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Three-term Controller design by pole-assignment:
Three-term or PID controller combines proportional action, integral

action and derivative action and can put into the form:

u(z) = ' ] e(z) (1)

viz)

The coefficients go, g1and g2are related to the proportional derivative
and integral gain setting, (assuming backward shift approximation)
with Ts=1 second):
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Ki=g,*+ g + &
In order to synthesize exactly the PID controller coefficients, we can

assume the system to be controlled has the following structure:

b,.Z!
1+a,.Z" +a,.Z””

u(z) (2)

y(z) =

and we can assume that al, a2 and bl can be estimated by RLS
method. The restriction on the system model form is to ensure that
only one set of PID controller coefficients arises from the design.

Combine equations (1) and (2), we get:
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b, Z" (g, +g,-L" +g,-L7)x(2)
A-Z")(1+a,.Z" +2,Z)+(g, +g,.27" +g,.Z7)b, 2" (3

y(z) =

We can now select the coefficients go, g1 and g2 to give a desired closed loop
performance. Suppose we have selected a desired closed loop the rise time and

damped natural frequency and hence arrived at the corresponding desired closed

loop T polynomial:

T=1+t,.Z7 +t,.Z™" (4)
Thus:

A-ZM).(1+2,. 27 +2,Z7) (g, +8,. 27 +8,Z7)b, 27 =14, Z7 +1,.27
By equating coefficients of like power of Z, we get: (5)
gu=tl+(l;l]_al),g1=tz+(:l]-az) anid gz=:—j (6)

Solved Problems Part Two _ Adaptive Control Dr Thamir Hassan Atyia  Tikrit Uni 4



The steady state matching of y(z) to r(z) for a constant reference signal
is ensured by the factor (1 - Z~1) in the denominator of equation (3).
Specifically, for zero frequency (Z=1), so that independent of the

system or controller parameters, we have y(z)=r(z) (for constant r(z)).
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Example:

Drive the adjustment mechanism using MIT rule for MRAC with open
loop Transfer Function of G(s) and reference model of Gm(s) = KO G(s),

where KO is unknown parameter.

Solution:
e=Y " VYm
y = G(s) 0 u,
Ym = G(s) Ko uc
- Ym
© G(s) K,

e=G(s)0u,—G(s) Ky u,
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The sensitivity derivative is:

de

39 = G(s) u,
de Ym  Ym
50 - S oK T K,

apply MIT rule

ao de

dt " “o0

do Ym €

—_— _y

dt K,
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Example:
Design a MRAC MIT rule using the following controller:

u(t) = qo uc(t) —wy y(t)

b —
Where q0=7m and W0=a";a , Ay >a
Given a system described by the model:
dy
—=—ay+bu
dt Y

Where u is the control variable and y is the measured output. Assume
that it is desirable to obtain a closed loop system described by:
dym
dt

With an error equation: e =y — V,,

= —0m Ym + by U
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Solution:
The transfer function of the system is:

sY(s)=—aY(s)+bU(s)
(s+a)Y(s)=bU(s)

Y(s b
(s) _ — G (s)
U(s) s+a
The transfer function of the reference model is:
Yin(s)  bn

U,(s) s+a, m($)

The closed loop transfer function of the systemis :

b qo

The error equation is:

baoUc(s) b Ue(s)

=Y —Ym =
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The parameters of the controller are g, and wy applying MIT rule , we get:

de bU.(s)

g, s+a+bwy

And
de —b?
— = 0
aWO (S + a + b WO)
de —b Y (s)
_ = S
owy (s+a+bwp)
e e
The formulaof — and —— con not be used because the process

aqo aWO
parameters a and b are not Known. Approximation are therefore required in

order to obtain realization parameters adjustment rule
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And

1
— 7 — a9\
7 +y\be (S n am) Y(s)
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Example:
Design Lyapunov based a MRAC using the following controller:

u(t) = qo uc(t) —wo y(t)

b —
Where q0=7’" and Woza”za , a, >a
Given a system described by the model:
dy
—=—ay+bu
dt Y

Where u is the control variable and y is the measured output. Assume
that it is desirable to obtain a closed loop system described by:
dym
dt

With an error equation: e =Yy — y,

= —Qm Ym + b U
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Solution:

d
d—i}=—ay+bu
dy
d_:lz_amYm"l'bmuc
de dy dynm
dt dt dt
de
E=—ay+bu+amym—bmuc

20—y +b (40 4e0) = wo Y(©)) + iy Y = b e

—ay+b (QOuc(t)_WOY(t))"l'am (y_e)_bmuc

de
E:—ame+(am—a—bWo)Y‘l'(bQO_bm)uc
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The error goes to zero if the parameters are equal to the desired ones.

