
Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Fourier Series and Fourier Integral

JOSEPH FOURIER (1768-1330). French physicist and rnathematician

Definition A function / is periodic if and only if if there exists a positive number 2p such that for

every f in the domainof f , f (t + 2p) = /(t). The number 2p is called a period of /

Notes:-

1- If /(t) and g(t) have the period Lp,thenthe function h(t) = af (t) + bg(t).has the period

2p also.

2- f (t) = constant is Periodic.

The Euler Coefficients

Let f (t) be an arbitrary periodic function of period 2p,then/(t) has formal eNpansion of the

form ""-i.i,ji'

f (t) -io" *o1coS T * orcosry+ """ "'* r.ndorry+ """ + b'rsinIl +

b2  s in '4  + - . . . . . *  bns in$  +  " '  " " "  " ' ( 1 ).  p  , "  p  
, ,  l l l  , _ . .

The introduction of the factor ] i, u .onu.ntional device to rehder more symmetric the final formulas

for the coefficients. 
'

, : : , ,  
l

To determine the coefficients oe , en and ,ikr*,:iw ..... need the following definite integrals, which are

valid for values of d 
j*',"1,.',,,,,. 

u-tli"l, r,,.,,. 
'J

l- [:*'o cos "o! dt -- o "w n * ora p ..a ;r*

z- I:*" sin$dt -.0 * ' 'r a  
P :  t ?

3- [!*" ,or'ot.os 
^it dt = o n + m

. p  p  ,:;+
4 -  l ! * ' P c c i ' 4 4 s = p  n * or a  p

nd+zoH\ mr't,u,,ll"'fs5 -"151n W 41 = o
",,iitr" .,:.:

6- ilf.?P sin 
-ot sin'ot dt = o n + mr a  p  P

7 -  f ! * z q s i n ' n o ' d t = p  n * or d p '

Now,to f indao integrateboth sidesof equation(1) from t = d to f = d+2p
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d+2p d+zp d+zp

Engineering Analysis (Third Class)

f  a ^ f  I  n t
I  r r t l d t - ; l  a t + a '  I  c o s - d t + " ' t d n
I " '  z l  r  p

* .. .* u-ofo , innot d"t + ;"' " J  p
d

The first term on the right hand side is simply = L ootlX*'o = poo

integrals contains cosine and sine vanishes ,then:-

oo =i[:*" f (t) dt

To find an (n = L,2,3, "') multiply both sides of equation

t = d t o t =  d + 2 p

d+2p
f nnt
I f (t) cos -dt

J P
d : "

2p d+zp

,ornot dt + "' + b1 | , in!! at
p  ' l  p

d+

J
d

.,...:.Li

, " t ,  
' ' .

i ' i ,  ! :
tlii..,',,,,, '

=+"f' ,o,rydt+ a,T **fi.iaeiiffdt+ "'* o,"fo ,o,'wdt+ "

o'*r, *ff."{;'''''t* o*ro- 
d

*0, I .o,1@,6dtpi. ,1'*u, I cosfsinTot+"'.

" fu',*, @; - a
:ii:;] I r s+ 2nfit

By equations 12), (4)_a$ilL6) all tups on the right hand vanishes except the one involving ss5a -
,,." . ,,1i",.

Il*'i f (')..i{,,Ya' = ro, ,

* .;"i*
. . : '  " .T 'W

fo i*4.b,, 1r, T r, 2,3,...) multiply both sides of equation (l) by sivlgand then integrate from

i!ii'i:r.. -'''

t = d t o f f i 4 a 2 O
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d+2p

d+2p

I
d

nftt -
f (t) sin- dt

' d + z p

= g l
2 J

d

nrt  f  .or l r in Was *  " ' *  an |  , i "YrorY4ssln-dt*ot  
l  p p J.  p pp

d+2p

d
p p

d

d+2p d+2p 1,fu.'&"

+  . . . +  b 1 I t^T,in1fJ.4s+ "+ u, I. sivpg4l++*., 
*' 

't*
''liL,,,+ 

.:t

4d.' n"' 'ttr.. 
tt@*'

Similarly .'' '";4' '*n
ao , dn , bn arecalled Euler-Fourier formlrlas, and the seriffi) when its coefficients have these

values is known the Fourier Series of f (t) =,,., ''ir

l

Dirichlet Theorem If /(t) is a bounded perip.di+fl ,,g,,n h which in any one periodic has at most

a finite number of local maximum and minimurn1..mA #"ite number of points of discontinuity, then

the Fourier series 
"tiiO 

.onu.rg", * f tr##;'ffiff when /(t) is continuous and converges to

successive portions 
"*1,.# o*t

{' riffi.',

i a . t < t + Zp.Hence the Euler formulas can be written as

o^ = iI:*" /(t) cos ff at =

|fi r,rtl sssw4s +|!ifz(t) cos Tot *il!. 'o /3(t) cos Tot

':,$tl'l'

#
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f (t) - t,l,
Solution

Engineering Analysis (Third Class)

b^=; l :* 'o f  ( t )s in14d' t  =

I tI rra>51n ""! dt + ! ti rrrt> siv14 at + ! I:*" fr(t) sinu dt

Example:- What is tire Fourier expansion of the periodic function whose definition in one period is

