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Chapter 1 - Introduction 
Fluids Mechanics and Fluid Properties 
What is fluid mechanics?  
As its name suggests it is the branch of applied mechanics concerned with the 
statics and dynamics of fluids - both liquids and gases. The analysis of the 
behavior of fluids is based on the fundamental laws of mechanics which relate 
continuity of mass and energy with force and momentum together with the 
familiar solid mechanics properties. 
Scope of Fluid Mechanics  
 Branches: 
– Fluid statics: fluids at rest 
– Fluid kinematics: velocities and streamlines 
– Fluid dynamics: velocity & accelerations forces 
Dimensions and units 
Units needed to properly express a physical quantity 
Basic dimensions used in fluid mechanics: 
– Length (L) 
– Mass (M) 
– Time (T) 
– Temperature (θ) 
Dimensions of acceleration: [a] = LT-2 
Newton's 2nd law: F = [m][a] = MLT-2 
Only 3 of the four basic units can be assigned  arbitrarily, the  fourth becoming a 
derived unit 
Two basic system of units which are: 
1- Gravitational system: Force unit is chosen and mass unit is derived. This 

system is also called MKS 
In this system    F is in Kgf and the derived unit of mass is slug 
The Kgf is the force when affect on a mass of 1 slug moved it at an 
acceleration of 1 m/sec2 

𝟏𝟏𝟏𝟏𝟏𝟏𝒇𝒇 = 𝟏𝟏 𝒔𝒔𝒔𝒔𝒔𝒔𝟏𝟏 ∗ 𝟏𝟏
𝒎𝒎
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐

… … … … … (𝟏𝟏) 

2- Absolute system: Mass unit is chosen and force unit is derived. This 
system is also called cgs 
In this system  mass unit is gm  and the derived unit of force  is dyne 

The gm is the mass when affected  by a force 1 dyne moves  at an 
acceleration of 1 cm/sec2  
𝟏𝟏 𝒅𝒅𝒅𝒅𝒅𝒅𝒔𝒔 = 𝟏𝟏 𝟏𝟏𝒎𝒎 ∗ 𝟏𝟏

𝒔𝒔𝒎𝒎
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐

… … … … … … … … (𝟐𝟐) 
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3- S.I. (System International Unit): it is the absolute system of unit in which 
the mass is in Kgm and the derived unit of force is Newton (N) 

𝟏𝟏 𝑵𝑵 = 𝟏𝟏 𝑲𝑲𝟏𝟏𝒎𝒎 ∗ 𝟏𝟏
𝒎𝒎
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐

… … … … … . . … … (𝟑𝟑) 

𝟏𝟏 𝟏𝟏𝟏𝟏𝒇𝒇 = 𝟏𝟏 𝑲𝑲𝟏𝟏𝒎𝒎 ∗ 𝟗𝟗.𝟖𝟖𝟏𝟏
𝒎𝒎
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐

… … … … … (𝟒𝟒) 

From eq. 2 and 3  N = 105𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 
From eq. 1 and 4  Slug = 9.81 𝑘𝑘𝑘𝑘𝑚𝑚 
For English units 
𝟏𝟏 𝒔𝒔𝒍𝒍𝒇𝒇 = 𝟏𝟏 𝒔𝒔𝒔𝒔𝒔𝒔𝟏𝟏 ∗ 𝟏𝟏

𝒇𝒇𝒇𝒇
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐

… … … … … … . … (𝟓𝟓) 

𝟏𝟏 𝒔𝒔𝒍𝒍𝒇𝒇 = 𝟏𝟏 𝒔𝒔𝒍𝒍𝒎𝒎𝒎𝒎𝒔𝒔𝒔𝒔 ∗ 𝟑𝟑𝟐𝟐.𝟐𝟐
𝒇𝒇𝒇𝒇
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐

… … … … … (𝟔𝟔) 

Thus  1 slug = 32.2 lbmass 
Dimensions in SI units 
Length L , m 
Mass, M,  kgm 
Time , T, sec 
Temperature, ̊ K or Celsius , ̊ C 
Force, F, Newton , N 
Derived units 
1 N = 1 kg ∗

m
sec2 

Energy, work, heat, joul, J = N. m 
Power, watt, J/sec = N. m 
Pressure, stress, pascal N/. m2 

 
 
 
 
 
 
 
 
 
 
 

 
 
 

Mega    106 
kilo       103 
milli      10-3 
micro    10-6 

nano     10-9 
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Properties of Fluids 
Distinction Between Solid and Liquid 
The molecules of a solid are usually closer together than those of a fluid. The 
attractive forces between the molecules of a solid are so large that a solid tends 
to retain its shape. This is not the case for a fluid, where the attractive forces 
between the molecules are smaller. An ideal elastic solid will deform under load 
and, once the load is removed, will return to its original state. Some solids are 
plastic. These deform under the action of a sufficient load and deformation 
continues as long as a load is applied, providing the material does not rupture. 
Deformation ceases when the load is removed, but the plastic solid does not 
return to its original state. 
The intermolecular cohesive forces in a fluid are not great enough to hold the 
various elements of the fluid together. Hence a fluid will flow under the action of 
the slightest stress and flow will continue as long as the stress is present  
Fluid may be either a gas or a liquid. The molecules of a gas are much farther 
apart than those of a liquid. Hence a gas is very compressible, and when all 
external pressure is removed, it tends to expand indefinitely. A gas is therefore in 
equilibrium only when it is completely enclosed. A liquid is relatively 
incompressible, and if all pressure, except that of its own vapor pressure, is 
removed, the cohesion between molecules holds them together, so that the liquid 
does not expand indefinitely. Therefore a liquid may have a free surface, i.e., a 
surface from which all pressure is removed, except that of its own vapor. 
A vapor is a gas whose temperature and pressure are such that it is very  near the 
liquid phase. Thus steam is considered a vapor because its state is normally not 
far from that of water. A gas may be defined as a highly superheated vapor; that 
is, its state is far removed from the liquid phase. Thus air is considered a gas 
because its state is normally very far from that of liquid air. 
The volume of a gas or vapor is greatly affected by changes in pressure or 
temperature or both. It is usually necessary, therefore, to take account of changes 
in volume and temperature in dealing with gases or vapors. Whenever significant 
temperature or phase changes are involved in dealing with vapors and gases, the 
subject is largely dependent on heat phenomena (thermodynamics). 
Thus fluid mechanics and thermodynamics are interrelated. 
DENSITY, SPECIFICWEIGHT, SPECIFIC VOLUME, AND SPECIFIC GRAVITY 
The density ρ (rho), or more strictly, mass density, of a fluid is its mass per unit 
volume, while the specific weight γ (gamma) is its weight per unit volume. In the 
British Gravitational (BG) system density will be in slugs per cubic foot (kg/m3 
in SI units), which can also be expressed as units of lb_sec2/ft4 (N_s2/m4 in SI  
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 units)  
Specific weight γ represents the force exerted by gravity on a unit volume of 
fluid, and therefore must have the units of force per unit volume, such as pounds 
per cubic foot (N/m3 in SI units). 
Density and specific weight of a fluid are related as: 
𝝆𝝆 = 𝜸𝜸

𝟏𝟏
:      γ = 𝝆𝝆𝟏𝟏 

Since the physical equations are dimensionally homogeneous, the dimensions of 
density are: 

Dimensions of 𝜌𝜌=
dimensions of γ 
dimensions of

= 𝑙𝑙𝑙𝑙/𝑓𝑓𝑓𝑓3

𝑙𝑙𝑙𝑙/𝑠𝑠𝑠𝑠𝑠𝑠2
= 𝑙𝑙𝑙𝑙.𝑠𝑠𝑠𝑠𝑠𝑠2

𝑓𝑓𝑓𝑓4
= 𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠

𝑣𝑣𝑣𝑣𝑙𝑙𝑣𝑣𝑚𝑚𝑠𝑠
= 𝑠𝑠𝑙𝑙𝑣𝑣𝑠𝑠

𝑓𝑓𝑓𝑓3
 

In SI units 

Dimensions of 𝜌𝜌=dimensions of γ 
dimensions of

=
𝑁𝑁
𝑚𝑚3
𝑚𝑚
𝑠𝑠𝑠𝑠𝑠𝑠2

= 𝑁𝑁.𝑠𝑠𝑠𝑠𝑠𝑠2

𝑚𝑚4 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑚𝑚𝑑𝑑

= 𝑘𝑘𝑘𝑘
𝑚𝑚3 

Specific volume υ : is the volume occupied by a unit mass of fluid. We 
commonly apply it to gases, and usually express it in cubic feet per slug (m3/kg 
in SI units). Specific volume is the reciprocal of density. Thus 

υ= 𝟏𝟏
𝝆𝝆
 

Specific gravity of a liquid is the dimensionless ratio 
𝑺𝑺𝑳𝑳 =

𝝆𝝆𝑳𝑳
𝝆𝝆𝒘𝒘𝒎𝒎𝒇𝒇 𝒔𝒔𝒇𝒇𝒎𝒎𝒅𝒅𝒅𝒅𝒎𝒎𝒔𝒔𝒅𝒅 𝒇𝒇𝒔𝒔𝒎𝒎𝒕𝒕𝒔𝒔𝒔𝒔𝒎𝒎𝒇𝒇𝒔𝒔𝒔𝒔𝒔𝒔

 

The specific gravity of a gas is the ratio of its density to that of either hydrogen 
or air at some specified temperature and pressure, but there is no general 
agreement on these standards, and so we must explicitly state them in any given 
case. 
Since the density of a fluid varies with temperature, we must determine and 
specify specific gravities at particular temperatures. 
Ex: The specific weight of water at ordinary pressure and temperature is 62.4 
lb/ft3. The specific gravity of mercury is 13.56. Compute the density of water 
and the specific weight and density of mercury. 

ρ =
γ
g =

62.4 lb/ft3

32.2ft/sec2 = 1.938slug/ft3 

γHg = SHg. γw = 13.56 ∗ 62.4 = 846lb/ft3 
ρHg = SHg. ρw = 13.56 ∗ 1938 = 26.3slug/ft3 
Ex: The specific weight of water at ordinary pressure and temperature is 9.81 
kN/m3. The specific gravity of mercury is 13.56. Compute the density of water 
and the specific weight and density of mercury. 
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Solution 

ρw =
γ
g =

9.81KN/m3

9.81m/sec2 = 1000
Nsec2

m4 =
1000kg

m3  

γHg = SHg. γw = 13.56 ∗ 9.81 = 133KN/m3 
γHg = SHg. γw = 13.56 ∗ 1000 = 13560kg/m3 
EXERCISES 
2.3.1 If the specific weight of a liquid is 52 lb/ft3, what is its density? 
2.3.2 If the specific weight of a liquid is 8.1 kN/m3, what is its density? 
2.3.3 If the specific volume of a gas is 375 ft3/slug, what is its specific weight in 
lb/ft3? 
2.3.4 If the specific volume of a gas is 0.70 m3/kg, what is its specific weight in 
N/m3? 
2.3.5 A certain gas weighs 16.0 N/m3 at a certain temperature and pressure. 
What are the values of its density, specific volume, and specific gravity relative 
to air weighing 12.0 N/m3? 
2.3.6 The specific weight of glycerin is 78.6 lb/ft3. Compute its density and 
specific gravity. What is its specific weight in kN/m3? 
2.3.7 If a certain gasoline weighs 43 lb/ft3, what are the values of its density, 
specific volume, and specific gravity relative to water at 60°F? Use Appendix A. 
Compressible and Incompressible Fluids 
Fluid mechanics deals with both incompressible and compressible fluids, that is, 
with liquids and gases of either constant or variable density. Although there is no 
such thing in reality as an incompressible fluid, we use this term where the 
change in density with pressure is so small as to be negligible. This is usually the 
case with liquids. We may also consider gases to be incompressible when the 
pressure variation is small compared with the absolute pressure. Ordinarily we 
consider liquids to be incompressible fluids, yet sound waves, which are really 
pressure waves, travel through them. This is evidence of the elasticity of liquids. 
In problems involving water hammer we must consider the compressibility of 
the liquid. The flow of air in a ventilating system is a case where we may treat a 
gas as incompressible, for the pressure variation is so small that the change in 
density is of no importance. But for a gas or steam flowing at high velocity 
through a long pipeline, the drop in pressure may be so great that we cannot 
ignore the change in density. For an airplane flying at speeds below 250 mph 
(100 m/s), we may consider the air to be of constant density. But as an object 
moving through the air approaches the velocity of sound, which is of the order of 
760 mph (1200 km/h) depending on temperature, the pressure and density of the 
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air adjacent to the body become materially different from those of the air at some 
distance away, and we must then treat the air as a compressible fluid (Chap. 13). 
Compressibility of Liquids 
The compressibility (change in volume due to change in pressure) of a liquid is 
inversely proportional to its volume modulus of elasticity, also known as the 
bulk modulus. This modulus is defined as  
𝑬𝑬𝒗𝒗 = −𝒗𝒗

