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The General Linear Second — Order Differential Equation

The general linear ordinary differential equation of the second order can be written in the standard form

a(x)y" +b(x)y’ +c(x)y = f(x) osivte e S
Where y"' = % and "= % y = dependent variable, and k X = independent variable

The a(x), b(x) and c(x) are coefficient. Equation (1) is said to be nonhomogéneous. If f(x) is identically
zero, we have the so-called homogeneous equation.

a(x)y" +b(x)y' + c(x)y = 0 (homogeneous)

The Homogeneous Linear Second — Order Differential Equation with Constant Coefficients

When a(x), b(x) and c(x) are constants the general linear second order differential equation can be written
in the standard form

ay" + by +cy=0 SR )
Let the solution of equation (2) be in the form

y=e™ where m is a constant to be determined.
Substituting y’ = me™* ! and by” =mZ2e™ into equation (2)

™ (am? + bm+c) =0

Since e™ =0 then am? +bm+c =0 |= (characteristic or auxiliary equation)

The roots"t)fc}}arat:teristic equation can be obtained by

Bo s = —bix/szaZ—TaE
Now, if | b? —4ac =0 then m,; =m, Real and equal Complete solution of the equation (2) is
|y (x) = ¢ e™* 4 ¢, xe™*
if b%? — 4ac > 0 thenm; # m, Real and unequal Complete solution of the equation (2) is

y(x) = ¢c;e™* 4 ¢,e™M2*
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and if

b? — 4ac < 0 then m;and m, are complex conjugate

mq =p+iq
ma=p—iq

Engineering Analysis (Third Class)

y(x) = eP*(Acos qx + Bsingx)

Example Find complete solution of the equation

Solution

let y = e™* then from given equation

then the characteristic equation becomes to
a=1 b=7

And its roots are my = -3

Since m; # m, Real and unequal, a complete solution is

y(8) =8 ot goeHE
Example Find complete solution of the equation
Solution
let y = e™* then from given equation
the characteristic equation in this case is
a=1 b=2

And its roots are my = —142i

Since m,and m, are complex conjugate it clear that
Then, a complete solution of equation is
y(x) = e *(Acos 2x + Bsin2x)

Operator Notation

’:Q—_—

By definition Y ==

Then by repetition of the process of differentiation

i d*y a

y'+7y"+12y =0

Complete solution of the equation (2) is

e™(m?+7m+12) =0

m?+7m+12=0

yi+2y'+5y=0

e™(m?+2m+5)=0

m?+2m+5=0

=

"nro__ d3y = i(dzy

Similar] =
Y dx3 dx \dx?

) =D(D%) = b3y
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The operator D can be handled in many respects as though it were a simple algebraic quantity.

Particular Solution

In particular solutions, the two arbitrary constants in the complete solution must usually be determined to fit
given initial (or boundary) conditions ony and y'.

Example Find the solution of the equation y'" —4y' +4y =0 for whichy =3 and y' = 4 whenx=0

Solution
Using operator notation, the given D’y —4Dy+4y=0 = (D?>—4D + 4)y =0
Replace D by m the characteristic equation of given equation becomes to m? —4m + 4 = 0 and its

roots are m; = m, = 2; hence the complete solution is
- (%) = c,e* % cxe®*
Now to find the particular solution, differentiate y(x) with respect to x
Y'(x) = 2c16®* + 6% + 2c,xe®* = (201 + cpye** + 2¢,xe2% =

The substituting the given conditions into the equations for y and y’, respectively, we have

3=¢ and 4 =2¢, + 4c,
Hence, ¢, =3 ,and ¢, = —2
Then the required solution is ¥{x) = 3e?* — 2xe?*

H.WS

1- Find a complete solution of each of the following equations:

a- y'+5y'=0 Answer Y(x) = ¢y +ce7%
b- (902 —12D+4)y =0 Answer yi(n) = pe%®? 4 ¢, 02%5/?
¢y +10y +26y =0 Answer y(x) = e 5*(Acos x + Bsinx)

2- Find a particular solution of each of the following equations which satisfies the given conditions:

a- 259" +20y'"+4y=0 ; y=y' =0 when x=0
Answer y(x)=0

b- y'4+4y=0 ; y=2,when x=0 |, y'=6,when x=0
Answer y(x) = 2cos2x + 3 sin 2x
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The Nonhomogeneous Second — Order Differential Equation with Constant Coefficients

)

Consider the following nonhomogeneous Equation
a(x)y" +b(x)y" +c(x)y = f(x) v gl
Dividing both sides of equation (1) by a(x) the equation reduced to
y" +p()y’ +q()y = 1) s (2)
The solution of nonhomogeneous equation (2) is
y(x) = yn+ ¥
Where Yh = C1V1 + €2V, is a general solution of the homogeneous ODE (2) and o
Yp is a particular solution of (2) |
There are two methods to find particular solution y,.

1- Undetermined Coefficients
2- Variation of Parameter

Particular Solutions by the Method of Variation of Parameter

Let ¥, (%) , ¥2(x) be two homogeneous solutions of equation (2) and y, be a particular solution of (2)

The fundamental idea behind the process is this. Instead of using two arbitrary constants c; and ¢, to combined
two independent solutions of the homogeneous equation (2)

y'+p()y +qx)y =0

as we do in constructing the homogeﬁeous solutions, we attempt to find two functions of X, say u,, and u,,
such that

Yp =U1 Y1 T U
By differentiation, Yo = (ay1 +urys) + (Uzyz +uzy2) = (Wiys + uzya) + (Wyi+uzys)
For simplicity, le;"t uy; +uyy, =0 ST ¢))
| Y = yituys
and Yo = (ugyr +uiyr) + (Uzys +uzy;)
substituting ¥,y , and ¥, into equation we obtain

(U1 +ugyr + uzys’ +usyz)+ p() (1 +uzys) + q(x)(ug y1 + uzy,) = r(x)
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or uy [y1 +p()y1 + q()y1] +u; [y7' + p(x)yz + a(0)y2] + uiyi+uzy; = r(x)

Zero Zero
u Y1 Huzy; = r(x) e (4)

Equations (3) and (4) can be written in matrix form

B S0l = ool

Then by grammar rule

! /4
U = and u
1= y1y2—yzy{ £} 355
. r(x
Since uy = — [—228_ gy and
3’1372—3’23’1
o y17(x) Yar(x)
Y fyy yzy : yfyy—yzyl

or Yp ylfwl%(x)dx+y2fw%(x)dx

Example Find a complete solution of the equation

Solution ~ By inspection Yp = C1C0SX + CpSinx
Yi = COSX Y, = Sinx
y; = —singy, 7, 3= cosx

then y,y3 — y,¥. = cos®x +sinx=1 0, °,

¥p = sinxf cosx secx dx — cosx [ sinx secx dx = xsinx — cosx f

Yp = xsinx + cosx In|cosx|

)

= —=r(x)

J’1J’z“3’23’1

f Y1T(x) dx
J’1y 'YZY1

where W(x) = y1y,

/" 4y =secx

r(x) = secx

Finally y(x) = cycosx + cysinx + xsinx — cosx In|cosx|

H.WS

Find a complete solution of each of the following equations:

a- y" —y = coshx Answer y(x) = ¢y coshx + ¢ sinhx +

(=n
T

sin x

— ¥,¥1 = Wronskian

x sinhx

2
y'+2y' +y=e*lnx Answer y(x) =cie™* + coxe * + (fz— Inx -—%xz) e*



