Then
- kl kz oo se kn_r Al AZ uuuuuu AT‘
Gle)= (x+x1)  (x+x2) e (x+xn-r) * (x+x;) :: (x+x;)? - = (x+x)”
n—r terms of simple poles r—terms of repeated poles
Where
= yr A
A =[G+ a0y 28 4
I8d Q(x)
A= e [(x + xl)rp—(x—) i
.1 4q% Qx)
Apop = ;i—x‘;[(x Y sl
== 1
e e RTe)
(= (r-1)! dx™1 [(x s T B

1

Example:- Expand the following function by Partial Fraction G(x) = AT

Solution

eannd o Rl et g Jle o B
G(x) T ox(x+1)3(x+2) = "3 x42 + x+1 =t (x+1)2 + (x+1)3
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e o i
e = me =2
S

= (-2)(-2+1)3 ~ 2

Az = [(x + 1)*G(0)|x=—q = -1

= 3 3 - = ] ame
Az = dx [+ 1)°G(0) =g = dx [x(x+2) i [xz(x+2)2 s 0
_1a 3 S ety
1= _ZTE [(x ® 1) G(x)lx=_1 T 20dx? [x(x+2)|x=_1 =-1
— 1 1 1 1
Substituting these values Gx) ==+ -

2x  2(x+2) x+1 ) (x+1)3
3- G(x) has simple complex — conjugate poles
Suppose that P(x) has simple complex conjugate poles with a; as real part and a, as imaginary part then

Glx) = 20 = Q)

P(x)  (xtaq—idy)(x+a;+iay)

The expansion by partial fraction gives

G(x) o k—a1+ia2 k—a1—ia2
x+a,—la, x+a,+ia,

where k-a,+ia, = (x + @y —iay) G(x)|x=—a1+ia2
and k-g,—ia, = (x + oy +ia;) G(x)|x=—'a1—i¢2
. y e LB X+2
Example:- Expand the following f?lgi‘nctl‘(\)r‘lk“‘by Partial Fraction G(x) = T
: o x+2” 4 = ::«‘],?71 k_o-2i | K_o+2i
Solution G(x) = (e+1)(x+20) (x—-20) = (x+1) = (x+20) @ (x—2i)
X+2 1
where k1 = Ex2—+45 B -5‘
ko = x+2 | _ 2-2i —8+4i _ 24i-8
02T rp(-20)ly_g_p; -840 —8+4l 80
R x42 _ 2430 =84t _ 248
ST T (el _gyp;  -B+4i —8-41 80
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