𝒅𝒅𝒕𝒕
𝒅𝒅𝒗𝒗

 

where 𝑣𝑣 specific volume and p   pressure. As 𝑣𝑣 /d 𝑣𝑣 is a dimensionless ratio, the 
units of 𝐸𝐸𝑣𝑣  and p are identical. The bulk modulus is analogous to the modulus of 
elasticity for solids; however, for fluids it is defined on a volume basis rather 
than in terms of the familiar one-dimensional stress–strain relation for solid 
bodies 
Ex: Fluid Ev of 300000 kgf/cm2 . what is the pressure required to reduce its 
volume by 0.5% 
[v2-v1]/v1=0.5%=-0.005 
-dv/v =-0.005 
300000=dp/0.005 
Dp= 1500 kg/cm2 
Ideal Fluid 
An ideal fluid is usually defined as a fluid in which there is no friction; it is 
inviscid (its viscosity is zero). Thus the internal forces at any section within it are 
always normal to the section, even during motion. So these forces are 
purely pressure forces. Although such a fluid does not exist in reality, many 
fluids approximate frictionless flow at sufficient distances from solid boundaries, 
and so we can often conveniently analyze their behaviors by assuming an ideal 
fluid. As noted in Sec. 2.7, take care to not confuse an ideal fluid with a perfect 
(ideal) gas. 
In a real fluid, either liquid or gas, tangential or shearing forces always develop 
whenever there is motion relative to a body, thus creating fluid friction, because 
these forces oppose the motion of one particle past another. These friction forces 
give rise to a fluid property called viscosity 
Viscocity 
The viscosity of a fluid is a measure of its resistance to shear or angular 
deformation. Motor oil, for example, has high viscosity and resistance to shear, 
is cohesive, and feels “sticky,” whereas gasoline has low viscosity. The friction 
forces in flowing fluid result from the cohesion and momentum interchange 
between molecules. Viscosities of typical fluids depend on temperature. As the 
temperature increases, the viscosities of all liquids decrease, while the viscosities 
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of all gases increase. This is because the force of cohesion, which diminishes 
with temperature, predominates with liquids, while with gases the predominating 
factor is the interchange of molecules between the layers of different velocities. 
Thus a rapidly-moving gas molecule shifting into a slower moving layer tends to 
speed up the latter. And a slow-moving molecule entering a faster-moving layer 
tends to slow down the faster-moving layer. This molecular interchange sets up a 
shear, or produces a friction force between adjacent layers. At higher 
temperatures molecular activity increases, so causing the viscosity of gases to 
increase with temperature. 
Consider the classic case of two parallel plates (Fig. 1), sufficiently large that we 
can neglect edge conditions, a small distance Y apart, with fluid filling the space 
between. The lower plate is stationary, while the upper one moves parallel to it 
with a velocity U due to a force F corresponding to some area A of the moving 
plate. 
At boundaries, particles of fluid adhere to the walls, and so their velocities are 
zero relative to the wall. This so-called no-slip condition occurs with all viscous 
fluids. Thus in Fig. 1 the fluid velocities must be U where in contact with the 
plate at the upper boundary and zero at the lower boundary. We call the form of 
the velocity variation with distance between these two extremes, as depicted in 
Fig. 1, velocity profile. If the separation distance Y is not too great, if the 
velocity U is not too high, and if there is no net flow of fluid through the space, 
the velocity profile will be linear,  in addition, there is a small amount of bulk 
fluid transport between the plates, as could result from pressure-fed lubrication 
for example, the velocity profile becomes the sum of  the previous linear profile 
plus a parabolic profile , the parabolic  additions to (or subtractions from) the 
linear profile are zero at the walls (plates) and maximum at the centerline. The 
behavior of the fluid is much as if it consisted of a series of thin layers, each of 
which slips a little relative to the next. 
For a large class of fluids under the conditions of Fig. 1, experiments have 
shown that 

F∞ AU/Y 

 
                                                 Fig. 1 
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We see from similar triangles that we can replace U/Y by the velocity gradient 
du/dy . If we now introduce a constant of proportionality (µ), we can express the 
shearing stress (Ʈ) between any two thin sheets of fluid by 
Ʈ=F/A= µU/Y= µdu/dy 
Or 
µ= Ʈ/(du/dy)  
µ  defines the proportionality constant known as the coefficient of viscosity, the 
absolute viscosity, the dynamic viscosity (since it involves force), or simply the 
viscosity of the fluid. We shall use “absolute viscosity” to help differentiate it 
from another viscosity that we will discuss shortly. 
We noted that the distinction between a solid and a fluid lies in the manner in 
which each can resist shearing stresses. We will clarify a further distinction 
among various kinds of fluids and solids by referring to Fig. 2. In the case of a 
solid, shear stress depends on the magnitude of the deformation; but above Eq. 
shows that in many fluids the shear stress is proportional to the time rate of 
(angular) deformation. 
A fluid for which the constant of proportionality (i.e., the absolute viscosity) 
does not change with rate of deformation is called a Newtonian fluid, and this 
plots as a straight line in Fig. 2. The slope of this line is the absolute viscosity. 
The ideal fluid, with no viscosity , falls on the horizontal axis, while the true 
elastic solid plots along the vertical axis. A plastic that sustains a certain amount 
of stress before suffering a plastic flow corresponds to a straight line intersecting 
the vertical axis at the yield stress. There are certain non-Newtonian fluids in 
which the viscosity varies with the rate of deformation. These are relatively 
uncommon in engineering usage, so we will restrict the remainder of this text to 
the common fluids that under normal conditions obey Newton’s equation of 
viscosity. 
                       

The dimensions of absolute viscosity are force per 
unit area divided by velocity gradient. In the British 
Gravitational (BG) system the dimensions of 
absolute viscosity are as follows: 
Dimensions of µ = dimension of Ʈ/dimensions of 
(du/dy)                  = lb/ft2/[ft/sec/ft]=lb.sec/ft2 
In SI units 
Dimensions of µ = N/m2/sec-1=N.sec/m2 

A widely used unit for viscosity in the metric 
system is the poise (P), named after Jean Louis Poiseuille (1799–1869). A 
French anatomist, Poiseuille was one of the first investigators of viscosity.  
The poise = 0.10 N s/m2. The centipoises (cP) (= 0.01 P = 1 mN s/m2) is 

Fig.2 
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frequently a more convenient unit. It has a further advantage in that the viscosity 
of water at 68.4°F is 1 cP. Thus the value of the viscosity in centipoises is an 
indication of the viscosity of the fluid relative to that of water at 68.4°F. 
In many problems involving viscosity the absolute viscosity is divided by 
density. This ratio defines the kinematic viscosity, υ , so called because force is 
not involved, the only dimensions being length and time, as in kinematics. Thus: 

υ =
µ
𝜌𝜌 

We usually measure kinematic viscosity n in ft2/sec in the BG system, and in 
m2/s in the SI. Previously, in the metric system the common units were cm2/s, 
also called the stoke (St), after Sir George Stokes (1819–1903), an English 
physicist and pioneering investigator of viscosity. Many found the centistoke 
(cSt) (0.01 St = 10-6 m2/s) a more convenient unit to work with. 
Ex: A 1-in-wide space between two horizontal plane surfaces is filled with SAE 
30 (µ= 0.0063 lb_sec/ft2 )Western lubricating oil at 80°F. What force is required 
to drag a very thin plate of 4-ft2 area through the oil at a velocity of 20 ft/min if 
the plate is 0.33 in from one surface?: 
Solution 
Ʈ1 = 0.0063*(20/60)/(0.33/12) 
      = 0.0764 lb/ft2 
 Ʈ1 = 0.0063*(20/60)/(0.33/12)                     0.33 
      = 0.0764 lb/ft2                                          0.67 
F1 = Ʈ1*A = 0.0764*4 = 0.305 lb 
F2 = Ʈ2*A = 0.0394*4 = 0.158 lb 
F =F1+F2 =0.463 lb 
Ex: A clearance between 80mm diameter shaft and its journal bearing is 1 mm. 
The speed of rotation is 100 rpm, if an oiol of 1 poise is used for lubrication, find 
shear stress 
Solution 
Peripheral velocity = πdN/60 =π*0.08*100/60=0.418 m/sec 
Dv/dy= 0.418/0.001=418 sec-1 
Ʈ= µdv/dy= 1 dyne.sec/cm2 *418 sec-1 = 418 dyne/cm2 
Ex: A square plate of 1*1 m dimensions weight 40 kgf  slides down an inclined 
surface with a uniform velocity of 0.2 m/sec. If the oil thickness is 1 mm find its 
viscosity: 
Solution 
F=40 kgf = 40*9.81 = 392.4 N 
Fh=F*sinθ=392.4*5/13 θ 

5 

12 

13 
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Ʈ=F/A=392.4*5/13*(1*1)=151N/m2 
Dv/dy=0.2/0.001=200 sec-1 
Ʈ=µdv/dy   thus: µ= Ʈ/[dv/dy] 
= 151/200=0.755N.sec/m2 7.55 poise 
Surface Tension 
Liquids have cohesion and adhesion, both of which are forms of molecular 
attraction. Cohesion enables a liquid to resist tensile stress, while adhesion 
enables it to adhere to another body. At the interface between a liquid and a gas, 
i.e., at the liquid surface, and at the interface between two immiscible (not 
mixable) liquids, the out-of-balance attraction force between molecules forms an 
imaginary surface film which exerts a tension force in the surface. This liquid 
property is known as surface tension. Because this tension acts in a surface, we 
compare such forces by measuring the tension force per unit length of surface. 
When a second fluid is not specified at the interface, it is understood that the 
liquid surface is in contact with air. The surface tensions of various liquids cover 
a wide range, and they decrease slightly with increasing temperature. Values of 
the surface tension for water between the freezing and boiling points vary from 
0.00518 to 0.00404 lb/ft (0.0756 to 0.0589 N/m);  
Capillarity 
Is the property of exerting forces on fluids by fine tubes or porous media; it is 
due to both cohesion and adhesion. When the cohesion is of less effect than the 
adhesion, the liquid will wet a solid surface it touches and rise at the point of 
contact; if cohesion predominates, the liquid surface will depress at the point of 
contact. For example, capillarity makes water rise in a glass tube, while mercury 
depresses below the true level, We call the curved liquid surface that develops in 
a tube a meniscus. 
A cross section through capillary rise in a tube 
looks like Fig. 3. From free-body considerations, 
equating the lifting force created by surface 
tension to the gravity force will give: 
2∏rδ cos θ = ∏r2hγ 
Thus 
𝒉𝒉 =

𝟐𝟐𝟐𝟐𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐
𝜸𝜸𝒔𝒔

 

where  
δ= surface tension (sigma) in units of force per unit 
length 
θ= wetting angle (theta) 
γ = specific weight of liquid 
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r = radius of tube 
6 
h = capillary rise 
Ex: Water at 10°C stands in a clean glass tube of 2-mm diameter at a height of 
35 mm. What is the true static height? 
γ = 9804 N/m3, δ = 0.0742 N/m., for clean glass tube: θ = 0°. 
Solution 

ℎ =
2𝛿𝛿𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿
𝛾𝛾𝛾𝛾 =

2 ∗ 0.0742 ∗ 1
9804 ∗ 0.001 = 0.01514𝑚𝑚 = 15.14𝑚𝑚𝑚𝑚 

True static height = 35.00 - 15.14 = 19.86 mm 
Ex: 0.002 inch water drop. What is the pressure inside it at 68 F if surface 
tension is 0.0048 lb/ft and local atmospheric pressure is 14.7 psia 
Solution 

ℎ =
2𝛿𝛿𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿
𝛾𝛾𝛾𝛾  

𝛾𝛾ℎ = 𝑃𝑃 =
2𝛿𝛿𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿

𝛾𝛾 = 2 ∗ 0.
0048

12
𝛿𝛿𝑣𝑣𝑚𝑚0
0.001 = 0.83 𝑝𝑝𝑚𝑚𝑝𝑝 

Pin drop= PC+ Pbar =0.83+14.7=15.53 psi 
Vapor Pressure of Liquids 
All liquids tend to evaporate or vaporize, which they do by projecting molecules 
into the space above their surfaces. If this is a confined space, the partial pressure 
exerted by the molecules increases until the rate at which molecules reenter the 
liquid is equal to the rate at which they leave. For this equilibrium condition, we 
call the vapor pressure the saturation pressure. 
Molecular activity increases with increasing temperature and decreasing 
pressure, and so the saturation pressure does the same. At any given temperature, 
if the pressure on the liquid surface falls below the saturation pressure, a rapid 
rate of evaporation results, known as boiling. Thus we can refer to the saturation 
pressure as the boiling pressure for a given temperature, and it is of practical 
importance for liquids. We call the rapid vaporization and recondensation of 
liquid as it briefly passes through a region of low absolute pressure cavitation. 
 This phenomenon is often very damaging, and so we must avoid it;  
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Introduction to fluid statics 

 
 

Pressure is defined as a normal force exerted by a fluid per unit area. 
Units of pressure are N/m2, which is called a pascal(Pa).  
Since the unit Pa is too small for pressures encountered in practice, kilopascal (1 
kPa= 103Pa) and megapascal(1 MPa= 106Pa) are commonly used. 
Other units include bar, atm, kgf/cm2, lbf/in2=psi. 
Actual pressure at a give point is called the absolute pressure. 
Most pressure-measuring devices are calibrated to read zero in the atmosphere, 
and therefore indicate  

gage pressure, Pgage=Pabs-Patm. 
Pressure below atmospheric pressure are called vacuum pressure, 

