Petroleum Systems Control Engineering Engineering Analysis (Third Class)

Fourier Series and Fourier Integral
JOSEPH FOURIER (1768-1830). French physicist and mathematician

Definition A function f is periodic if and only if if there exists a positive number 2p such that for
every t in the domain of f, f(t + 2p) = f(t). The number 2p is called a period of f
1- If £(t) and g(t) have the period 2p, then the function h(t) = af (t) + bg (t).has the period
2p also. ‘
2- f(t) = constant is periodic.
The Euler Coefficients

Let f(t) be an arbitrary periodic function of period 2p, then f(t) has formal expansion of the
form
fQ) = %ao +a; cos’—;—t + a, cos% o s + a, cosnTm+ sereer sk by sin-’éE 4

nmt

b, sin%+ ------ 0y 51n—-—+ ......... D

The introduction of the factor E is a conventional device to render more symmetric the final formulas

for the coefficients.
To determine the coefficients a, , a,, and by, , we need the following definite integrals, which are

valid for values of d

a+2 nnt
1- [ cos—d

- t=0 . n=*0

d+2p . nnt
2- sin—dt = 0
fd 2 o
d+2
3- fd+pcosﬂcos@ltdt— n#m
p p
d+2 t 2
4- [, pcoszzg—dtzp m+0

a+2 Tt t
5- [ pcos nﬂr—dt—o
. d p

d+2
6- fd+ Psin 2 sinZdt = 0 n#m
p p
d+2 t
T fd+p 2nﬂdt—p =40

Now, to find a, integrate both sides of equation (1) fromt =dtot =d + 2p
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d+2p d+2p d+2p d+2p d+2p

a, it nmt Tt
f f(t)dt=7 f dt + a, f cos?dt+~--+an f cos—p—dt+---+b1 f sm;—dt
d d d d d

d+2p
 nmt
+---+an 51n7dt+~--

The first term on the right hand side is simply = - aot|d+2p = pa, ,and by equations (2) gndl‘(";%)‘hall
integrals contains cosine and sine vanishes ,then:- i

d+2
ao =2y T f@®)dt

To find a,, (n = 1,2,3, ) multiply both sides of equation (1) by coszz—t and then integrate from

t=dtot=d+2p
d+2p

j F(t) cos-rln—tdt
. p

d+2p d+2p d+2p
a, nnt mt nmt , Nt
=— cos——dt +ay cos—cos—dt + -+ ay cos? —dt +
2 p p p P
d d
d+2p ’ d+2p

nmt Tt nmt nmt
+b1f cos—-p—sm——dt+ ek hy f cos——51n7dt+

By equations (2), (4) and (6) all terms on the right hand vanishes except the one involving cos? Eg—t

fd+2pf(t) cos——dt .

Gy, = fd+2pf(t) sn—”—tdt

To find b, (n = 1,2,3, ) multiply both sides of equation (1) by sin%—m and then integrate from

t=dtot®=d+2p
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d+2p

nmt
f f(t) sin—dt .
. p

d+2p d+2p d+2p
a, _ nmt nt - nm _nmt  nmt
— sin—dt + a, cos——sm——dt+ o sin— cos —dt
2 P p P P
d+2p d+2p
S ., nmt
+ o+ by sin— sin—dt + -+ by sin® —dt +
p p p
d d
Similarly
bo=2["" f)sin™=dt
7 P

a, , 4y , b, are called Euler-Fourier formulas, and the series (1) when its coefficients have these

values is known the Fourier Series of f(t)

Dirichlet Theorem If £ (t) is a bounded periodic function which in any one periodic has at most

a finite number of local maximum and minimum and a finite number of points of discontinuity, then
the Fourier series of f(t) converges to f(t) Qt all points when £ (t) is continuous and converges to
the average of the right- and left- hand limits of f (t) at each point where f(t) is discontinuous.

In Figure below the function f(t) is defined by three different expressions f; (t), f2(t),and f3(t)

successive portions of the period interval d < t < t + 2p. Hence the Euler formulas can be written as

fia

1 pd+2p nmt
an=;fd f(t)COS—p—dt=

=0 f1(t)cosn—’”dt+ ffz(t)cosylth JE7 fa(8) cos == dt
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bo =3[ 7 F@) sinrdt =

nnt d+2p

LT A@ sin = de+ 2 () sin " de + ] i (6) sin ™ e

Example:- What is the Fourier expansion of the periodic function whose definition in one period is

s -T<t<0
f® {smt O=t=n

Solution

Graph the given function, then from the graph the half-period of the given functionisp =, takmg
d=—-u f@®
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Gy = %ffnf(t) cosntdt = %f_no- cosnt dt + ;ltfonsmt cosnt dt
From identities

sint cosnt = %[sin(l + n)t + sm(l —n)t]

