CHAPTER 10 POLAR COORDINATES

EXAMPL E: Find the area enclosed by one loop of the four - leaved rose r=co s 26.

= cos 20

Solution: Notice that the region enclosed by the right loop is swept out by a ray that rotates from
0=-1/4 to 6 =m /4 . Therefore, Formula 4 gives

71'/4 1 1 ?rf4 7r/4
A :/ —r2df = —/ cos? 26d# :/ cos? 260d0
—7 /4 2 — /4 0

w4

A 1 1 m
= —(1 40)df = = |0 + —sin 46 = —
/ﬂ 2( + cos 46) 2[ —1—45111 L 2

Let R be the region bounded by curves with polar equations r =f(8), r = g(6), 6 = a, and 6 = b, where

f(B) > g(6) >0 and 0 < b-a<2m.Thenthearea AofRis

A= [ 5 - o)) a

EXAMPL E: Find the area that lies insider= 3 + 2 sinB and out side r= 2.
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r=3+2sn8& r=3+2sn8

Solution: We first find a and b:

1 7 11
3+ 2sinfl =2 = sin9=—§ —— 9=_ﬂ-j T (_ﬂ-)
Therefore the area is

/6 1 /6
4 :/ (3 25in0)? - 2] d(;:/ (5 + 125in0 + 4sin? 0)do

/6 —x/6 2
/6 1 1 /6
= / —(7+ 12sinf — 2 cos(26))df = = [79 —12cosf — sin(QB)}
/6 2 — /6
= # + MTF ~ 24187

EXAMPLE: Find the area of the region out side r= 3 + 2 sinB and inside r= 2.
Solution: We have

r=3+2sin8&

117/6 =X 2
A = / S 2%~ (3+2sin0)’] db o .
771'[(6 r=2

117/6 1
:f — (=5 —12sinf — 4sin”§)do
Tw/6
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117 /6
[— 70+ 12 cosf + Sin(?ﬂ)} = M - %T ~ 2.196

117/6 1
= /7 —(—=T7—12sin6 + 2 cos(20))dd = - 5

/6 2

bo| =

EXAMPLE: Find all points of intersection of the curves r=cos 20 and r=1/2

Solution: If we solve the equations r= cos26 and r=1/2 , we get cos 26=1/2 and, therefore, 26=mt /3,
5nt /3, 7 /3, 11t /3 Thus the values of 8 between 0 and 2t that satisfy both equations are 6=rt /6, 511 /6,
71 /6, 1 1t /6 We have found four points of intersection:

(%,W/e), (%,597/6), (%,h/ﬁ), and (%,Hw/ﬁ)

However, you can see from the above figure that the curves have four other points of intersection —
namely,

(%,m), (%,%/3), (%,4w/3), and (%,wg)

These can be found using symmetry or by noticing that another equation of the circle isr =-1/2 and
then solving the equations r=co s 20 and r=-1/2 .

Arc Length

To find the length of a polar curve r =f(B8), a <8 < b, we regard 8 as a parameter and write the
parametric equations of the curve as

r =rcosf = f(f)cosb y=rsinf = f(#)sinb
Using the Product Rule and differentiating with respect to 8, we obtain

dx dr d1 dr
= —cosf —rsinf Jz—sinﬁ'—l—"rcosﬂ

do do o~ do



CHAPTER 10 POLAR COORDINATES

So, using cos’0+ sin’6= 1, we have

dr\* dy\” r\> dr . 2 . 2
(E) + (@) = (@) cos B—QT@COSGSIHB—FT sin” @

+dr2,29+2d7‘,9 0+ 1% cos? — d?f‘2+2
75 | sin rgsindcost +r7cos”0 = | - T

Assuming that f' is continuous, we can use one of the formulas to write the arc length as

= [(5) (&)

Therefore, the length of a curve with polar equation r=f(8),a<8<b, is

b dr\ 2
= 2 —_—
L /ﬂ”r +(d9) df

EXAMPL E: Find the length of the curver=6,0<06 < 1.

Solution: We have

. [9=tan$ = \/92+1=\/tan2$+1=\/5602$=|sec:r:|=sec:r:-l
L :/ VO +1df = | df = dtanzx
0
[d9=SECZId$ J

/4 1 m/4 1
=/ sec® zdr = [E(sec rtanz + In|secz + tanz|) = 5(\/§—|-ln(1—|- V?2))
0

0