Pvac=Patm-Pabs 
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Fluid Statics 
Concerned with forces in a stationary fluid 
Recall. In a stationary fluid, shear stress . However, fluid can sustain the normal 
stress. 
Fluid pressure: It is a normal force per unit area of the 
fluid element, acting inward onto the element. Consider 
a fluid element, ABC: 

 

Pressure acts inward on all three faces of the element.  
Consider another fluid element: 
Pressure also acts inward on the differential element 
dA 
Pascal's Theorem-Pressure at any point within a 
static fluid is the same in all directions. 
Let us prove it. Consider a triangular fluid element 
ABC in a 2-D(x-z) scenario. Pressure acts on all 3-faces of the element inward 
and normal to  the surface. Take unit width 
 
 
 
 
 
 
 
 
Force balance: 
For X- direction 

px 

y 
dz 

dx 
dy 

py 

pz 
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∑Fx=0 
−𝑃𝑃𝑥𝑥 ∗ 𝑑𝑑𝑑𝑑*1+𝑃𝑃𝑧𝑧 ∗ 𝑑𝑑𝑑𝑑 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 ∗ 1 = 0 
From the triangle ABC we have: dy=dz*cosθ: thus 
−𝑃𝑃𝑥𝑥𝑑𝑑𝑑𝑑*1+𝑃𝑃𝑧𝑧 ∗ 𝑑𝑑𝑑𝑑 = 0 
𝑃𝑃𝑥𝑥=Pz 
For y- direction 
∑Fy=0 
𝑃𝑃𝑦𝑦 ∗ 𝛿𝛿x*1 - 𝑃𝑃𝑧𝑧𝑑𝑑𝑑𝑑 ∗ 𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 ∗ 1 − 0.5 ∗ 𝛿𝛿𝑑𝑑 ∗ 𝛿𝛿𝛿𝛿 ∗ 1 ∗ 𝜌𝜌 ∗ 𝑘𝑘 = 0 
At a point means δy*δx approaches zero: thus 
𝑃𝑃𝑦𝑦 ∗ 𝑑𝑑x*1-𝑃𝑃𝑧𝑧𝑑𝑑𝑑𝑑 ∗ 𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 ∗ 1 = 0 
From the triangle ABC we have: dx=dz*sinθ: thus 
𝑃𝑃𝑦𝑦 ∗ 𝑑𝑑x*1-𝑃𝑃𝑧𝑧𝑑𝑑𝛿𝛿 ∗ 1 = 0 
𝑃𝑃𝑦𝑦-𝑃𝑃𝑧𝑧 = 0 
𝑃𝑃𝑦𝑦=𝑃𝑃𝑧𝑧 
Thus : 𝑷𝑷𝒅𝒅=𝑷𝑷𝒙𝒙=𝑷𝑷𝒛𝒛 
The pressure on a point in a fluid is equal from all directions 

 
 
 
 
 
 
 
 

Variation of Pressure with Depth 
In the presence of a gravitational field, pressure 
increases with depth because more fluid rests on 
deeper layers. To obtain a relation for the variation of 
pressure with depth, consider rectangular element  
Force balance in z-direction gives: 

Fz = maz=0 
P2 ∆x-P1 ∆ x-ρg∆x∆z=0 
Rearranging gives 
∆P=P2-P1= ρg∆x∆z  
Pressure in a fluid at rest is independent of the shape of the container: Pressure is 
the same at all points on a horizontal plane in a given fluid 
dp/dh=- ρg 
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Pressure Measuring Devices 
Barometer 
• Device for measuring atmospheric pressure. 
• Filled with mercury 
• Mercury filled tube is inverted in mercury bath. 
Mercury column drops a little – filled with mercury 
vapor at 0.17 Pa. 
The height of the mercury provides the atmospheric 
pressure 
0 + γh = Patm 
Patm = γh 
Manometers 
Instrument to measure pressure.  
• Simplest kind – U tube manometer 
• One end – open to the atmosphere 
•Other end – connected to the fluid whose pressure 
is to be measured 
 

Problem 3.8 (SI units) 
Compute the pressure at A? 
γm = 9.81 x 13.54 = 132.8 kN/m3 
P1 = 0 
P2 = 0.25 x 132.8 = 33.2 kN/m2 
P3 = P2 = 33.2 kN/m2 
P4 = P3 – 0.4 x 9.81 = P3 - 3.92 = 29.28 
kN/m2 
Answer = PA = 29.28 kN/m2 = 29.28kPa 
Problem 3.9 (US Units) 
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Determine the difference in pressure between points A and B 
Specific wt of water = 62.4 lb/ft3. 
P1 = Pa + 33.75 x γo 
P1 = P2 
P3 = P1 – 29.5 x γw 
P4 = P3 – 4.25 x γo 
Pb = P4  
     = Pa + 33.75 x γo – 29.5 x γw – 4.25 x γo 
Or 
Pb – Pa = 33.75 x γo – 29.5 x γw – 4.25 x γo 
              = 29.5 γo – 29.5 x γw 
              = 29.5(γo – γw) 
γo = 0.86 x 62.4 = 53.7 lb/ft3 
Pb-Pa = 29.5 in x (53.7 – 62.4) lb/ft3 
= 29.5 in x (-8.7 lb/ft3) x (1 ft3/ 1728 in3) 
Answer : Pb – Pa = -0.15 lb/in2 
Alternative method: 

1- Start from one end and write pressure in 
appropriate units 

2- Go to the other end (-ve ) for lower meniscus 
and (+ve) for upper meniscus  

3- Equate the result to the pressure at the other 
end 

HA-H1S1 +H2S2+H3S3=HB 
Or 
PA-H1γ1 +H2 γ 2+H3 γ 3=PB 
HA- HB =+H1S1 -H2S2-H3S3 
HA- HB =+(29.5+4.25)*0.86 -29.5*1-4.25*0.86 
             =+29.025-29.5-3.655=-4.13in H2O 
P=γH =62.4*(-4.13/12)=-21.476Lb/ft2 

          =- 21.476/144=-0.15psi 
Other Types of Manometers 
(a) Well type Manometer 
(b) Inclined Manometer 
U-Tube Manometer 
U-tube manometer is used to measure pressure. 
U tube manometer is made from Glass or Plastic 
tube in U Shape. In U tube manometer Mercury is 
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filled It is a simple glass tube in which liquid is filled. The liquid is either 
mercury or colour liquid. the one end of tube is joint with one pressure tape & 
the another end of tube is joint with another  pressure tape 
Inclined Manometer 
Inclined manometer is  also known as slant manometer. It is an enlarged 
manometer. For expanding scale, measuring leg is inclined. So its sensitivity 
increased 
 
Ex: 
An inclined manometer is required to measure 
an air pressure of 3mm of water to an 
accuracy of +/- 3%.  
The inclined arm is 8mm in diameter and the 
larger arm has a diameter of 24mm. The 
manometric fluid has density 740 kg/m3 and 
the scale may be read to +/- 0.5mm. What is 
the angle required to ensure the desired 
accuracy may be achieved?  
P1+Z1γair1 - (Z1 +Z2 )γ 2=P2 
Since γair1 is very small, it can be made zero. 
Thus: 
P1-P2 = (Z1 +Z2 )γ 2 
Volume goes from large reservoir = volume in the tube 
Z1 A1 =Z2 A2/sinθ= x A2 
Z1*пD2/4 = Z2* пd2/4 =x пd2/4  
Z1= Z2 d2/[sinθ*D2]=x d2/D2 
Thus: Z1= x d2/D2 and Z2= x sinθ 
Z1+Z2 =x(sinθ+ d2/D2) 
Thus: 
P1-P2 = x(sinθ+ d2/D2)γ 2 
P1-P2 = x(sinθ+ d2/D2)ρg 
ρwgh= x(sinθ+ d2/D2)ρg 
h=0.74*x*(sinθ+0.0082/0.0242) 
The head being measured is 3% of 3mm = 
0.003x0.03 = 0.00009m 
This 3% represents the smallest 
measurement possible on the manometer, 
0.5mm = 0.0005m, giving 
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0 00009= 0. 74* 0.0005(sinθ +0.1111) 
Sinθ= 0.132 
θ=7.6 
 
 
 
 
 
Well-type manometer 

 
 

Gage - Pressure sensed mechanically 

Pressure transducer – pressure measured at one point, 
displayed at another – pressure sensed mechanically and 
converted into an electrical signal. 
Q. A pressure gage at 19.0 ft from bottom of tank reads 
=13.19 psi. Another at 14 ft, reads = 15.12 psi 
Compute – specific wt, density, and specific gravity of fluid 
in tank: 
We have two known pressure points and the distance 
between them!  

Δp = γ Δh 
 (15.12 – 13.19) * 144 = γ * (19.0-14.0) 
Therefore γ = 55.6 lb/ft3 
Remember γ = ρg 
Therefore, ρ = 55.6/ 32.2 = 1.73 slug/ft3 
SG = γf/ γw = 55.6/62.4 = 0.891. 
Q:A reservoir of CCl4 has mass of 500 kg and a volume of 0.315 m3. Find the 
weight, density, specific weight and specific gravity. 
m = 500 kg 
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g = 9.81 m/s2 
W = mg = 500*9.81 = 4905 N = 4.905 kN 
Density = ρ = m/V = 500/0.315 = 1587 kg/m3 
Specific wt = γ = W/V = 4.905/0.315 = 15.57 kN/m3 
SG = 15.57/9.81 = 1.59 
Q. Fluid is Oil = SG = 0.85 Find the pressure heads at A and B? 
γw = 9.81 kN/m3 
γo = 0.85*9.81 = 8.33 kN/m3 
pA = 0 – 2.8*8.33 = - 23.35 kN/m2 
pB = -23.35 + 2.2*8.33 = -5.02 kN/m2 
 
 
 
 
 
 
 
 
 
 
 
 
 
Ex: 
a) Write an expression for the water difference between points A and B, pA-pB, 

in terms of γw , the specific gravity of the oil, SGoil, the levels of the fluids z’s 
at A, B, C, D and E.   

b) Determine the pressure difference between locations A and B in the figure 
below. The water has a γw = 9800 N/m3 and the oil specific gravity, SGoil = 
0.85.  

 
             

0.15 m 

 

      
Water 

  
E 

  
 

          
B  

 
Water 

          
 

          
 

              
 

A       
 0.2 m  

   
 

         
 

          Oil   

 
B 

2.2m 

0.6
 

A 
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D 

 

      0.15 m  
 

        
0.1 m SG = 0.85  

        
 

          
 

   

C 

    

Oil 

  
 

         
 

         

               

Solution:  
p A − p B = ( p A − pC ) + ( pC − p D )+ ( p D − p E )+ ( p E − pB ) 
= −γ w ( z A − z C ) − γ oil ( z C − z D ) − γ w ( z D − z E ) − γ oil ( z E − zB )  
= −γ w   ( z A − zC ) + SGoil ( z C − z D ) + ( z D − z E ) + SGoil ( z E − zB )  
= − 9800 N/m3 × 0.15 m + 0.85× ( −0.10 m) + ( −0.20 m) + 0.85×( 0.15 m)  
= 73.5 Pa = p A − pB  
Ex: derive an expression to find pressure difference between two points with in 
the pipe using manometer: 
P A + 𝜸𝜸𝒕𝒕 y - 𝜸𝜸𝒎𝒎𝒙𝒙 − 𝜸𝜸𝒕𝒕 [y-x]= PB:  P A - PB= x[  𝜸𝜸𝒎𝒎 − 𝜸𝜸𝒕𝒕]  
if the manometer liquid is mercury and the flowing fluid is water: 
𝑷𝑷𝑨𝑨 − 𝑷𝑷𝑩𝑩 = 𝒙𝒙[𝜸𝜸𝑯𝑯𝟏𝟏 − 𝜸𝜸𝒘𝒘] 
[𝑷𝑷𝑨𝑨 − 𝑷𝑷𝑩𝑩]/𝜸𝜸𝒘𝒘 = 𝒙𝒙[𝜸𝜸𝑯𝑯𝟏𝟏/𝜸𝜸𝒘𝒘 − 𝟏𝟏] 
[𝑷𝑷𝑨𝑨 − 𝑷𝑷𝑩𝑩]/𝜸𝜸𝒘𝒘 = 𝒙𝒙[𝑺𝑺𝑯𝑯𝟏𝟏 − 𝟏𝟏]:   [𝑷𝑷𝑨𝑨 − 𝑷𝑷𝑩𝑩]/𝜸𝜸𝒘𝒘 = 𝟏𝟏𝟐𝟐.𝟔𝟔 ∗ 𝒙𝒙 
 
 
 
 
 
 
 
 
 
 
For inverted manometer with a fluid of lower density than that of the flowing 
fluid 
P A - 𝜸𝜸𝒕𝒕 y + 𝜸𝜸𝒎𝒎𝒙𝒙 + 𝜸𝜸𝒕𝒕 [y-x]= PB 
P A - PB= x[  𝜸𝜸𝑷𝑷 − 𝜸𝜸𝒎𝒎]  
𝑷𝑷𝑨𝑨 − 𝑷𝑷𝑩𝑩 = 𝒙𝒙[𝜸𝜸𝑷𝑷 − 𝜸𝜸𝒎𝒎] 
For oil and water 
[𝑷𝑷𝑨𝑨 − 𝑷𝑷𝑩𝑩]/𝜸𝜸𝒘𝒘 = 𝒙𝒙[𝟏𝟏 − 𝜸𝜸𝟎𝟎/𝜸𝜸𝒘𝒘] 
[𝑷𝑷𝑨𝑨 − 𝑷𝑷𝑩𝑩]/𝜸𝜸𝒘𝒘 = 𝒙𝒙[𝟏𝟏 − 𝑺𝑺𝟐𝟐] 