To derive the parameters Qo and wWo, assume the Lyapunov function as:
1 1
V(e, qo, wo) ZE (8 +W (b W0+a_am)2+ (b QO_bm) )

This function is zero when (e) is zero and the controller parameters are

equal to the optimal values. The derivative of V is:

dV de 1 dwy 1 dqg
E—ea+;(bwo+a—am) o ( 0 — bm) —

. de . dv
Substitute = in — , we get:
dt dt

A% dw,

dq
E——ame + — (bW0+a—am)<W—yye>+ (bqy— m)<d—to+yuce>
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If parameters are updated as:

%=— Uc e
dt y C
dwy

We get:
dv ,
Ez—ame
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Example: For a given plant dynamics design Linear Quadratic Optimal
Control.

St =[o TR [+ [ Jow 7=
)

Where X1 and X2 are the system’s states, u is the system’s input, and K
is an integer discrete time index.

Solution:

From the given plant dynamics the matrices A, B, and C can be

determined:

1T _ = _
A_[O 1] B—_;‘_ c=[1 0]

16
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Performance Index:

J=1 Zi“((y(k)—uc)TQ(y(k)—uc )+u(k)” Ru(k))

where J 1s a scalar performance index, Q 1s a positive
semi-definite matrix, R 1s a positive definite matrix, and
the command signal u, 1s assumed to be constant.

The optimal control sequence that minimises J 1s:

w(k)=—K, x(k)+ K u,
where the feedback gain matrix Kr1s given by
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K.=(BTSB+R)'BTSA
where S 1s the solution to the algebraic Riccati equation
S=A"[S-SB(B'SB+R)"'B'S]A+Q

The feed-forward gain matrix X 1s given by:

K,=(BSB+R)-B[I-(A-BK,)"}:CTQ
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The AutoRegressive with eXtra input (ARX) model

> given y(k) +ay(k —1)+---+a,y(k —n,) =
byu(k — 1)+ -+ b, u(k — np) + e (k)

» introduce

B(q7") = biq '+ +bn,g " A(gT) = 1+a1q" 4 +ang ™

» we have ’
B(q7") 1

A(g™1)

e (k)

Ag) y (k) =B (q7) u(k)+e (k)
N —— N ——
Autoregressive (AR) Extra (X) input

» e(k) directly enters the difference equation. The model is thus
also named as the equation error model.
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Linear regressor example for ARX

A(a7)y (k) =B (q7") u(k) + e (k)
B(g')=big ' +---+ byg ™
Al )=1+aqg '+ +a,q "

» adding y (k) and substracting A(g™!) y (k) at each side gives
y(k)=[1—A(a)]y (k) + B () u(k) + e (k)

» [1— A(g )]y (k) depends on y (k — 1), y (k — 2), ... but not
}"(k) 1 — A(q_l) = — (alq_l b <f anq—na)
» —a predictor form can thus be:

y(k)=[1—A(g )] y(k)+B(g7") u(k)
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The AutoRegressive Moving Average with eXtra

input (ARMAX) model

» consider y(k)+ ary(k — 1)+ - -+ a, y(k —n,) =
byu(k—1)+- - -+b, u(k—np)+e (k)+cre(k—1)+- - -+c, e(k—n.)

> e
Alg)y(k) =B(q")u(k)+ C(q7")e(k)
N e, st Nt — N et i
autoregressive (AR) extra (X) moving average (MA)
B(g7') = big7'+---+bnq ™
Al = A g™ o opagg™
C(g') = 14aq ' +--+cq™
we have B (q-) C(q)
q g~
y(k ulk)+ e(k
R T RV T M
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