
Petroleum Systems Control Engineering

Orthogonal Properties of Sine and Cosine :

Definition 1:- If a sequence of real functions ,

{0"t"1} n:1,2,3," '

Engineering Analysis (Third Class)

which are defined ovei some interval (a,b), finite or infinite, has the property that
b  |  - 0 .  m * nf ,

J0," {x)0" (x)dx 1 .0 ,  m=n
Then the t nctiols are said to form an orthogonal set on that interval.

Definition 2:- If the functions of an orthogonal set {0" (*)} have the property that

b
l ^

J0i(x)dx 
= t 

,.: 
,,,, 

,,,,
For all values ofl-, tt 

"n 
the functions are said to be orthonormal on thatjnter..val (c,b).

' +

Notes : '

l- It is no specialization to assume that an orthogonal set of functiorrs is also orthonormal.

Z- Any set of orthogonal functions can easily be converted i"Alrq,,l dl4.gottot ul set. In fact, if the function of

i

the set

i.rri::; 

. 

il" ,l 
, 

l

Definition 3:- If a sequence of real functi'ons

{0" c*l} n = 1,2,3," '

has the property that over $ome interval (a,b), finite or infinite

? . .  . " ' , .  . . '  [ = 0 ,  m * n
Jn(x)0. (x)9"(x)dx 1 *0,  m=n
a

r i :

Then the runctioiis are said to be orthogonal with respect to the weight function p(x) on that interval.

Now, l- uny rii of functions orthogonal with respect to a weight function p(x) can be converted into a set of
.t,ll:.:,:::,. :::::,

funcrions orthogfnal in the first sense (Definition l) simply by multiplying each member of the set by Jp(x) .
::/::.1:i::]: )1,

p(x) > o '"'

2- with respect to any set of function. {4" (x)} orthogonal over an interval (a,b), an arbitrary function (x) has

a formal expansion analogous to a Fourier expansion,

f ( x )  =  C , Q 1 ( x ) + C r $ r ( x ) + C r $ r ( x ) + " ' * C n 0 n ( x ) + " '  " " " " ' ( * )

b

{0" (*)} are orthogonal and if k, is the value "f iOi (x)dX, then the tunction ry , ry ,
*  " '  '  J k '  J k '

: i : '  i
, (k, must be positive) are orthonormafili$lFl"

iirr*=,,t il ;,
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f

Engineering Analysis (Third Class)

then multiplying both sides of equation (1) by 0"(x) and integrating formally between the appropriate limits

a and b, we have

b b b b

J tt*)0" (x)dx = a, J0" (x)Qr (x)dx + o, J$" (x)9, (x)dx + a3 J O" (x)9, (x)dx +
u o  a  a  ^

r b+lo"(x)0"(x)dx eo *an*t J0"{*)0".,(x)dx 
+ ""' 

"j,.,,.,,,,,,,,,.. ,

.  ? , , , - - ' , - , ' i ] , , ,  !+  *+
From the property of orthogonality, all integrals on the right are zero except J Q" (xlOx ' ... .1in,,,,

b

I t(")0" (x)dx
on= 9-i--

Ir? 
(x)dx

,-,.... 'lt%t

-l 

' 
''-:'

,.0' 
"t,'lt-* 

,* 

' -g'

"" t , r , , ,1"o

.:L1:

Example:- rs'i

Show that the given set is orthogonal on the given interval t:ff4fdetendne the corresponding orthonormal set

{  l , cosx ,cos2x ,cos3x  , cosnx , " " '  l ,  .  , . ^  " ' i i  , , r ' 'Q i

Solution
, :",f*. 

^ r, i
+is',r{rliiili ilil b

Let $n (x) = cos nx $* (x) = cos Ui6, ;i!iiiii',',:.:. in tnd'JO" {*)0, (x)dx
tlililt'"'i\|";;':" ^

Sincenandmu.,@ff i , "*"r*  eq.(1)=0 forn* m

Now, f,or n=ftr- 
-' 

t'**-
: t F

the fut term in gq. (t) = 0 , but for second term we take limit as n-+ m as follow
" i  j : .  j .

"'' *.' lim sin(n -rn)*ltn _ lim sin(n - m).2n

n + t  n - t  - l o  n - > *  n - t

' lim 2n.cos(n -m\.2n
Taking limit using L'opitals rule 

n , ,n----j- 
= ,n

Jror'nx.dx =I.rn=E
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Now we need checking the orthogonality condition for 1 with cosnx

2 n  . , - , - - - 1 2 x  
I

f .  '  s lnnx I
Jl.cosnxdx: Tl, 

= 0, n :1,2,3," '
0

F o r n = 0 ,  c o s O : l

2tr,
l - )  .

l l ' .dx=2n'0

.'. the given set is orthogonal on the interval 0<x<2n

Then the corresponding orthonormal set is

I cos x cos 2x cos 3x ,u;r'ill*Lru'*--F_- , t- t ---7- z --f- , """' 
..r.,*.

42n 4n ,. ln 4n

Definition 4 :- A real function (x) is said to be Nult function on the interval (",llffi

b

Jf21x;ox = o *{*

b

inthe J0"(x)$.(x)dx

Engineering Analysis (Third Class)

for  n=1,2,3," '

' "  : l '

illl .r'' 
l'';,,1r, 

.
, t:*" 

. 

"1 .

.""ri {r

,iT'@'*
+.:+:8;

Erasple:- ii*+* 

*

at the int€ivat't-*'';n ) and then sh,ow that the function g(x) : x2
a : ,  : :

cannot be represented on this interval by a series efthe form
: . ..,.." .