A A 

γm 

 

γP 
x 

y 
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If the manometer fluid is air 
P A - 𝜸𝜸𝒕𝒕 y +𝜸𝜸𝒕𝒕 [y-x]= PB:       P A - PB= x[  𝜸𝜸𝑷𝑷]  
𝑷𝑷𝑨𝑨 − 𝑷𝑷𝑩𝑩 = 𝒙𝒙[𝜸𝜸𝑷𝑷] = 𝒙𝒙𝑺𝑺 
 
 
 
 
 
 
 
 
Problem 2. In the figure below, the tank contains water and immiscible oil at 
20oC. What is h in cm if the density of the oil is 
898 kg/m3? 
Solution: We identify the level of the top surface 
of the oil as 1, the interface between the oil and 
the water as 2 and the level of the top surface of 
water as 3. We choose the zero level to be the 
bottom of the tank; therefore: 
z1 = h + 12 cm + 8 cm = h + 20 cm = h + 0.2 m, 
 z 2 = 8 cm = 0.08 m, 
 z3 = 6 cm+12 cm +8 cm = 0.26 m.  
The density of oil is, ρoil = 898 kg/m3;  
therefore, its specific weight,  
γ oil = ρ oil g = 898× 9.8 =8800.4 N/m3. The specific weight is: 
γ water = 9,800 N/m3. Now,  

� 𝑑𝑑𝑝𝑝 = � −𝛾𝛾𝑑𝑑𝛾𝛾
3

1

3

1
 

A B 

γP 

x 
y γm 

A B 

γP 

x 
y γm 

1 

2 

3  

Oil Oil 

 

Air vent 
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P3-P1= −𝛾𝛾𝑣𝑣𝑜𝑜𝑙𝑙 ∫ 𝑑𝑑𝛾𝛾 −2

1 𝛾𝛾𝑤𝑤 ∫ 𝑑𝑑𝛾𝛾3
2 =-−𝛾𝛾𝑣𝑣𝑜𝑜𝑙𝑙(𝛾𝛾2 − 𝛾𝛾1) − 𝛾𝛾𝑤𝑤(𝛾𝛾3 − 𝛾𝛾2) 

We set the difference between p1 and p3 to be zero, because both of them 
are equal to the atmospheric pressure (both ends are open to the 
atmosphere). Substituting the values of the specific weights and the levels, we 
get: 
𝛾𝛾𝑣𝑣𝑜𝑜𝑙𝑙(𝛾𝛾1 − 𝛾𝛾2) − 𝛾𝛾𝑤𝑤(𝛾𝛾3 − 𝛾𝛾2) = 0 
8800.4(ℎ + 0.2 − 0.08) − 9800(0.26 − 0.08) = 0 

ℎ =
9800

8800.4
(0.26 − 0.08)0.12 = 0.08𝑚𝑚 

Ex: Compartments A and B of the tank shown in the figure below are closed 
and filled with air and a liquid with a specific gravity equal to 0.6.   If 
atmospheric pressure is 101 kPa (abs) and the pressure gage reads 3.5 kPa 
(gage), determine the manometer reading, h. 

 
 
 
 
 
 
 
 
 
 
 

P A - 𝜸𝜸𝒘𝒘 ∗ 𝒉𝒉 y + 𝑺𝑺𝑳𝑳𝜸𝜸𝒘𝒘(𝒉𝒉 + 𝟎𝟎.𝟎𝟎𝟐𝟐) + 𝑺𝑺𝑯𝑯𝟏𝟏𝜸𝜸𝒘𝒘(𝟎𝟎.𝟎𝟎𝟑𝟑) = PB 
P A - PB = +𝜸𝜸𝒘𝒘 ∗ 𝒉𝒉 - 𝑺𝑺𝑳𝑳𝜸𝜸𝒘𝒘(𝒉𝒉 + 𝟎𝟎.𝟎𝟎𝟐𝟐)− 𝑺𝑺𝑯𝑯𝟏𝟏𝜸𝜸𝒘𝒘(𝟎𝟎.𝟎𝟎𝟑𝟑)   
[P A - PB]/ 𝜸𝜸𝒘𝒘 = 𝒉𝒉 – 𝒉𝒉 ∗ 𝑺𝑺𝑳𝑳 − 𝟎𝟎.𝟎𝟎𝟐𝟐 ∗ 𝑺𝑺𝑳𝑳 − 𝑺𝑺𝑯𝑯𝟏𝟏(𝟎𝟎.𝟎𝟎𝟑𝟑) 
[P A - PB]/ 𝜸𝜸𝒘𝒘 +𝑺𝑺𝑯𝑯𝟏𝟏(𝟎𝟎.𝟎𝟎𝟑𝟑) = 𝒉𝒉 – 𝒉𝒉 ∗ 𝑺𝑺𝑳𝑳 − 𝟎𝟎.𝟎𝟎𝟐𝟐 ∗ 𝑺𝑺𝑳𝑳 
H=[1-SL]*{[P A - PB]/ 𝜸𝜸𝒘𝒘 +𝑺𝑺𝑯𝑯𝟏𝟏(𝟎𝟎.𝟎𝟎𝟑𝟑)} 
H=[1-0.6]*{[3.5 - 0]/ 𝟗𝟗.𝟖𝟖 +𝟏𝟏𝟑𝟑.𝟔𝟔 ∗ (𝟎𝟎.𝟎𝟎𝟑𝟑)} = 𝟎𝟎.𝟑𝟑𝟎𝟎𝟔𝟔𝒎𝒎 
Ex: Determine the pressure difference between points X and Y in the system 
shown below. 
pY = pX + ρAgh1 -ρBgh2 -ρCg (h3 - h2 ) + ρDg (h3 - h4 ) -ρE gh5 

 
 

A 

3cm 

Hg water S=0.6 

Air 

3.5 kPa (gage) 

h 2cm 

B 

Fluid A 
Fluid E 

Fluid C 
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Ex: In fig. 1 , the pipe A contain water and the manometer fluid is of sp.gr of 
2.94. when hA=10 cmH2O, the reading on the lef meniscus is at zero on the 
scale. Find the reading on the right meniscus when hA = 8kPas with no 
adjustment of U-tube or scale. 
Solution 
𝒉𝒉𝒎𝒎 + 𝒉𝒉𝟏𝟏𝑺𝑺𝟏𝟏 − 𝒉𝒉𝟐𝟐𝑺𝑺𝟐𝟐𝟏𝟏 = 𝟎𝟎 
𝒉𝒉𝒎𝒎 + 𝟔𝟔𝟎𝟎 ∗ 𝟏𝟏 − 𝒉𝒉𝟐𝟐 ∗ 𝟐𝟐.𝟗𝟗𝟒𝟒 = 𝟎𝟎 
𝒉𝒉𝟐𝟐 = 𝟐𝟐𝟒𝟒𝒔𝒔𝒎𝒎 
𝒇𝒇𝟐𝟐𝒔𝒔 𝒉𝒉𝒎𝒎 = 𝟖𝟖𝟏𝟏𝑷𝑷𝒎𝒎𝒔𝒔 

𝟖𝟖
𝟏𝟏𝟎𝟎𝟏𝟏𝟑𝟑𝟐𝟐𝟔𝟔

∗ 𝟏𝟏𝟎𝟎.𝟑𝟑𝟒𝟒 = 𝟎𝟎.𝟖𝟖𝟏𝟏𝟔𝟔𝒎𝒎𝑯𝑯𝟐𝟐𝟖𝟖 
= 𝟖𝟖𝟏𝟏.𝟔𝟔𝒔𝒔𝒎𝒎 𝑯𝑯𝟐𝟐𝟖𝟖 
𝒉𝒉𝒎𝒎 + 𝒉𝒉𝟏𝟏𝑺𝑺𝟏𝟏 + 𝒙𝒙𝒉𝒉𝟏𝟏 − (𝟐𝟐𝒙𝒙 + 𝟐𝟐𝟒𝟒)𝑺𝑺𝟐𝟐 = 𝟎𝟎                         Fig. 1 
81.6 + 60 ∗ 1 + 𝛿𝛿 ∗ 1 − (2𝛿𝛿 + 24) ∗ 2.94 = 0 
𝛿𝛿 = 14.68𝛿𝛿𝑚𝑚 
𝛾𝛾𝑑𝑑𝑚𝑚𝑑𝑑𝑝𝑝𝑑𝑑𝑘𝑘 = 24 + 14.86 = 38.68𝛿𝛿𝑚𝑚 

 
Ex: what is the pressure at a  
point 10m below the free surface of a fluid 
that has variable density 
𝜌𝜌 = 450 + 𝑚𝑚ℎ 
𝑷𝑷 = 𝜸𝜸𝒉𝒉                                                                            Fig. 2 
𝒅𝒅𝒕𝒕 = 𝝆𝝆𝟏𝟏𝒅𝒅𝒉𝒉 

𝑃𝑃 = � (450 + 𝑚𝑚ℎ)𝑘𝑘𝑑𝑑ℎ
ℎ

0
 

𝑃𝑃 = ∫ (450 + 12ℎ)𝑘𝑘𝑑𝑑ℎℎ
0 = 9.81[450ℎ + 12ℎ2

2
] 0

10 =50010N/m2 
Note that a=12 kg/m4 
Ex: In the following figure determine gage reading in N/m2 

X 

Fluid D Fluid B 

h1 h2 

h4 

h5 

H3 

Y 

H2 
H1=60cm 

A 

H2+2x 
H1+x=60cm+x 

A 
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ℎ𝐴𝐴 + 𝑆𝑆ℎ𝑘𝑘 ∗ ℎ2 = 0 
ℎ𝐴𝐴 = −13.6 ∗ 0.2 = −2.72𝑚𝑚𝑚𝑚2𝑂𝑂 
ℎ𝑘𝑘 − ℎ𝑤𝑤𝑆𝑆𝑤𝑤 = ℎ𝐴𝐴 
ℎ𝑘𝑘 − 3 ∗ 1 = −2.72 
ℎ𝑘𝑘 = 0.28𝑚𝑚 𝑚𝑚2𝑂𝑂 
𝑃𝑃 = 𝛾𝛾ℎ = 9810 ∗ 0.28 = 2746.8𝑁𝑁/𝑚𝑚2 
Ex: In the following figure , find the level of E and F and find h if 
pressure gage reading is -0.21kg/m2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A 

Gage 

3 m 

20cm 

Hg 

Air 
 

Elevation =20.7 m        point 1 

P gage= -0.21 kg/m2 
 
Elevation = 25.5m 

Oil S=0.7 
 

 
E=17.4m       point 2 

E 

 
 

 

water 
 

 
E=14.8m          point 3 

F 
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𝑷𝑷𝟏𝟏 = 𝜸𝜸𝒉𝒉 =

−𝟎𝟎.𝟐𝟐𝟏𝟏𝟏𝟏𝟏𝟏
𝒎𝒎𝟐𝟐

 

𝒉𝒉𝟏𝟏 =
−𝟎𝟎.𝟐𝟐𝟏𝟏𝟏𝟏𝟏𝟏

𝒎𝒎𝟐𝟐
∗
𝟏𝟏𝟎𝟎𝟎𝟎𝟎𝟎
𝟏𝟏𝟎𝟎𝟎𝟎𝟎𝟎

= −𝟐𝟐.𝟏𝟏𝒎𝒎𝑯𝑯𝟐𝟐𝟖𝟖 
𝒉𝒉𝟏𝟏 + (𝟐𝟐𝟎𝟎.𝟕𝟕 − 𝟏𝟏𝟕𝟕.𝟒𝟒) ∗ 𝑺𝑺𝟐𝟐𝑺𝑺𝒔𝒔 − 𝒉𝒉𝟐𝟐𝑺𝑺𝒔𝒔 ∗ 𝑺𝑺𝟐𝟐𝑺𝑺𝒔𝒔 = 𝟎𝟎 
−𝟐𝟐.𝟏𝟏 + (𝟑𝟑.𝟑𝟑) ∗ 𝟎𝟎.𝟕𝟕 = 𝒉𝒉𝟐𝟐𝑺𝑺𝒔𝒔 ∗ 𝟎𝟎.𝟕𝟕 