- n  1 t  <  0
A < t < n

d, ]'tun4*..
Graph the given function, then from the graph the half-period of the given functi[n i, p = ,r,i'r*king

d = - t t

-4n -3tt -Zn 0

1 | . o  o .
T J _ f t

an = Lnflrf f0 cosnt dt =

From identities

sinrcos nt =f,[sin(1 . ri,t,r4,ffiffiYi'
a, = *t-;t'"';:;"x * '#][ =
an=_* \ ry *  _ ( * .#J l  =_*
on=f f i

o, = *!:-fq!) cost dt = : I:sin t cos t dt = *f, 
:

bni = i II,f C|sin nt di = *f- o ' sin nt at + |ff sin t

:e,,sin'tupin nt = 
i[- cos(1 * n) t t cos(1" - n) t)

; L  - 1 [ 1 [ s i n ( t - n ) t - s i n ( l + n ) t J l " - n  n * Lton =;lt\ 
*r, 

- 
*" Jlo 

- '

n, = * ffsinz r di = + I: ry di : *E-'H", = ;
Hence, evaluating the coefficients for = 0, 1, 2,3, "', we have

f ( t ) -**# - i ( ry+ff+f f+f f+ )

4n2n

1 ^fr

cos nt dt + : l^'sin t cosnt dt
f i - v

Forn  =  L

Since
,,,iiiiiftr

F o r n =

0

siint dt

'rl
L

f (t)

-cosnf t  -cosnf l  2  1

7-?c 
'  

7+n t-nzl
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os'&ii::,,
o  

" i : '"\4;,,,,.@%.,,, 
;

' .,:,,.,.

"" ' . t ,

' l -{,-F

rrr{l:1*"'\iin!:lw, ;
Theorem 1 If f (t) is an even periodic function.fuhiCh futisfies the Dirichlet conditions, the
coefficients in the Fourier series of /(t) ur" gg; Uy tne formutas

f (t) = 4'+* t : . J I ,  < t < z
Solution %

Graph tne give$nctio,1.1-1then from the graph the half-period of the given function is p = 2, taking

-14 -10 -6

* ' &  

s  

i
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since/(t) -- f (-t)

Q n =

Q n =

Q n =

the given function is even function then bn = 0

';tl rro ,o'ff d, = I: (4 - tz)cos T ot

Il +ro'Yot - Il *ro'ffa

f - 8  nn t lZ  [  8 t

[- srn;- ]o- l,,,, rorff - (#-#),inq)'o

Engineering Analysis (Third Class)

t: . nfiteef ;

2 nfit

n n z

/  z \ 2  n n t- \ ; )  cosT

/  z \ 3  n n t- 
H/ stn;-

l" '- ,,::!| | i
n1)

&n = - ff i ,otnn : #(-1;"*t n * o

For n = o oo =X,f :g -  *)  dt  =l+t-  ?] ,  = T

i l

*

2t

.: ,,,,':: 2

. . : : ' r l r l l l r i ' i t i ! i n ; , . ,  0

Substituting these coefficients into the series, we obtain

f (t) - i* #(.o'f - )ro,i + i,*'T - bro'f,+ "' )
Theorem 2 lf f (t) is an odd periodic funotion which satisfies the Dirichlet conditions, the

coefficients in the Fourier series qfi,,,f (C)i.are given by the formulas

b, =; t{ f ft> si,,ffi;, Q n = 0 where 2p istheperiod of /(t)
:jri :.. 

,,

Example:- What is the Fourier expansion of the periodic function whose definition in one period is

f ( t ) = t - 1 . < t < 1

Solution " :
iri

Graph the givqlr function, then from the graph the half-period of the given function is p = 1

ii;i'
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Since /(t) = -f (-t) the given function is odd function then

b^ =1ti f ft> sinffat = 2 I: t'sinnnt dt

bn = Zl-t # cosnnt* (#)"int"t]'

bn = 'l- #'ot ttttl

Remember that cosnft = (-1)"

Engineering Analysis (Third Class)

Q n = 0

D

; t  < \ f l * 1

Hence bn - "-", .  nT

Substituting these coefficients into the series, we obtain

f(t)-izr-ry ,, ji
r., i

PROBLMES ,. 
"'"1 

,,,,.,,
Find the Fourier expansion of the periodic function whose definitions on one period is

( L  0 < t < L
t -  f ( t ) = i 0  1 < t < 3  ' " A n s w e r s i  a n = O

( - f  3 < t < 4  
,  

'  
.  " I ' 1 " " ' " : "

u,={'n/rTi X j }:li:;,|t'
(  O  n = 4 , 8 , i 2 , . . .

2- f (t) = ltl ,ita 1ic i a. 
'

1, o_.,,-,, .., _2, < t = _1"
3- f (t) = j cosf i? t? L Answers: 1+ i.or i +?,2tr=,!-t)"*' ffi

(  0 '  L < t < Z  
'

*F. , i .

Whe,,g /(t) *iii Ue aenneO on an interval 0 S t < p, and on this interval we want to represent /(t)

Uy a E6m[1, Then, if we represents /(t) an even periodic function which is called half-range cosine

senes

f  ( t)  =1o" *| ,}=tancosg b n = 0

and if we represents f (t) anodd periodic function which is called half-range sine series, then

f  ( t ) : } | = rbns inS !
p

55

Q n = 0


