
Petroleum Systems Control Engineering Engineering Analysis (fhird Class)

Collectively, we speak of such series as half-range expansion

Example:- Find the Fourier coefficients in the half-range slne expansion of the function

f ( t ) - t 2  o < t < 1

Solution

From the graph P = L

The half-range sine expansion of the function is the Fourier series of the

odd function.then

dn = a b, =?oti f ft> siyllf,'4s

or b,=11] * sinffat =
..ti.'1i::

?1,i.= q
"rsil:.,,,,,iu{ 

,
. l ' '

DU'"tGi

b, = z[- * .", nnt * ,, (*)' sinnnt * , C)'.*r;tflut*"

,bn = - L rornn * 4(#)' [cosnn ; O T.-:''.**

since cosnTt= (-1)' ,l 
*W "., 

"* "

+ * : &  '

' : i  
' l ' '  ( * - f f i  n o d d '

u, ='#- #rc-rj"+r * rl = .l: 
n euen

tr \nr

,,* 

'

* sinnnt
*r

7t -L cosnnt, J "
z -fa)' sinnnt

\ * : " ' .

o fa)" cosnnt
\wt.t

56
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The half-range cosine expansion of the function is the Fourier series of the even function ,then

bn: o o^ -;t{ f ft> sss447 
'

or  an=1t '  t t  cos nnt  d t

en = 2[t ,,n nnt * ,, (,+)' cos nnt - , (*)t rin,o't]'
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a n = h c o s n f t = # , ( - 1 ) "  n * o

ao-?f t  tz  d t=1fo r  n - -0 t e\' cosnnt
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1(r)t sinnnt
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PROBLMES

Find the half-range

r 1
r- f( t)  =t0

ffi
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w"J(r) :41i; - u- + "

0 < r < l / z
t / 2  < t = l
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Alternative Form of Fourier Series

The standard form of Fourier series is

Engineering Analysis (Third Class)

f (t) = ? * Zf=r(o,, .o, T * u, ti" 4) "' (1)

we can apply to each pair of terms of the same frequency the usual procedure for reducing the sum of

a sine and a cosine of the same angle to a single term:

If we now define the angle yn and 6,, from the triangle shown and set{r,

Ao -+ and An= Jm

f (t) = Ao * \T=tar, ( cos W cos y, + sin "d sl"7r)

S i n c e  c o s x c o s y *  s i n x s i n y : c o s  ( x - y )  ; , ' " " i '  , " '

f (t) = Ao *L}=r.A,, cos (T -")

Similarly

sivlU! cos d")f (t)

cos r

= Ao *ZLrAn (cos14 sindo *
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Then f (t) -/, + t#f$,r{,, sin (El + d")

Where . A"ii =
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The standard Fourier series (l) can be written as

- n i n t / p \

Collecting terms on the various exponentials and noting that L/i" = -i, we obtain

W 
= amplitude of the n-th harmonic

, nftt
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eniEt /p -e-ni r t /P
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f (t) - ? * y;f=r(ry rntut/P * ry r-ntnt/o)
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c n = *  c - n  =

f (t) = co + Xf,=r( cn enin/P * c-n 
"-nirttil

The equation (2) canbe written as

f(t) - XSo.cr, enintlo

To find the coefficients co, cn,and c_n

Let co =?

I  e d * 2 D  ^ ' .
c-n= 

*l;-" f  (t) entftt / lo 49

We see from equations (a) , (b),

Engineering Analysis (Third Class)

an+ibn
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, iffither the index n is positive, negative, or zero; cn is

correctly given by the

Example:- Find fte complerform of the Fourier series of the periodic whose.definition in one period
4ff#

- L < t < L
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c^ -  
*# * ' ,  f ( t ) r -n t r t / p  d i= ; l ! r r - t  r - t nn t  4s

Engineering Analysis (Third Class)

slnce

and

,, = i, I!rr-,t'*''tr)t d.t = :l- #l' -, =
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for c' and c-n we find that

b n = i " ( c n - c - r )
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So the complex form of Fourier series of /(t) = e-r is 
q:s\g,g,

e*t : X3- cr, ,ntut/p = I- 
eL)n(L-inn) **it*n f errint ...(1)
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Example:- Convert the exponential series (1) of previqgsex?rnfrle into a real trigonometric form.
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Then using ,n = 
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Solution

Fromthere lat ions " -  
-9

u o 2

We see that ao = Zco

Then adding and next subtractirg

GL)nz nrsinh 1

on = sinhl +ffisinh L rememberthat (-1)" = (-1)-n

(-1)n sinh 1 ,,  !  ,  4 ,  -- - .- .r  (-1)n2 sinh 1
an=# lL -n tn  +  L  +  n in ) -  1+nrn ,
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b n =
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1 1  0 < t < Lt -  / ( t ) = t 6  L < t < 4

Answers: An = 
*

Engineering Analysis (Third Class)

n r - f i
Y n = T  o n = r - T n

r o  _ p < t < 0
2 -  f ( t )  = t " - r  

o < t < p

Answers: A, = 
ffi 

yn - - tang t^ -;,t"!; 
,,,,,

3 -  f ( t ) = t * t z  - 1  < t < 1  $ i  . 1 " ' ' , ' , , , , . t " " * '

Answers: Ao=i An=#W
j ilrii; it' liitiflii

Find the complex exponential Fourier series of the periodic functionsShgse deftfii*$lons in one period
"+\ate 
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4- f (t) = sin f

5- f (t) = sinh t

6- f(t) = cosh t

0 < t < n  A n s w e r s :
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