𝒉𝒉𝟐𝟐𝑺𝑺𝒔𝒔 = 𝑬𝑬 = 𝟐𝟐.
𝟏𝟏
𝟎𝟎

.𝟕𝟕 = 𝟑𝟑 𝒎𝒎 𝟐𝟐𝑺𝑺𝒔𝒔 
𝒉𝒉𝒘𝒘 ∗ 𝑺𝑺𝒘𝒘 = 𝒉𝒉𝟐𝟐𝑺𝑺𝒔𝒔 ∗ 𝑺𝑺𝟐𝟐𝑺𝑺𝒔𝒔 

𝒉𝒉𝒘𝒘 = 𝟑𝟑 ∗
𝟎𝟎.𝟕𝟕
𝟎𝟎.𝟕𝟕

= 𝟐𝟐.𝟏𝟏𝟔𝟔𝒎𝒎 𝒘𝒘𝒎𝒎𝒉𝒉𝒔𝒔𝒔𝒔 
𝒉𝒉𝑬𝑬 𝒇𝒇𝒔𝒔𝟐𝟐𝒎𝒎 𝒅𝒅𝒎𝒎𝒇𝒇𝒔𝒔𝒎𝒎 = 𝟏𝟏𝟕𝟕.𝟒𝟒 + 𝟑𝟑 = 𝟐𝟐𝟎𝟎.𝟒𝟒𝒎𝒎 
𝒉𝒉𝟑𝟑 ∗ 𝑺𝑺𝟑𝟑 + (𝟏𝟏𝟕𝟕.𝟒𝟒 − 𝟏𝟏𝟒𝟒.𝟖𝟖) ∗ 𝟏𝟏 − 𝒉𝒉𝟐𝟐 ∗ 𝑺𝑺𝟐𝟐 = 𝟎𝟎 
𝟐𝟐.𝟏𝟏 ∗ 𝟏𝟏 + 𝟐𝟐.𝟔𝟔 ∗ 𝟏𝟏 = 𝒉𝒉𝟐𝟐 ∗ 𝟏𝟏 
𝒉𝒉𝟐𝟐 = 𝟒𝟒.𝟔𝟔𝒎𝒎 𝒘𝒘𝒎𝒎𝒇𝒇𝒔𝒔𝒔𝒔 
𝑬𝑬𝒔𝒔𝒔𝒔𝒗𝒗𝒎𝒎𝒇𝒇𝑺𝑺𝟐𝟐𝒅𝒅 𝒎𝒎𝒇𝒇 𝑭𝑭 = 𝟏𝟏𝟒𝟒.𝟖𝟖 + 𝟒𝟒.𝟔𝟔 = 𝟏𝟏𝟗𝟗.𝟒𝟒𝒎𝒎 
𝒉𝒉𝟑𝟑 ∗ 𝑺𝑺𝟑𝟑 + (𝟏𝟏𝟒𝟒.𝟖𝟖 − 𝟏𝟏𝟎𝟎.𝟐𝟐) ∗ 𝟏𝟏 − 𝒉𝒉 ∗ 𝑺𝑺𝒉𝒉𝟏𝟏 = 𝟎𝟎 
4.6*1*1+4.6*1=h *13.6 

𝒉𝒉 =
𝟗𝟗.𝟐𝟐
𝟏𝟏𝟑𝟑.𝟔𝟔

= 𝟎𝟎.𝟔𝟔𝟕𝟕𝟔𝟔𝟒𝟒𝟕𝟕𝒎𝒎 
𝑬𝑬𝒔𝒔𝒔𝒔𝒗𝒗𝒎𝒎𝒇𝒇𝑺𝑺𝟐𝟐𝒅𝒅 𝒎𝒎𝒇𝒇 𝒉𝒉 = 𝟏𝟏𝟎𝟎.𝟐𝟐 + 𝟎𝟎.𝟔𝟔𝟕𝟕𝟔𝟔𝟒𝟒𝟕𝟕 = 𝟏𝟏𝟎𝟎.𝟖𝟖𝟕𝟕𝟔𝟔𝟒𝟒𝟕𝟕𝒎𝒎 
 
 
 
 
 
 
 
 
 
 

mercury 
 

 

h 
 

 E=10.2m 
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Forces on Submerged Surfaces in Static Fluids 
We have seen the following features of statics fluids 
• Hydrostatic vertical pressure distribution 
• Pressures at any equal depths in a continuous fluid are equal 
• Pressure at a point acts equally in all directions (Pascal's law). 

• Forces from a fluid on a boundary acts at right angles to that boundary. 
Objectives: 
We will use these to analyze and obtain expressions for the forces on submerged 
surfaces. In doing this it should also be clear the difference between: 

• Pressure which is a scalar quantity whose value is equal in all directions and, 
• Force, which is a vector quantity having both magnitude and direction. 
1. Fluid pressure on a surface 
Pressure is defined as force per unit area. If a pressure p acts on a small 
area δA then the force exerted on that area will be 

𝑭𝑭 = 𝑷𝑷𝟐𝟐𝑨𝑨 
Since the fluid is at rest the force will act at right-
angles to the surface. 
General submerged plane 
Consider the plane surface shown in the figure 
below. The total area is made up of many 
elemental areas. The force on each elemental area 
is always normal to the surface but, in general, 
each force is of different magnitude as the pressure usually varies. 
We can find the total or resultant force, R, on the plane by summing up all of the 
forces on the small elements i.e. 
𝑅𝑅 = 𝑝𝑝1𝛿𝛿𝐴𝐴1 + 𝑝𝑝2𝛿𝛿𝐴𝐴2 + 𝑝𝑝3𝛿𝛿𝐴𝐴3 + ⋯… .𝑝𝑝𝑛𝑛𝛿𝛿𝐴𝐴𝑛𝑛 = ∑𝑝𝑝𝛿𝛿𝐴𝐴 
This resultant force will act through the centre of pressure, hence we can say:If 
the surface is a plane,  the force can be represented by one single resultant 
force, acting at right-angles to the plane through the centre of pressure. 
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Horizontal submerged plane 
horizontal plane submerged in a liquid 
(or a plane experiencing uniform 
pressure over its surface), the 
pressure, p, will be equal at all points 
of the surface. Thus the resultant force 
will be given by 
P=γh 
Now, the resultant Force: 
FR =PA=γ𝒉𝒉𝒔𝒔𝑨𝑨 
Acts through the Centroid, Where: 

ℎ𝑠𝑠 = 𝑣𝑣𝑑𝑑𝛾𝛾𝑣𝑣𝑝𝑝𝛿𝛿𝑚𝑚𝑣𝑣 𝑑𝑑𝑝𝑝𝑚𝑚𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿𝑑𝑑 𝑓𝑓𝛾𝛾𝑣𝑣𝑚𝑚 𝑣𝑣ℎ𝑑𝑑 𝑚𝑚𝑣𝑣𝛾𝛾𝑓𝑓𝑚𝑚𝛿𝛿𝑑𝑑 𝑣𝑣𝑣𝑣 𝑣𝑣ℎ𝑑𝑑 𝛿𝛿𝑑𝑑𝑑𝑑𝑣𝑣𝑑𝑑𝛾𝛾 𝑣𝑣𝑓𝑓 𝑘𝑘𝛾𝛾𝑚𝑚𝑣𝑣𝑝𝑝𝑣𝑣𝑑𝑑 
Curved submerged surface 
If the surface is curved, each elemental force will be a different magnitude and in 
different direction but still normal to the surface of that element. The resultant 
force can be found by resolving all forces into orthogonal co-ordinate directions 
to obtain its magnitude and direction. This will always be less than the sum of 
the individual forces, ∑pδA. 
Force on a Plane Area: General Case 
The origin O is at the Free Surface. 
A is the area of the surface. 
dAis a differential element of the surface. 
dFis the force acting on the differential element. 
C is the centroid. 
CP is the center of Pressure 
FR is the resultant force acting through CP 
Then the force acting on the differential element: 
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𝑑𝑑𝑑𝑑 = 𝛾𝛾ℎ𝑑𝑑𝐴𝐴 
Then the resultant force acting on the entire surface: 

𝑑𝑑𝑅𝑅 = � 𝛾𝛾ℎ𝑑𝑑𝐴𝐴
𝐴𝐴

 

We note that  h = y*sinθ 

𝑑𝑑𝑅𝑅 = � 𝛾𝛾𝑑𝑑𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿𝑑𝑑𝐴𝐴
𝐴𝐴

 

With γ and θ taken as constants: 

𝑑𝑑𝑅𝑅 = 𝛾𝛾𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿� 𝑑𝑑𝑑𝑑𝐴𝐴
𝐴𝐴

 

 We note, the integral part is the first moment of area about the x-axis : 

� 𝑑𝑑𝑑𝑑𝐴𝐴
𝐴𝐴

= 𝑑𝑑𝑠𝑠𝐴𝐴 

Where yc is the y coordinate to the centroid of the object.  
𝑑𝑑𝑅𝑅 = 𝛾𝛾𝐴𝐴𝑑𝑑𝑠𝑠𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿= 𝛾𝛾𝐴𝐴ℎ𝑠𝑠 
Where: 
ℎ𝑠𝑠 = 𝑑𝑑𝑠𝑠𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 
ℎ𝑠𝑠 = 𝑣𝑣𝑑𝑑𝛾𝛾𝑣𝑣𝑝𝑝𝛿𝛿𝑚𝑚𝑣𝑣 𝑑𝑑𝑝𝑝𝑚𝑚𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿𝑑𝑑 𝑓𝑓𝛾𝛾𝑣𝑣𝑚𝑚 𝑣𝑣ℎ𝑑𝑑 𝑚𝑚𝑣𝑣𝛾𝛾𝑓𝑓𝑚𝑚𝛿𝛿𝑑𝑑 𝑣𝑣𝑣𝑣 𝑣𝑣ℎ𝑑𝑑 𝛿𝛿𝑑𝑑𝑑𝑑𝑣𝑣𝑑𝑑𝛾𝛾 𝑣𝑣𝑓𝑓 𝑘𝑘𝛾𝛾𝑚𝑚𝑣𝑣𝑝𝑝𝑣𝑣𝑑𝑑 
Resultant Force 
To obtain the net hydrostatic force F on a plane surface:  
1. Determine depth of centroid hc for the area in contact with the fluid. 
2. Determine the (gage) pressure at the centroid Pc. 
3. Calculate F = PcA 
This resultant force acts at right angles to the plane through the centre of 
pressure, C, at a depth D.  
Center of Pressure: Location 

1- For Horizontal surface 
Hp= center of gravity 

2- For vertical surface 
 𝒅𝒅𝑭𝑭 = 𝜸𝜸𝒉𝒉𝒍𝒍𝒅𝒅𝒙𝒙 

h 

b 
hP 

hC dx 
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𝑭𝑭 = ∫𝜸𝜸𝒉𝒉𝒍𝒍𝒅𝒅𝒙𝒙 = 𝜸𝜸𝒉𝒉𝒔𝒔𝑨𝑨 
moment of F about liquid surface 
= 𝜸𝜸𝒉𝒉𝒍𝒍𝒅𝒅𝒙𝒙 ∗ 𝒉𝒉 
sum of moment =∫𝜸𝜸𝒉𝒉𝟐𝟐𝒍𝒍𝒅𝒅𝒙𝒙=𝜸𝜸∫𝒉𝒉𝟐𝟐𝒍𝒍𝒅𝒅𝒙𝒙 
𝑰𝑰𝟖𝟖 = �𝒉𝒉𝟐𝟐𝒍𝒍𝒅𝒅𝒙𝒙 

This is moment of inertia , second moment of area,  
about liquid level 
𝑴𝑴 = 𝜸𝜸𝑰𝑰𝟖𝟖 
Moment of force about liquid surface =F*hP, thus: 
𝑭𝑭𝒉𝒉𝒕𝒕 = 𝜸𝜸𝑰𝑰𝟖𝟖 = 𝜸𝜸 ∗ 𝒉𝒉𝑪𝑪 ∗ 𝐴𝐴 ∗ ℎ𝑝𝑝 

𝒉𝒉𝒕𝒕 =
𝑰𝑰𝟖𝟖

𝒉𝒉𝑪𝑪 ∗ 𝐴𝐴
 

but : 𝑰𝑰𝟖𝟖 = 𝑰𝑰𝑮𝑮 + 𝐴𝐴ℎ𝐶𝐶2  
𝑰𝑰𝑮𝑮 = 𝒎𝒎𝟐𝟐𝒎𝒎𝒔𝒔𝒅𝒅𝒇𝒇 𝟐𝟐𝒇𝒇 𝑺𝑺𝒅𝒅𝒔𝒔𝒔𝒔𝒇𝒇𝑺𝑺𝒎𝒎 𝒎𝒎𝒍𝒍𝟐𝟐𝒔𝒔𝒇𝒇 𝒉𝒉𝟐𝟐𝒔𝒔𝑺𝑺𝒛𝒛𝟐𝟐𝒅𝒅𝒇𝒇𝒎𝒎𝒔𝒔 𝒎𝒎𝒙𝒙𝑺𝑺𝒔𝒔 𝒇𝒇𝒉𝒉𝒔𝒔𝟐𝟐𝒔𝒔𝟏𝟏𝒉𝒉 𝒇𝒇𝒉𝒉𝒔𝒔 
 𝒔𝒔𝒔𝒔𝒅𝒅𝒇𝒇𝒔𝒔𝒔𝒔 𝟐𝟐𝒇𝒇 𝟏𝟏𝒔𝒔𝒎𝒎𝒗𝒗𝑺𝑺𝒇𝒇𝒅𝒅 

