Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Collectively, we speak of such series as half-range expansion

Example:- Find the Fourier coefficients in the half-range sine expansion of the function
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The half-range cosine expansion of the function is the Fourier series of the even function ,then
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PROBLMES

Find the half-range cosine and sine expansion of each of the following functions.
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Alternative Form of Fourier Series

The standard form of Fourier series is ;
2. %0 0 nEc e L
flt)y = ~ + Y1 (an cos — + b, sin > ) (D

we can apply to each pair of terms of the same frequency the usual procedure for reducing the sum of

a sine and a cosine of the same angle to a single term:

Tt nnt

B s
fO) =24+ 3% Ja2 + b2 | —2= cos™= + ——=L= sin—
. laz +b2 & /aﬁ+b,21 p

If we now define the angle y,, and §,, from the triangle shown and set
Ao=a—2° and ‘An=w/a,21+b,21

Flt)=Ay+ e A (cosnTm COS ¥y, + sinnTm sinyn)

Qn
Since cosx cosy + sinx siny = cos (x —y)
t
Then | f(t) = A, + Xn=1An COS (’-1—::— - yn)
Similarly
t .
e =dsddneifn ( cos% sin &, + sm%E cos (Sn)
Since cosx siny + sinx cosy =cos (x +y)
Then |f(t) = 4, + X1 Ay sin ("—ZE +6,)
Where A = /a2 + b? = amplitude of the n-th harmonic B
n n n P
Now, since
nict enint/p+e—nint/p . nmt enir:t/p_e—nin't/p
COS =" =T sin—=———-
p 2 P 2
The standard Fourier series (1) can be written as
nint/p 4. ,-nint/p nint/p _ ,—nint/p
FO) =2+ 35, (a5 b, T
2 2 21
Collecting terms on the various exponentials and noting that 1/i = —i, we obtain
g p g

Fe) =% 4 3, (Gt grint/p 4 2utihn g omint/p)
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a an—ib
CO=_0 Cn=n2n

fE) = ¢, + T (e, H/EDPGOLR

The equation (2) can be written as

J@e) =

To find the coefficients c,, ¢, and c_,

o nint
% o, @D
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__ antiby
e
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-~ (2)

[complex exponential Fourier series]

" d+2
o=F =ty fO)de (@)
Cp = —a" P [ fd+2pf(t) osn—mdt - —fd+2pf(t) 1nn”t dt]

tn = 5 :“pf(t) (cos—— — isin n—;r-t-) dt

en= = [ F(©) emimlo gt 5 ()
c_n=M— [ fd+2pf(t) os—dt+ fd+ pf(t) sin— ]

Ey = %f:”pf(t) (cos— + isin n—nt) dt

g d+2p f(t) nint/p dt ¥ (C)
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We see from equations (a) , (b), and*(;c), whether the index n is positive, negative, or zero, c,, is

correctly given by the single formula

1 rd+2p —ni
o f, @) e TP qt

Example:- Find the complex form of the Fourier series of the periodic whose-definition in one period

is function
f) =et -1 ZEE]

Solution

From the graph

p:
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So the complex form of Fourier series of f(t) = e~ is

(-1)*(1-inm)
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Example:- Convert the exponential series (1) of previous Example into a real trigonometric form.

Solution
From the relations Gy =~ g = Pgy = e

Weseethat a, = 2¢,
Then adding and next subtracting the expressions for ¢, and c¢_, we find that
O, SHCn BE_, b, = i(ch — C_p)

=1 (1=i
Then using ¢, = COC- B Sinh 1 we get
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1-f(t)={(1) o<t

1<t<4
1
Answers: A, = = \/2 (1 =~ cos%) Vi = % Sn =g_ e
0 =pi<it <
=+ f(t)—{e‘f 0<t<p
1-e P cosnm nm n
Answers: An = W Yn = — tan? 671 = . — Y
3« Flt)=tFr° —1<t<1
Answers: Ay = % A, = n22n'2 Vi 19

Find the complex exponential Fourier series of the periodic functions whose definitions in one period

are
: : 2
4- f(t) =sint 0<t<m  Answers: Cof o
5. f(t) = sinht -1<t<1
6- f(t) =cosht —1<t<1 Answers: = 1+;2n2

62