1 1 (cos (1-m)t . cos (L+mt)]*
an == |—- + e =
T 2 1-n i+n 0
e 1 [Jcos (TT—nTE)JI_COS (n’+n1r)_( 1 1 )] Bl [—cosnn +—cosnn_ 2 ]
Tt 21 1-n 14n il 1+n 2m 1-n 1+n 1-n2
1+cosnmr L
an =—7—— n+ 1
n pE-n?) ‘
Forn=1 a;==[" f(®)costdt = =[ sint sarcar =224
il T pen m-0 2m g

1,7 5 1 00 . 1 pmm . %
. —;f_nf(t)smntdt—;f_nO-smntdt+ ;fo sint sinntdt

Since sintsinnt = %[— cos(1+mn)t+ cos(1—n)t]
. _ 1[ifsin@-mt _sin(+me)]" _
b = n[z{ 1-n 1+n }]0 o s
. ' LW g 1 m1-cos2t _t_sinZt"__l_
Forn=1 by =_[ sin"tdt = ~ = dt = [2 — ]0 =

Hence, evaluating the coefficients for = 0,1, 2,3, -+, we have

f(t)——+——— i

sint 2 (cos2t cos 4t cosé6t cos 8t
(=== pety )
T 3 1ils) 35 63
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Theorem 1 If f(¢t) is an even periodic function which satisfies the Dirichlet conditions, the

coefficients in the Fourier series of f(t) are given by the formulas
T 2= %fopf(t) cosr—l;jfdt by =0 where 2p is the period of f(t)
Example:- What is the Fourier expansibri of the periodic function whose definition in one period is
f(t) # 4— T -2<t<?2
Solution

Graph the given function, then from the graph the half-period of the given function is p = 2, taking

Q)
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Since f(t) = f(—t) the given function is even function then b =10
nmt

@, = %fozf(t) cos—z—dt = foz (4 - tz)cosluzr—tdt

2 nmt 2 nmt
an = [, 4cos—dt — J5 tPcos—d

8 . nmt]? 8t awt . (262 16 \ .. nnt]?
a, = |— sin—| — |55 cos—+(—=——5=)sin—
nm 2 1o nem 2 nm nem 0

16 16

Qn = — 3 COSAT = —— -D)™n=+0 D I
5 S Y _2]2_19 2 nt
Forn=0 ao—2f0(4 t)dt—[4t == t\‘cos2
2t 2 sinZE
\ nmn 2
2
2 = (i) os 2
\ nm 2
0 = (—2-)3 sin ==
nm 2
Substituting these coefficients into the series, we obtain
8 16 mt 1 mt 1 it 1 nt
f(t) == + T—I'Z-(COS—Z' = _Z'ECOS? + é—Z'COS—Z—'—'q_—ZCOS7 + )
Theorem 2 If £(¢) is an odd periodic function which satisfies the Dirichlet conditions, the
coefficients in the Fourier series of f(t) are given by the formulas
b, = —:;f: f(® sin‘?%tfat @, =10 where 2p is the period of f(t)

Example:- What is the Fourier expansion of the periodic function whose definition in one period is
fie)=t -1<t<1
Solution

Graph the give;il function, then from the graph the half-period of the given functionisp =1
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Since f(t) = —f(—t) the given function is odd function then iy =10

by =2[ f(®)si n"”tdt=2f01t-sinnnt gt D I
b, =2 [—t ke t+ (i)z inn t]l i sinnmt
= e e s g .. 0 \
b, =2 [——1—cos mr] i — = cosnmt
nmw \ nmw
182 .
Remember that cosnr = (—1)" 0 - (;1—7;) sinnnt
—ynt1
Hence b, = 2l
nm

Substituting these coefficients into the series, we obtain

f(t) 2 _Zoo (-1)™**sinnnt .

n

PROBLMES
Find the Fourier expansion of the periodic function whose definitions on one period is
1 A A
l-f(t) =4 0 lete Answers: G, =10
-1 3<t<4
2/mn ==l 5 e
=i4‘/77:n n= 2,610,
0 n=4,812,
2- f(t) = |t 2 <t <2
9. —2%t < -1
3-fl) = cosfz— —1<t<1 Answers: %+-;-cos%t + %Zn_ (—1)n+! cozznzt
0 Il=t= 2
Half-Range Expansion

When f(t) will be defined on an interval 0 < t < p , and on this interval we want to represent f (t)
by a Fourier. Then, if we represents f (¢) an even periodic function which is called half-range cosine

series
f(t)=%ao+2,‘f=1ancosn7m =0
and if we represents f(t) an odd periodic function which is called half-range sine series, then

Fle) = oy iy sinn—p—m dy =10
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