𝒉𝒉𝒕𝒕 =
𝑰𝑰𝑮𝑮

𝒉𝒉𝑪𝑪 ∗ 𝐴𝐴
+ 𝒉𝒉𝑪𝑪 

3- For Inclined surface 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

moment of F about OX= dF*L 

G 

P 

L 

yP 

dx 

HP 

b 
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= 𝜸𝜸𝑳𝑳𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝒍𝒍𝒅𝒅𝒙𝒙 ∗ 𝐿𝐿 
sum of moment = ∫𝒅𝒅𝑭𝑭𝑳𝑳 = ∫𝜸𝜸𝑳𝑳𝟐𝟐𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝒍𝒍𝒅𝒅𝒙𝒙=𝜸𝜸𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐 ∫𝑳𝑳𝟐𝟐𝒍𝒍𝒅𝒅𝒙𝒙 

= 𝑰𝑰𝟖𝟖 𝜸𝜸𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐 
𝑴𝑴 = 𝑭𝑭 ∗ 𝑳𝑳 = 𝜸𝜸𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝑰𝑰𝟖𝟖 
𝑳𝑳 = 𝒉𝒉𝑷𝑷 /𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐  
Thus: 
𝑭𝑭𝒉𝒉𝑷𝑷/𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐 =  𝜸𝜸𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝑰𝑰𝟖𝟖 
𝜸𝜸𝑰𝑰𝟖𝟖𝑚𝑚𝑝𝑝𝑑𝑑2𝟐𝟐 = 𝜸𝜸 ∗ 𝒉𝒉𝑪𝑪 ∗ 𝐴𝐴 ∗ ℎ𝑝𝑝 
𝒉𝒉𝒕𝒕 = 𝑰𝑰𝟖𝟖𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝟐𝟐

𝒉𝒉𝑪𝑪∗𝐴𝐴
:     but : 𝑰𝑰𝟖𝟖 = 𝑰𝑰𝑮𝑮 + 𝐴𝐴𝑑𝑑𝐶𝐶2 

𝑰𝑰𝑮𝑮 = 𝒎𝒎𝟐𝟐𝒎𝒎𝒔𝒔𝒅𝒅𝒇𝒇 𝟐𝟐𝒇𝒇 𝑺𝑺𝒅𝒅𝒔𝒔𝒔𝒔𝒇𝒇𝑺𝑺𝒎𝒎 𝒎𝒎𝒍𝒍𝟐𝟐𝒔𝒔𝒇𝒇 𝒉𝒉𝟐𝟐𝒔𝒔𝑺𝑺𝒛𝒛𝟐𝟐𝒅𝒅𝒇𝒇𝒎𝒎𝒔𝒔 𝒎𝒎𝒙𝒙𝑺𝑺𝒔𝒔 𝒇𝒇𝒉𝒉𝒔𝒔𝟐𝟐𝒔𝒔𝟏𝟏𝒉𝒉 𝒇𝒇𝒉𝒉𝒔𝒔  
𝒔𝒔𝒔𝒔𝒅𝒅𝒇𝒇𝒔𝒔𝒔𝒔 𝟐𝟐𝒇𝒇 𝟏𝟏𝒔𝒔𝒎𝒎𝒗𝒗𝑺𝑺𝒇𝒇𝒅𝒅 

𝒉𝒉𝒕𝒕 = [
𝑰𝑰𝑮𝑮 + 𝐴𝐴𝑑𝑑𝑠𝑠2

𝒉𝒉𝑪𝑪 ∗ 𝐴𝐴
]𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝟐𝟐 

𝑑𝑑𝐶𝐶2 = ℎ𝐶𝐶2/𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿:      Thus:𝒉𝒉𝒕𝒕 = �𝒔𝒔𝑺𝑺𝒅𝒅
𝟐𝟐𝟐𝟐∗𝑰𝑰𝑮𝑮+𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝟐𝟐𝑨𝑨ℎ𝐶𝐶

2/𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿
𝒉𝒉𝑪𝑪∗𝐴𝐴

� = 𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝟐𝟐∗𝑰𝑰𝑮𝑮
𝒉𝒉𝑪𝑪∗𝐴𝐴

+ 𝒉𝒉𝑪𝑪 

The table blow given some examples of the 2nd moment of area about a line 
through the centroid of some common shapes. 
Ex: Here is a vertical rectangular sluice gate as shown in figure,  h1=1m，
h2=2m, width b=1.5m. What is the resultant force and the center of pressure? 
Solution： 
𝑑𝑑 =  𝛾𝛾 �ℎ1 + ℎ2

2
� 𝑏𝑏ℎ2  

𝑑𝑑 =  9810 �1 + 2
2
� (1.5)(2) = 58800𝑁𝑁  

𝑑𝑑𝑃𝑃 = 𝐼𝐼𝑥𝑥𝑠𝑠
𝐴𝐴𝑦𝑦𝑠𝑠

+ 𝑑𝑑𝑠𝑠  

=

1

12
(1.5)23

�1+
2

2
�(1.5)(2)

+ 2 = 2.17𝑚𝑚 

The second moment of area of some common shapes. 

Shape About base 2nd moment of area, 𝐼𝐼𝑥𝑥𝑠𝑠, about 
an axis through the centroid 

Rectangle 

 

Bd3/3 
 

 

H1 

H2 
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π𝛾𝛾2/2 

 
 

Hydrostatic Force on a Plane Area: Geometric Properties  
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Centroid Coordinates Areas                                           Moments of Inerti 
4. Resultant force on a submerged curved surface 
As stated above, if the surface is curved the forces on each element of the surface 
will not be parallel and must be combined using some vectorial method. 
It is most straight forward to calculate the horizontal and vertical components 
and combine these to obtain the resultant force and its direction. (This can also 
be done for all three dimensions, but here we will only look at one vertical 
plane). 
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In the diagram below the liquid is resting on top of a 
curved base. 
The element of fluid ABC is equilibrium (as the fluid 
is at rest).  
Horizontal forces 
Considering the horizontal forces, none can act on CB 
as there are no shear forces in a static fluid 
so the forces would act on the faces AC and 
AB as shown below. 
We can see that the horizontal force on 
AC, , must equal and be in the opposite 
direction to the resultant force  on the 
curved surface. 
As AC is the projection of the curved surface 
AB onto a vertical plane, we can generalize this to say 
The resultant horizontal force of a fluid above a curved surface is: 
RH = Resultant force on the projection of the 
curved surface onto a vertical plane. 
We know that the force on a vertical plane must 
act horizontally (as it acts normal to the plane) and 
that  must act through the same point. So we 
can say 
RH acts horizontally through the centre of pressure 
of the projection of  
the curved surface onto an vertical plane. 
Thus we can use the pressure diagram method to 
calculate the position and magnitude of the resultant horizontal force on a two 
dimensional curved surface. 
Vertical forces 
The diagram below shows the vertical forces which 
act on the element of fluid above the curved surface. 
There are no shear force on the vertical edges, so the 
vertical component can only be due to the weight of 
the fluid. So we can say 
The resultant vertical force of a fluid above a curved 
surface is: 
RV = Weight of fluid directly above the curved 
surface. and it will act vertically downward through 
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the centre of gravity of the mass of  fluid. 
Resultant force 
The overall resultant force is found by combining the vertical and horizontal 
components vectorialy, 
𝑅𝑅 = � 𝑅𝑅𝐻𝐻2  + 𝑅𝑅𝑉𝑉2    
And acts through O at an angle of . 
The angle the resultant force makes to the horizontal is 

𝛿𝛿 = 𝑣𝑣𝑚𝑚𝑑𝑑−1[
𝑅𝑅𝑉𝑉
𝑅𝑅𝐻𝐻

] 

The position of O is the point of integration of the 
horizontal line of action of  and the vertical line of 
action of . 
What are the forces if the fluid is below the curved surface? This situation may 
occur or a curved sluice gate for example. The figure below shows a situation 
where there is a curved surface which is experiencing fluid pressure from below. 
The calculation of the forces acting from the fluid below is very similar to when 
the fluid is above. 
Horizontal force 
 From the figure below we can see the only two horizontal forces on the area of 
fluid, which is in equilibrium, are the horizontal reaction force which is equal and 
in the opposite direction to the pressure force on the vertical plane A'B. The 
resultant horizontal force, RH acts as shown in the diagram. Thus we can say:The 
resultant horizontal force of a fluid below a curved surface is: 
RH= resultant force on the projection of the curved surface on a vertical plane 
Vertical force 
The vertical force are acting are as shown on 
the figure below. If the curved surface were 
removed and the area it were replaced by the 
fluid, the whole system would be in 
equilibrium. Thus the force required by the 
curved surface to maintain equilibrium is equal 
to that force which the fluid above the surface 
would exert - i.e. the weight of the fluid. 
Thus we can say: 
The resultant vertical force of a fluid below a curved surface is: 
Rv =Weight of the imaginary volume of fluid vertically above the curved 
surface. 
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The resultant force and direction of application are calculated in the same way as 
for fluids above the surface: 
Resultant force 

𝑹𝑹 = � 𝑹𝑹𝑯𝑯𝟐𝟐  + 𝑹𝑹𝑽𝑽𝟐𝟐    

And acts through O at an angle of . 
The angle the resultant force makes to the horizontal is 

𝟐𝟐 = 𝒇𝒇𝒎𝒎𝒅𝒅−𝟏𝟏[
𝑹𝑹𝑽𝑽
𝑹𝑹𝑯𝑯

] 

Pressure Prism 
Components of Pressure Prism： 
（1）Pressed curved surface； 
（2）Vertical surface drawn along the curved surface edge 
（3）Free surface or extended surface of the free surface. 
Classification of pressure prism 
Real pressure prism and virtual pressure prism. For real pressure prism Fh acts 
downwards. For unreal pressure prism Fh acts upwards.  

        

To determine the vertical component of force on a curved 
surface in a hydrostatic fluid: 
1 .Identify the Pressure Prism. 
2.Determine the volume of the pressure prism. 
3.Calculate the weight of the pressure prism Fv = ρgV. 
4.The location of Fv is through the centroid of V.  
Example: Forces on Curved Surfaces 
Find the resultant force (magnitude and location) on a 1 m 
wide section of the circular arc. 

W1 

W2 

 

3m 

2m 

    

Real pressure prism                                                           Virtual pressure prism 
A 
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FV= W1+W2=(3)(2)γ+∏(2)2(1) γ/4=89.7KN 
Fh =PcA= γhcA=(4)(2)(1) γ = 78.5 kN 
F = [89.72+78.52]0.5=119.2kN 
tan∞=FV/FH=89.7/78.5=1.1426 
∞=48.81 
The vertical component line of action goes through the centroid of the volume of 
water above the surface 
Take moments about a vertical axis through A. 

𝛿𝛿𝑅𝑅𝑑𝑑𝑉𝑉 = (1)𝑊𝑊1 +
(4)(2)
3п

𝑊𝑊2 

4R/3п is the location of center of gravity of quarter of circle 
𝛿𝛿𝑅𝑅 = [(1)(58.9) + (4)(2)

3п
(30.8)]/89.7=0.948m (measured from A) with 

magnitude of 89.7 kN 
The  location of the line of action of the horizontal component is given by: 

𝐼𝐼𝐺𝐺 =
𝑏𝑏ℎ3

12 = 𝐼𝐼𝑥𝑥𝑠𝑠 =
1 ∗ 23

12 = 0.667𝑚𝑚4 
Yc=4m 
ℎ𝑃𝑃 = 𝐼𝐼𝐺𝐺

𝐴𝐴ℎ𝑠𝑠
+ ℎ𝑠𝑠 = 0.667

(4)(2)(1)
+4=4.08m 

Ex: 4 m diameter pipe is filled with oil of specific gravity equal to 0.87 is joined 
to a gate valve. If the pressure at the center of the pipe is 2 kgf/cm2 find the force 
hC and hp 
Solution: 
Consider the gate valve as it is immersed in oil so that the pressure subjected by 
oil column is equal to that in the pipe 
A=πd2/4= π42/4= 4π m2: P=2kg/cm2=2*104kg/m2: γ=0.87*9810=8535 N/m3 
F =γℎ𝑠𝑠𝐴𝐴=8535*4π*2=214508N                             

P=γh:     2*104*9.81=8535*h                                       
1kgf=9.81N 
H=23m                                                                          
𝑰𝑰𝑮𝑮 = 𝜋𝜋𝑑𝑑4

64
= 𝜋𝜋44

64
= 4𝜋𝜋𝑚𝑚4 

𝒉𝒉𝒕𝒕 = �
𝑰𝑰𝑮𝑮

𝒉𝒉𝑪𝑪 ∗ 𝐴𝐴
+ ℎ𝐶𝐶� = �

4𝜋𝜋
𝟒𝟒𝟒𝟒 ∗ 𝟐𝟐𝟑𝟑 + 23� = 23.403𝑚𝑚 

Ex: find the force and its direction on the gate 
AD/AO=sin45:  AD=5*sin45 :   AB=2*5*sin45=7.07 m 

hC 
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AH = 7.07*1=7.07 m2 
FH=γAℎ𝐶𝐶 = 9810 ∗ 7.07 ∗ 7.07

2
= 245250𝑁𝑁 

Fv=weight of imaginary liquid in ACBD 
AACBD = AACBO - AAOB 
           =π*52/4 -5*5/2=50/7 m2 
 
 
 
 
 
 
 
Fv=9810*50*1/7=70073N 
F=[FH

2 + Fv
2]0.5 =255064N 

Tanα=Fv/FH=70073/245250=0.2857 
α  = tan-10.2857 = 15.946 
Ex: the curved surface of a dam retaining water is shaped according to y= 
x2/4. If the height of water is 12 m, find F and its direction 
Solution 
y= x2/4,       x=2y0.5 
FH=γAℎ𝐶𝐶 = 9810 ∗ 12 ∗ 12