C, sin x + C2 sin 2x + C, sin 3X -i-,,"' + Cn S,in nx + "'

Solution

Let Qn(x) = sinnx $,($%

"t'ld'#*"liw)"'I c -  " s t  n 1

Jsinmx.siri@x 
: 

Iit-tottn 
+m)x +cos(n - m)xldx

; '  t  [ t* in1n +m)x,  s in(n-ry)* ]", . = _  |  , , , . . . , . . 1 r 1 \

. t  A  
' * ' 2 L  n + m  n - m  l - n

,t,i
Sini8mrrO m Ee integer .'. eq. (1) = 0 for n + m'':}* ;
Now, for"ffi ffi

r

the first term in eq. (l) : 0 , but for second term we take limit aS n_> m as follow

lim sin(n -'m)xl' 
= lim sin(n - m).2n - n

' n - ) m  n - m  l - n  n - ) m  n - m

.'. the given set is'orthogonal on the interval - n ( x < rc

Then, let us find C"
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1 , ,  - ,  |  2  |

J Qi (x;ox J srn - nxox

Using integratin! uy part 
-n

Note that cos (nn) : cos (-nzr)

2 -
![cosnn - cos(-nn)]

g n =  1 l -  = g
t v

k ? 1 1

i t t* lOn(x)dx 
jx2sinnxdx Jx2sinnxdx

Engineering Analysis (Third Class)

D I
x ' \ + slnnx

2x , cosnx
;r 

*rf,ll-

, .  ' '  i LO
^

l1, 11!!lt";r;:"
rr.lrlrj :i

'tiliii, \

0
)i cos nx---t-

n -

:rii,f'

11:iir'i::,,

rrir,:,,:., 
,,,i:i.,,,,

Partial Fraction Expansion .'" 
' ' I 

""' 
' '

::

In many cases the solutions are usually appears as a quofienlof polynomials

G(r) = qG)/F(x) ; i ""  """  (1)

Where e(x) and p(x) are polynomia.l.s ot_1 
Il 

iS$UrueO that the order of P (x) is greater than Q(x). The
' ' :p.(7) J xn + an-1xt-t + """ "'+ a1x * as

polynomial P(x) may be written as ',,,i,

...given for the cases of simple pole,.multiple - order poles, and complex conjugate poles of G(x)

1- G(x) has simple poles
:  ' ' ,

If all the poles of'G(x) aie simple and real, equation (l) can be written as

cfd=ffi= """"""(2)
where xt * xz * .,::.. + xn. Applying partial fraction expansion equation (2) becomes to

c@)=#6+#+. . . . . . *h
The coeffibients ki (i = L,2,3,......,n) is determined by multiplying both sides of equation (2) by the factor

(x + x) and then letting x equal to -xi or

t, = [(x*",)ffi|,=_",
Examp le : -  Expand  the  fo l l ow ing  by  Par t i a l  F rac t i on  G(x )  =  

f f i *

Solution G(x) = ,ffi= 1,*#(x+3)
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Petroleum systems control Engineering Engineering Analysis (Third class)

then the Partial Fraction form of G(x) is 
s'+3 = 1+ b + 4(x+L)(x+2)(x+3) x+r x+2 .r+3

to find k1 multiply both sides by x * 1 then let x = -1 i

kr=fff i=-r
kr - -54-=7(L-2)(3-2)

t r=f f i=-6

G(x) = 
;*. ,*-* 

*'*,

2- G(x) has multiple - order poles 
..,,,,,,,r,., 

.''s'11r,-.nl

If r of the n poles of G(r) are identical, or we say that the pole at x = -rl; iq,of multipf,icity r , G(x) is

wrlfien as

Then

Where

G(r)=ffi=ffir,,,* , i*

" w
1t,,. ;,::, 

' 
l_;:,:r.

G(x) :  h*#*  *#+#+#+ -+# t
n-r termiiGimple poles I r-terms of repeated poles

,dfl... . .*.

e"=[(x +xi)'#}1#ffi
Ar-1 =ffi[c,,ffiffi';=_,,

. .  ^ /  \  L

Example:- Expand the following function by Partial Fraction G(x) = 
ffi

Solution

1 . , :  - \ - k z  ,  A t  -  A ,  -  A t
-  

i ( x + t ) 2 @ + 2 )  x '  x + 2 '  x + L '  ( x + r ) z '  ( x + 1 ) 3
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Q(x)
P(x) (x+a1-ia)(x+dt+iq2)

The expansion by partial fraction gives

Engineering Analysis (Third Class)

tc+2
(*txxr+4)

then

Solution

where

k t =

k z =

n 3 -

, , * "

1 1- = -
(13)(2) 2

L 7- = -
(-2)(-2+t)3 2

[ (x + 1)3c(x)1,=-1= -1

Ar=*[(r+ l)3c(r)lr=-r -LLA|,=_, = -1ffi1.=_1 = o 
"*,u,,"

Ar=*.#[(r+ 1)3c(r)1,=-, =;#LLr,url,--r= -, ."."K # #'-ru ''4q,
Substituting these values G(r) = 

** #- #-# ,'s,riri:;, :
3- G(x) has simple complex - conjugate poles 

' fu ',li''. 11"1' 
'

,  

t ,  

.  
: i " r

Suppose that P(x) has simple complex conjugate poles with a1 as reaf part anO a2 as imaginary part then

G(x) : Q(D =

.*{nt"ill'$lir*
G(x)  =  

k -a . '+ i l z  
1k :a r iaz

x+q,1-tq,z x+q,L+iq,z

, k-g-zt ' k-o+zi- 6 - 6

x+2 |
: - l

(x+t)(x+zt)l x=_0+2i

2-2i -8+4i 24i-8= -  - = _
-8-4i -8+4i 80

2+2t -8-4i -24t-A
= -  = _

-8+4i -8-4i 80

t t , r ,

:,.) :

(x+7)(x+2i)(x-2
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