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The General Linear Second - Order Differential Equation

The general linear ordinary differential equation of the second order can be written in the st?4@rd form

a(x)y"  +  b (x )y '  +  c (x )y  =  f  (x )  . . . . . . . . ' . ' .  (1 )  i '

-  -  ,12^ ,  dyWhere v" - :--L and y' = 
# y : dependent variable, and x: independent variable- d x z . d x

The a(x), b(x) and c(x) are coefficient. Equation (l) is said to be nonhom@pous. lf f (x) is identically
zero, we have the so-called homogeneous equation.

a(x)y" +b(x)y' + c(x)y = 0 (homog"n.out),,., "',1,,1,,

The Homoeeneotls Linear Second - Order Differential E,qu&1io.fi$th Constant Coefficients

When a(x), b(x) and. c(x) are constants the general lineal seq order differential equation can be written
in the standard form

aY" + bY'  + c!  = 0 " : : ' :  """  (2)

Let the solution of equation (2) be in the form ',:,,'

! = emx wherio m is a constant to be determined.

Substituting !' = me^x ., and y" = 7n2rml in to equation (2)

"^*1or*'f+ 
bm* c) = g

Petroleum Systems Control Engineering Engineering Analysis (Third Class)

a m z + b m * c = 0 (characteristic 6r auxiliary equation)
,,lit:,, ll:iiitll

. . in  r , : - , .  'Y i i i : ] .

The roots""ofalfuact-ti.ristic equation can be obtained by

, , '  

""" . t , ,  l l

=r,,, ,iiii _bL1lEZ4a;
t t L l  a  _

2 a
' t t" ' : ' t

Now, if ' b2 - 4ac = 0 then rft! = rrl2 Real and equal Complete solution of the equation (2) is

y ( x ) = C 1 € m t x * C 2 x e m t x

Y ( x ) = c 1 € m $ * c r e m z x

Since emx + 0 :': then

i f b2 - 4ac ) 0 then tr\ * m2 Real and unequal Complete solution of the equation (2) is
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and if

b2 - 4ac ( 0 then mland Tt2 dra complex conjugate n:=i:il Complete solution of the equation (2) is

y(x) = epx(Acos qx * Bsinqx)

Example Find complete solution of the equation

Solution

let y - emx then from given equation

then the characteristic equation becomes to

y "  + 7 y ' * 1 2 y - g

, i r r i

....:::

a = 1

And its roots are

a = 1

And its roots are

e** (m2 * 7m * 72) :0

m 2 + z m * l z = o
' '11 """iiii11

c = 1 2

f f i z = - 4 -r,,'i

rlliiiillliL:',
i i , ::::t:a:..

.,., ',:::l i::.1:i,., '-,ir.;,::
..

y "  + 2 y ' *  5 y  =  g

" 
' ' ' " .  

, .  ,

b = 7

m 1  = - 3

Since m1 + m2Real and unequal, a complete solution is

Y(x):  c1s-3x + c2e-4x

Example Find complete solution of the equation

Solution

let y - emx then from given equation '.

the characteristic equation in this case is iil,ii:l

,,ii:
:9,#r (m2 * Zm * 5) = 0

m 2 + z m * 5 = o

c = 5

m z = - L - 2 i '

P = - t  Q = 2

b : ,2
:::::t -, ,f,, 

.

Oneiator Notation

ev o.n*fun;'

":,L.. 
,rt1 - 

-I -r

since m, ana *, ur""i{ffit." 
"on; 

u$te i t clear that, riiii:li..=
Then, a complete s.eJution of eqiiation is

iG)..= e'tx (Acos 2x * Bsinzx)

r f u7 - \ *2 i

y '  = 1 =  D v- d x

, ,  d-zy d /dv\
Y" =; i  =; l#)  = D(DY) -  D2y

y,,, =* = +(+\ = D(Dzy) = D3y' d.x3 dx \dxz )

Then by repetition ofthe process ofdifferentiation

Similarly
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The operator D can be handled in many respects as though it wele a simple algebraic quantity.

Particular Solution

In particular solutions, the two arbitrary constants in the complete solution must usually be determined to fit
given initial (orboundary) conditions ony andy'. 

,,:,
Example  F ind theso lu t ionof theequat ion  y "  -4y ' l4y  =  0 fo rwh ich  !  =3undy ' :4whenx=0

Solution "ttt 
,,.0 

'""; 
,

Using operator notation, the given D'y - 4Dy + 4y = 0 + .,,,, (D? 5Dfu : 0
..,,. I ,l .iiilii

ReplaceDbymthecharacter ist icequat ionof givenequat ionbecomesto " m2 -4m*4 = 0andits
roots are TrL = rtr2 = 2; hence the complete solution is

Y(x) = cL€2x + c2xezx ")

Now to find the particular solution, differentiate y(x) with r"rp.et 
t;'

y'(x) = 2c1ezx * c2e2' + 2crxezx - (zct + crle"2i'Ii i;;,.rt)' -

The substituting the given conditions into the equations for y and y' ,respectively, we have