2
= 706.3𝐾𝐾𝑁𝑁 

FV=γ*Volume 
dV=xdy*1 

𝑑𝑑𝑉𝑉 = � 9.81 ∗ 𝛿𝛿𝑑𝑑𝑑𝑑 = 9.81
12

0
� 2𝑑𝑑0.5𝑑𝑑𝑑𝑑
12

0
 

  = 2*9.81 * y3/2/3/2]0
12=543.7KN 

F=[FH
2 + Fv

2]0.5 =891.2KN 
Tanα=Fv/FH=543.6/706.3=0.7696 
α  = tan-10.7696 = 15.946=37.6 
Problem 3. Gate AB is 1.2 m long and 0.8 m into the paper. Neglecting 
atmospheric pressure effects, compute the force F on the gate and its center of 
pressure position X from point A (see Figure). 
Solution: First, to find the resultant force, we use the following expression: 
F =γoil hC Agate  (neglect atmospheric pressure,Pa). The specific weight of oil may 
be expressed as:  

A 5m 

O 
D 

B 

45 

C 
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γ oil= SGoil ×γw = 0.82×9.8 kN/m3 . 
The height, hc, corresponds to the vertical distance from the oil surface to the 
centroid of the gate. This centroid, given that the gate is rectangular, sits in the 
middle of the gate at 1.2/2 or 0.6 m from A along the gate. hc may then be 
expressed as: 
hC =4 m + (1+0.6) m sin 40 = 5.028 m  
You have to be careful here to use the right units for the angle. Here, we use 
degrees; but, sometimes, the default is to use radians; explicitly state that the 
angle is in degrees when computing the sine. The area of the gate is expressed as 
the length times its width: 
Agate= 1.2 m × 0.8 m=0.96m2 
The center of pressure sits below the centroid by the following distance along the 
plate incline (note that along the width into the paper, xCP = 0, i.e. no shift for the 
center of pressure relative to the centroid in the x-direction): 
yCP=Ixcsinθ/[hcA] 
By using the following figure: 

 
Therefore,  I xc=(1/12)(b) (a)3  
I xc=(1/12) (0.8 m)(1.2 m)3= 0.1152 m4 
Note, here that we used the coordinate system, as shown in the figure above, to 
determine that a corresponds to the length and b corresponds to the depth into 
the paper. The value for yCP is: 
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yCP=Ixcsinθ/[hcA]=(0.1152*sin40)/[5.02*0.96]=0.0153m 
Note that if yCP is positive, then the position of the center of pressure is below the 
centroid.  
Now, we evaluate the distance X from A to the center of pressure as: 
CP X = 0.6 + yCp = 0.615 m  
ℎ𝑃𝑃 = 4 + (1 + 0.615)𝑚𝑚𝑝𝑝𝑑𝑑40) = 5.4334 
Problem 4. The tank shown below is 2 m wide into the paper. Neglecting 
atmospheric pressure, find the resultant hydrostatic force on panel BC. 
Solution: The resultant force acting normal to panel BC may be expressed as: 
 F =γ h A (neglect atmospheric pressure,pa). 
The centroid depth is determined as follows: 
3 3/2 4.5 m = .  
hc=3+ 3/2 =4.5m. The area of the gate is 
determined as follows: 
panel length panel width 
A = [3 2 + 42 ]0.5× 2 m = 10 m  
Therefore, the resultant force is: 
F=γhCA= 9.8 kN/m * 4.5 m *10 m = 441 kN 
Ex: In the following figure where the isoscale triangle of 3 m base and 6 m 
height is immersed vertically in water find hP. 
Solution: 
M of ABC about AD = M of ABD about AD+M of ADC about AD 
𝐼𝐼 = 𝑏𝑏ℎ3/12 
𝐼𝐼𝐴𝐴𝐴𝐴𝐴𝐴 = 𝑙𝑙ℎ3

12
= 𝐼𝐼𝐴𝐴𝐶𝐶𝐴𝐴 = 6∗1.53

12
= 1.6875 𝑚𝑚4 

𝐼𝐼𝐴𝐴𝐴𝐴𝐶𝐶 = 2 ∗ 1.6875 𝑚𝑚4 = 3.375𝑚𝑚4 

ℎ𝑃𝑃 = 𝐼𝐼𝐺𝐺
𝐴𝐴ℎ𝑠𝑠

+ ℎ𝑠𝑠 = 3.375
0.5∗3∗6∗9)

+9=9.04m  
Horizontal location is at the center line of the triangle =6/3 = 2 m from the base 
Ex: 5*5 square plate as shown in the figure find F and hP 
A=5*5=25m2 
Length of BD= √52 + 52=5√2 

𝑑𝑑 =  𝛾𝛾𝐴𝐴ℎ𝑠𝑠 = 9810 ∗ 25 ∗ 10 = 2452500𝑁𝑁 
Hight of each triangle =5√2/2 

B 
9 m 

D A 6 m 

C 
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𝐼𝐼𝐴𝐴𝐴𝐴𝐶𝐶𝐴𝐴 = 𝐼𝐼𝐴𝐴𝐴𝐴𝐴𝐴 + 𝐼𝐼𝐶𝐶𝐴𝐴𝐴𝐴 =   𝑙𝑙ℎ

3

12
+ 𝑙𝑙ℎ3

12
= 2 ∗ 5√2[5√2)3

12
= 52.1 𝑚𝑚4 

ℎ𝑃𝑃 = 𝐼𝐼𝐺𝐺
𝐴𝐴ℎ𝑠𝑠

+ ℎ𝑠𝑠 = 52.1
25∗10

+10=10.21m 
 
 
 
 
 
 
 
 
 
 
Ex: Isoscale triangle of  1 m base and 1.5m height is immersed in water at 
30 degree . Its base is parallel to water surface and 2 m deep from water 
surface. Find the force, center of gravity, and center of pressure 
 
 

 
 
 
 
 
 
 
 
 

A=1*1.5/2=0.75m2 
Distance of center of gravity from the base = 1*1.5/3=0.5m 
Sin30=z/L,      L=z*sin30 = 0.5*0.5=0.25m 
HC=2+0.25=2.25m 
𝑑𝑑 =  𝛾𝛾𝐴𝐴ℎ𝑠𝑠 = 9810 ∗ 0.75 ∗ 2.25 = 16550𝑁𝑁 

𝐼𝐼𝐺𝐺 =
𝑏𝑏ℎ3

36 =
1 ∗ 1.53

36 =
3

32𝑚𝑚
4 

𝒉𝒉𝒕𝒕 = [
𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝟐𝟐 ∗ 𝑰𝑰𝑮𝑮
𝒉𝒉𝑪𝑪 ∗ 𝐴𝐴

+ ℎ𝐶𝐶] 

10 

C 

D B 

A 

hC 
HP 

1.5 

L 
z 

2m 

θ 
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𝒉𝒉𝒕𝒕 = �
𝟎𝟎.𝟓𝟓𝟐𝟐 ∗ 𝟑𝟑

𝟑𝟑𝟐𝟐
𝟎𝟎.𝟕𝟕𝟓𝟓 ∗ 2.25 + 2.25� = 2.264𝑚𝑚 

𝒅𝒅𝒕𝒕 =
𝒉𝒉𝒕𝒕

𝑚𝑚𝑝𝑝𝑑𝑑30 =
2.264

0.5 = 4.528𝑚𝑚 
Ex: Circular plate of 4 m diameter has a circular hole of 1 m diameter with its 
center located 1 m above its center. If it is immersed in water with 30 degree and 
its top edge is 2 m below water surface, find F and hP: 

 
 

 
 
 
 
 
 
 
 
 
 
 
 

A1=πd12/4 =π*4*4/4=4π m2 
A1=πd22/4 =π*1*1/4=π/4  m2 
HC  for full plate= 2+Z1= 2 + 2*sin30=3m 
 HC  for bore= 2+Z2= 2 + 1*sin30=2.5m 
𝑓𝑓𝑣𝑣𝛾𝛾 𝑓𝑓𝑣𝑣𝑣𝑣𝑣𝑣 𝑝𝑝𝑣𝑣𝑚𝑚𝑣𝑣𝑑𝑑,𝑑𝑑1 =  𝛾𝛾𝐴𝐴ℎ𝑠𝑠 = 9810 ∗ 4 ∗ 𝜋𝜋 ∗ 3 = 369828𝑁𝑁 
𝑓𝑓𝑣𝑣𝛾𝛾 𝑏𝑏𝑣𝑣𝛾𝛾𝑑𝑑,𝑑𝑑2 =  𝛾𝛾𝐴𝐴ℎ𝑠𝑠 = 9810 ∗ 0.25𝜋𝜋 ∗ 2.5 = 19262𝑁𝑁 
𝑑𝑑 =  𝑑𝑑1 − 𝑑𝑑2 = 369828 − 19262 = 350566𝑁𝑁 

𝐼𝐼𝐺𝐺1 =
𝜋𝜋𝑑𝑑14

64 =
𝜋𝜋 ∗ 44

64 = 4𝜋𝜋𝑚𝑚4 

𝐼𝐼𝐺𝐺2 =
𝜋𝜋𝑑𝑑24

64 =
𝜋𝜋 ∗ 14

64 = 𝜋𝜋/64 𝑚𝑚4 

𝒉𝒉𝒕𝒕 = [
𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝟐𝟐 ∗ 𝑰𝑰𝑮𝑮
𝒉𝒉𝑪𝑪 ∗ 𝐴𝐴

+ ℎ𝐶𝐶] 

hC HP 
2m 

Z2 

1m 

Z1 
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𝒉𝒉𝒕𝒕𝟏𝟏 = �
𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐𝟐𝟐 ∗ 𝑰𝑰𝑮𝑮𝟏𝟏
𝒉𝒉𝑪𝑪𝟏𝟏 ∗ 𝐴𝐴

+ ℎ𝐶𝐶1� = �
𝟎𝟎.𝟓𝟓𝟐𝟐 ∗ 𝟒𝟒𝜋𝜋
𝟒𝟒𝜋𝜋 ∗ 3 + 3� = 3.08𝑚𝑚 

𝒉𝒉𝒕𝒕𝟏𝟏 = �
𝟎𝟎.𝟓𝟓𝟐𝟐 ∗ 𝜋𝜋/64
𝟎𝟎.𝟐𝟐𝟓𝟓𝜋𝜋 ∗ 2.5 + 2.5� = 2.506𝑚𝑚 

Take sum of moments about water surface 
𝑭𝑭 ∗ 𝒉𝒉𝒕𝒕 = 𝑭𝑭𝟏𝟏 ∗ 𝒉𝒉𝒕𝒕𝟏𝟏 − 𝑭𝑭𝟐𝟐 ∗ 𝒉𝒉𝒕𝒕𝟐𝟐 
𝟑𝟑𝟓𝟓𝟎𝟎𝟓𝟓𝟔𝟔𝟔𝟔 ∗ 𝒉𝒉𝒕𝒕 = 369828 ∗ 3.08 −  19262 ∗ 2.506 
𝒉𝒉𝒕𝒕 = 3.11𝑚𝑚 
𝑳𝑳 = 𝒉𝒉𝒕𝒕
𝑚𝑚𝑝𝑝𝑑𝑑30 =

3.11𝑚𝑚
0.5 = 6.22𝑚𝑚 

Ex: Dam as shown in the figure. If the curved surface is according to y =X2/4, 
find the force and its direction 
Solution 

𝒅𝒅 = 𝒙𝒙𝟐𝟐

𝟒𝟒
:        𝒙𝒙 = 𝟐𝟐�𝒅𝒅 

𝑑𝑑𝐻𝐻 =  𝛾𝛾𝐴𝐴ℎ𝑠𝑠 = 9810 ∗ 12 ∗ 1 ∗ 12
2

= 706.3𝐾𝐾𝑁𝑁 
𝑑𝑑𝑣𝑣 = 𝛾𝛾 ∗ 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑚𝑚𝑑𝑑 
𝑑𝑑𝑑𝑑 = 𝛿𝛿𝑑𝑑𝑑𝑑 ∗ 1 

𝑑𝑑𝑣𝑣 = � 9810𝛿𝛿𝑑𝑑𝑑𝑑
12

0
= 9810� 2�𝑑𝑑𝑑𝑑𝑑𝑑

12

0
 

    = 543700𝑁𝑁 
𝑑𝑑 = √706.32 + 543.72 =891.2KN 

𝑣𝑣𝑚𝑚𝑑𝑑𝑡𝑡 =
𝑑𝑑𝑣𝑣
𝑑𝑑𝐻𝐻

=
543.7
706.3 = 0.7696 

𝑡𝑡 = 𝑣𝑣𝑚𝑚𝑑𝑑−1(𝐹𝐹𝑣𝑣
𝐹𝐹𝐻𝐻

) =37.60 
 
 
 
 
 
 
 
 
 

 

12 m 
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FLOW OF FLUIDS IN PIPES 

