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Example
Given a plant that is described by

2]-[% S

and has a performance index
I 12 0 .
.f:/ {x { ]x—lru'}dr
J 0 0 1

2 0
Let Q= [[]. ]] R = scalar =1

Determine
(a) the Riccati matrix P
(b) the state feedback matrix K
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Solution: { 0 ] - H
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Combining equations (2, 3, and 4) gives:
!—Pl: Pl —3.”1:] - —P21 —P22
_|_
—pn pa — 2pxn

| Pt —2pn p1a—2pn

_|_

[ 2 ﬁ] !FJ:FEI Pr2p22

0 1 ]:“ )

2203 F%g

Since P is symmetric, p21 = pl2. Equation (5) can be expressed as four
simultaneous equations

—pi2—pi2+2—p, =0 (6)
Pu—2p12 — pn —piapn =0 (7)
—p22+ P — 2p1a — prapr =0 (8)

Pi2—2pn+pi2—2pn+1—p3, =0 (9)
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Note that equations (7) and (8) are the same. From equation (6)

p:fl +2ppp—2=10

—BFVB2-4AC
2A

Solving using the formula: P12 = P21 =

pr2=pn =0.732 and —-2.732
Using positive value
P12 = pay =0.732 10
From equation (9)
2p12 —4p + 1 —p3, =0

p3r +4p2 — 2.464 = 0

pax = 0.542 and —4.542
p2 =0.542 11
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From equation (7)
i —(2x0.732)-0.542 — (0.732 x 0.542) =0

P11 = 2.403 (12)
From equations (10), (11) and (12) the Riccati matrix is
. 12403 0.732]
10732 0.542
(b) Using the state feedback matrix equation
2403 0.732]
K=R'B'P=1[0 1]
10.732 0.542 |

K=1[0.732 0.542]
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Deterministic SISO ARMA models

SISO ARMA model
A(g D) y(k) = ¢ 9 B(g 1) [u(k) + d(k)]

Where all inputs and outputs are scalars:
- u(k) control input
. d(k) deterministic but unknown disturbance

- y(k) output
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Deterministic SISO ARMA models

A(g D yk) = ¢ 9Bl ) [ulk) + d(k)]
Where polynomials:
A(g™") = 14a1g " +---+ang "

B(g™ 1) botbig " oo big ™

are co-prime and d is the known pure time delay
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Deterministic SISO ARMA models

We factor the zero polynomial as:
Blg™)= B’(g~ ") B¥(@™™)

where
B%(qg— 1) Is anti-Schur

BY(q 1) has the zeros that we
do not want to cancel
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Control Objectives

1. Pole Placement: The poles of the closed-loop
system must be placed at specific locations in the

complex plane.

« Closed-loop polynomial:

Al = B3¢ ) Ala™)

Where:
chosen by

sr..—1
o (fi ) cancelable plant EV the desfg_;-.re;ﬂ

!
—k
. Ac(q ) anti-Schur polynomial of the form
!

! . ; B ; B
A(‘:(q 1) sa—— lﬁ\I ”’Clq 1 + . W + &Cniq e
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Control Objectives

2. Tracking: The output sequence y(k) must follow
a reference sequence ya(k) which is known

In general, y,(k) can be generated by a reference model of
the form

ATﬂ(q_l)y[f(k) == q_d Bm(q_l) u‘if(k)

=

anti-Schur polynomial

The design of A,.(q ') and B,,(g ") is not a part of this
control design technique and these polynomials do not
enter into the analysis
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Control Objectives

3. Disturbance rejection: The closed-loop system
must reject a class of persistent disturbances d(k)

. Disturbance model:

Ag(qg Hd(k) =0

Where

. Ad(q_l) iIs @ known annihilating polynomial
with zeros on the unit circle

- Ay(g 1Y), B(g~ 1) are co-prime
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=

Control Law
Feedback and feedforward actions:

d(k)

7 B(g}

y(k)

A( q'ﬁ

reference outpiit
e p
yd(k) P rik) + 7 ufk) +
sl T E—s ; -
_ R(qg)
feedfﬁrrward |
S(q)
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u(k) =

R(g~1)

r(k) = T(q 1, q) yq(k)
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Feedback Controller

Diophantine equation: Obtain polynomials & (¢~ 1), S(q~1)

that satisfy: P PP | /

s J

Al(g ™) = Ayl D A H R () + ¢ 9B%¢ 1) S(g 1)

1 i l

Close loop Plant poles Unstable plant zeros
poles minus

Disturbance annihilating polynomial
cancelled zeros

R(¢™Y) = R(¢ 1) Ag(g™Y) B3 (¢ 1)
Al = B g ) A5 )
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Feedback Controller

lﬂ’fﬁ';‘
i) + 1 it + H.'ﬂlr::iq JJ _‘I'Irl'l'n',-I
% [ Riq?) AT
Scah |
—d pur,.,—1
g “B%ag )

y(k) = r(k)

Ay(g~1)

g 9B DR @), , 1
. AT Ag(gHd(k)

. —
—0
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Zero-phase error feedforward

lirrm
x o) 3 rile ) + I ) 4 ’!-ﬂIErr; 5 vidle )
N9 _O Rragd G AT .;I
h feedforward : L scay |-
\ J
1
q—dB-{L(q—lj
A(g—1)
—='f g —o % o] B*(q)
d & = A_ C
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