3 = ct  and : , : ,  4 = Zct |  4c,
r : l i

H e n c e ,  c r = 3  , a n d  c z = - 2  : :

Then the required solution is y(x) = 3e2x - 2xe2'

H.ws j.,s, 
t''' i

-

utionrUfrp.ach of the following equations:l- Find a complete sol

a- y" + 5y' = 0 
' 

Answer y(x) = c1* c2e-sx
b- QD2 -.ILD + 4)$r = g Answer y(x) = cLezx/3 + c2xe2x/3'
e-. y" + l,0y' i,Tey = g Answer y(x) = e-s'1Acos x * Bsinx)

2- Find a particular solution of each of the following equations which satisfies the given conditions:

a -  2 5 y " + 2 0 y ' + 4 y = O  ,  ! = y ' = 0  w h e n  x = 0
Answer !(x) = 0

b -  y " + 4 y - 0  .  ,  ! = Z , w h e n  x = 0  ,  ! '  = 6 , w h e n  x = 0
Answer y(x) = Zcos2x * 3 sin 2x
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The Nonhomoeeneous Second - Order Differential Equation with Constant Coefficients

Consider the following nonhomogeneous Equation '

a(x)y" + b(x)y' + c(x)y = f (x) """ """ (1)

Dividing both sides of equation (1) by a(x) the equation reduced to

y" + p(x)y' + q(x)y = r(x) """ """ (2)

The solution of nonhomogeneous equation (2) is 
, ,,,,.., :,.,.,,,,.,'

' = , . .  ' : ' r , ' ,

y ( x ) =  ! n *  l p  , i L  " =  ,

l 
iiii1,," 'oi,;r"

Where ln = cth * czyz is a general solution of the homogeneoug ODE (2) and :.'::::':
:

lp is a particular solution of (2)

,'
There are two methods to find particular solution yo.

l- undetermined coefficients ,,,,r,,,,,,,,,," 
"" :""'"''

2- Variation of Parameter ,, ,.

Particular Solutions bv the Method of Variatiqn,pf Pafarneter

Let yr(x) , yz(x) be two homogeneous solutions of equation (2) and lp be aparticular solution of (2)

The fundamental idea behind the pro.cess i,9,!his. Instead of using two arbitrary constants cl and c2 to combined
two independent solutions of the homogeneous equation (2) _

y" +p(x)y' + q(* - 0 i
'

as we do in constructing the homogeneous solutions, we attempt to find two functions of x, sa.! 1.r1, and1t2,
such that

n
l P  = u t l t * d z l z

By differentiSlign, .... yi = (uryi+uLy) + (uzyl+uLy) = (ulyt+uLy) + (u1yi+u2y[)
: '"'::n:1. ;::'

For simplicity, let ulyt * uLyz = 0 ... ... ...... (3)'
' 1 .

' ' " t " : t , t ' . , , '  'y |=utyi+uryl t

and !i' = (uryi' + u\yD * (uzyL' + uzyl)

substituting lp,fi , andy$' into equation we obtain

(ugi' + ulyl, * uzyl' * u2y!r)+ p(x)(yi+uzy, + q(x)(ut lt * uztz) = r(x)



,r1

: l i  r ' : :
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or urlyi' + p(x)yi + q@)yrl + ur[yl' + p(x)yl + q@)yr] + u|yi+uLyL = r(x)
zero zero 

!

ulrYi+u|Y): r(x) " '" '""" (4)

Equations (3) and (4) can be written in matrix form

(; ,;il:r\= [,"&,1
Then by grammar rule

ut=-"*fu1r@) and

Since l t . r=-1 Yz-r(x) -4* and
tflz-Izli

or  lp :  l t t f fa*+y2f f fax

Example Find a complete solution of the equation

Solution By inspection !7 = c1cos, * rrrdl'l

yL= cosx lz = sinx

uz=;ffir@)

l p =  l z t f f i a x - l t t f f i a * where l{z(x) :'rffij, z - !zli,= Wronskian

; , t . , .

Fr ' iH "= 
secx

,i::iiiiiiij;5

yi. = -sin*'g.* n"'""t',r,,,,,,. y!r,= cosx'-ryfl "'%
then yry! - tzti, = coszx j sin2x T*,%f, r(r) : ssst

*, 's' ' ,"%d Fe
t. lo: sinzftos, ts6fi,fu('; cosx I sinx secx dx = xsinx - co$c Iffia*

,t t" .it,

lp = xsinx +e$Pox Inlcosxl

Finally 
,{r!? 

= cqfiosr * c2sinx * xsinx - cosx lnlcosxl
: tU;^

H.WS @-.ffi" 
: jn

Find f6B,lnplete- iolution of each of the following equations:
qli4'

lit*.;.i x sanhxa-  y " -y=coshx  Answer  y (x )=crcoshr*c .2s inhx+ ,

b- y"  +zy'*y = e-xlnx '  Answer y(x)= cre-x +c2x€-x +(f ;mx- lxz)e-,