 
Definitions: 
Volume flow rate (Q) = volume of fluid flowing past a section per unit time 
(m3/s) 
Weight flow rate (W) = weight of fluid flowing past a section per unit time 
Mass of flow rate (M) = mass of fluid flowing past a section per unit time 
Q = A*v ; where A is the area and v is the velocity. (m3/s) 
W = Q*γ; where Q is the flow rate and γ is the specific weight. (m3/s * N/ m3 = 
N/s) 
M = Q*ρ; where Q is the flow rate, and ρ is the density. ( = kg/ m3 * m3/s = kg/s) 
Flow classifications 
Laminar vs. turbulent flow. 
Laminar flow: fluid particles move in smooth, layered fashion (no substantial 
mixing of fluid occurs). 
Turbulent flow: fluid particles move in a chaotic, “tangled” fashion (significant 
mixing of fluid occurs). 
•Steady vs. unsteady flow. 
Steady flow: flow properties at any given point in space are constant  in time, 
e.g. p = p(x,y,z). 
Unsteady flow: flow properties at any given point in space change with time, e.g. 
p = p(x,y,z,t). 
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•Incompressible vs. compressible flow. 
Incompressible flow: volume of a given fluid particle does not change. 
• Implies that density is constant everywhere. 
• Essentially valid for all liquid flows. 
Compressible flow: volume of a given fluid particle  can change with  position. 
• Implies that density will vary throughout the flow field. 
• Compressible flows are further classified according to the value of the  Mach 
number (M), where. 
M=V/c 
• M < 1 - Subsonic. 
• M > 1 - Supersonic. 
Single phase vs. multiphase flow. 
Single phase flow: fluid flows without phase change  (either liquid or gas). 
Multiphase flow: multiple phases are present in the  flow field (e.g. liquid-gas, 
liquid-solid, gas-solid). 
•Homogeneous vs. heterogeneous flow. 
Homogeneous flow: only one fluid material exists in  the flow field. 
Heterogeneous flow: multiple fluid/solid materials are present in the  flow field 
(multi-species flows). 
Laminar and Turbulent Flow 
Laminar flow: 
Where the fluid moves slowly in layers in a pipe, without much mixing among 
the layers. Typically occurs when the velocity is low or the fluid is very viscous. 
Turbulent flow 
Opposite of laminar, where considerable mixing occurs, velocities are high. 
Laminar and Turbulent flows can be characterized and quantified using 
Reynolds Number 
If you have been around smokers, you probably noticed that the cigarette smoke 
rises in a smooth plume for the first few centimeters and then starts fluctuating 
randomly in all directions as it continues its rise. Other plumes behave similarly 
(Fig. 8–3). Likewise, a careful inspection of flow in a pipe reveals that the fluid 
flow is streamlined at low velocities but turns chaotic as the velocity is increased 
above a critical value. The flow regime in the first case is said to be laminar, 
characterized by smooth streamlines and highly ordered motion, and turbulent 
in the second case, where it is characterized by velocity fluctuations and highly 
disordered motion. The transition from laminar to turbulent flow does not occur 
suddenly; rather, it occurs over some region in which the flow fluctuates 
between laminar and turbulent flows before it becomes fully turbulent. Most 
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flows encountered in practice are turbulent. Laminar flow is encountered when 
highly viscous fluids such as oils flow in small pipes or narrow passages. 
We can verify the existence of these laminar, transitional, and turbulent flow 
regimes by injecting some dye streaks into the flow in a glass pipe, as the British 
engineer Osborne Reynolds (1842–1912) did over a century ago. 
We observe that the dye streak forms a straight and smooth line at low velocities 
when the flow is laminar (we may see some blurring because of molecular 
diffusion), has bursts of fluctuations in the transitional regime, and zigzags 
rapidly and randomly when the flow becomes fully turbulent. These zigzags and 
the dispersion of the dye are indicative of the fluctuations in the main flow and 
the rapid mixing of fluid particles from adjacent layers. 
The intense mixing of the fluid in turbulent flow as a result of rapid fluctuations 
enhances momentum transfer between fluid particles, which increases the 
friction force on the surface and thus the required pumping power. The friction 
factor reaches a maximum when the flow becomes fully turbulent. 

 
 

 
 
 
 
 

Reynolds Number 
The transition from laminar to turbulent flow depends on the geometry, surface 
roughness, flow velocity, surface temperature, and type of fluid, among other 
things. After exhaustive experiments in the 1880s, Osborne Reynolds 
discovered that the flow regime depends mainly on the ratio of inertial forces to 
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viscous forces in the fluid. This ratio is called the Reynolds number and is 
expressed for internal flow in a circular pipe as  

𝑅𝑅𝑠𝑠 =
𝑝𝑝𝑑𝑑𝑑𝑑𝛾𝛾𝑣𝑣𝑝𝑝𝑚𝑚𝑣𝑣 𝑓𝑓𝑣𝑣𝛾𝛾𝛿𝛿𝑑𝑑
𝑣𝑣𝑝𝑝𝑚𝑚𝛿𝛿𝑣𝑣𝑣𝑣𝑚𝑚 𝑓𝑓𝑣𝑣𝛾𝛾𝛿𝛿𝑑𝑑 =

𝜌𝜌𝑑𝑑𝑚𝑚𝑣𝑣𝑠𝑠𝑑𝑑
µ =

𝑑𝑑𝑚𝑚𝑣𝑣𝑠𝑠𝑑𝑑
𝜐𝜐  

where  
Vavg = average flow velocity (m/s),  
D = characteristic length of the geometry (diameter in this case, in m), and 𝜐𝜐 = µ

𝜌𝜌
 

= kinematic viscosity of the fluid (m2/s). Note that the Reynolds number is a 
dimensionless quantity. Also, kinematic viscosity has the unit m2/s, and can be 
viewed as viscous diffusivity or diffusivity for momentum. 
At large Reynolds numbers, the inertial forces, which are proportional to the 
fluid density and the square of the fluid velocity, are large relative to the viscous 
forces, and thus the viscous forces cannot prevent the random and rapid 
fluctuations of the fluid. At small or moderate Reynolds numbers, however, the 
viscous forces are large enough to suppress these fluctuations and to keep the 
fluid “in line.” Thus the flow is turbulent in the first case and laminar in the 
second. 
The Reynolds number at which the flow becomes turbulent is called the critical 
Reynolds number, Recr. The value of the critical Reynolds number is different 
for different geometries and flow conditions. For internal flow in a circular pipe, 
the generally accepted value of the critical Reynolds number is Recr= 2300. 
Re ≥ 4000 turbulent flow 
2300 ˂ Re ˂ 4000 transitional flow 
Re ≤ 2300 laminar flow 
Problem 8.1: 
Determine the Reynolds number for –Glycerin at 25C if Pipe D = 150 mm = 
0.15 m and Velocity  V = 3.6 m/s: ρ = 1258 kg/m3 
µ = 0.96 Pa.s or (kg/m.s) 
Re= 3.6 * 0.15 * 1258 / 0.96 = 708 
Re < 2000; therefore flow is laminar! 
LAMINAR FLOW IN CIRCULAR PIPES: HAGEN-POISEUILLE THEORY  
The derivation of the Hagen-Poiseuille equation for laminar flow in straight, 
circular  pipes is based on the following two assumptions;  
a) The viscous property of fluid follows Newton’s law of  viscosity, that is,  
τ=μ(du/dy), 
b) There is no relative motion between fluid particles and solid boundaries, 
that is, no slip of fluid particles at the solid boundary.  
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 Fig. 7.4 illustrates the laminar motion of fluid in a horizontal circular pipe 
located at a sufficiently great distance from the entrance section when a 
steady laminar flow occurs in a straight stretch of horizontal pipe, a 
pressure gradient must be maintained in the direction of flow to overcome 
the frictional forces on the concentric cylindrical surfaces, as shown in 
Fig.7.4. 

. 
      

Fig. 7.4 
Each concentric cylindrical layer of fluid is assumed to slide over the other 
in an axial direction. For practical purposes the pressure may be regarded 
as distributed uniformly over any chosen cross section of the pipe. A 
concentric cylinder of fluid is chosen as a free body (Fig. 7.5). Since the 
laminar motion of fluid is steady, the momentum equation for the flow of 
fluid through the chosen free body (in the absence of gravitational forces) is 

  x2    

 x1 
L 

   
     

 τ0 1  2  

τ 
r0 τ(2πr)dx (p + xp dx) πr2  

 
p(πr 2) 

   
     

τ 
   r  
 

dx y 

  

    
 τ0     

Fig. 7.5 

𝑷𝑷𝟒𝟒𝒔𝒔𝟐𝟐 − �𝑷𝑷 +
𝟐𝟐𝑷𝑷
𝟐𝟐𝒙𝒙

𝒅𝒅𝒙𝒙�𝟒𝟒𝒔𝒔𝟐𝟐 − Ԏ(𝟐𝟐𝟒𝟒𝒔𝒔)𝒅𝒅𝒙𝒙 = 𝟎𝟎 

Which after simplifying, becomes 

Ԏ = −𝟐𝟐𝑷𝑷
𝟐𝟐𝒙𝒙

𝒔𝒔
𝟐𝟐

…………………………(7.11) 
The pressure gradient ∂p/∂x in the direction of flow depends  
on x only for any given case of laminar flow. The minus sign indicates a 
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decrease of fluid pressure in the direction of flow in a horizontal pipe, since flow 
work must be performed on the free body to compensate for the frictional 
resistance to the flow. Equ. (7.11) shows that the shearing stress is zero at the 
center of pipe (r=0) and increase linearly with the distance r from the center, 
attaining its maximum value, τ0=(-∂p/∂x)(r0/2), at the pipe wall (r=r0). In 
accordance with the first assumption, τ equals μ(∂u/∂y). Since y equals  r0-r, it 
follows ∂y equals -∂r. Newton’s law of viscosity then becomes 
Ԏ = -μ(∂u/∂r)………….(7.12) 
in which the minus sign predicts mathematically that u decreases with r. By 
combining Eqs.(7.11) and (7.12), 

-μ(∂u/∂r)= 𝟐𝟐𝑷𝑷
𝟐𝟐𝒙𝒙

𝒔𝒔
𝟐𝟐

 

Or: ∂u=
𝟏𝟏
𝟐𝟐𝛍𝛍

𝛅𝛅𝛅𝛅
𝛅𝛅𝛅𝛅
𝐫𝐫𝐫𝐫𝐫𝐫… … … … … … … … … … … … … (𝟕𝟕.𝟏𝟏𝟑𝟑) 

Since ∂p/∂x is not a function of r, the integration of this differential  equation 
with respect to r then yields the expression for point velocity u 

𝑣𝑣 =
1

4µ
𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿 𝛾𝛾

2 + 𝐶𝐶 

The integration constant C can be evaluated by means of the second assumption, 
that is, u=0 at r=r0= Therefore,  
C= − [∂p /∂x] ro

2/[4µ] , and 

𝑣𝑣 =
1

4µ �−
𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿�

[𝛾𝛾𝑣𝑣2 − 𝛾𝛾2) … … (7.14) 

Which is an equation of parabola. 
The point velocity varies parabolically along a diameter, and the velocity 
distribution is a paraboloid of revolution for laminar flow in a straight circular 
pipe(fig.7.6) 
  
 
 
 
 
Fig. 7.6  
The maximum point velocity umax occurs at the center of the pipe and has the 
magnitude of: 

𝑣𝑣𝑚𝑚𝑚𝑚𝑥𝑥 =
1

4µ �−
𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿�

[𝛾𝛾𝑣𝑣2) … … (7.15) 

r 

u ro umax 

dr 

dA=2πrdr 
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Thus, from Eqs. (7.14) and (7.15), the point velocity can also be expressed of the 
maximum point velocity as: 

𝑣𝑣 = 𝑣𝑣𝑚𝑚𝑚𝑚𝑥𝑥 �1 − �
𝛾𝛾
𝛾𝛾𝑣𝑣

 �
2
�… . . … (7.16) 

The volumetric rate of flow Q through any cross section of radius r0 is obtained 
by the integration of: 

𝑑𝑑𝑑𝑑 = 𝑣𝑣𝑑𝑑𝐴𝐴 =
1

4µ �−
𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿�

[𝛾𝛾𝑣𝑣2 − 𝛾𝛾2)(2𝜋𝜋𝛾𝛾𝑑𝑑𝛾𝛾) … … (7.16) 

as shown in Fig. 7.6. Hence 

𝑄𝑄 =
𝜋𝜋

2µ �−
𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿�� (𝛾𝛾𝑣𝑣2 − 𝛾𝛾2)

𝑟𝑟𝑜𝑜

𝑟𝑟
𝑑𝑑𝛾𝛾… … (7.17) 

𝑄𝑄 =
𝜋𝜋

8µ �−
𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿� 𝛾𝛾𝑣𝑣

4 

and the average velocity V is Q/A, or 

𝑑𝑑 =
𝑄𝑄
𝜋𝜋𝛾𝛾𝑣𝑣2

=
1𝜋𝜋
8µ �−

𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿� 𝛾𝛾𝑣𝑣

2 … … (7.18) 

comparison of Eqs. (7.15) and (7.18) reveals that 
𝑑𝑑 =

𝑣𝑣𝑚𝑚𝑚𝑚𝑥𝑥

2 … … (7.19) 
Equ. (7.18) may be arranged in the following form 

−𝛿𝛿𝑃𝑃 =
8µ𝑑𝑑
𝛾𝛾𝑣𝑣2

𝛿𝛿𝛿𝛿 

and then integrated with respect to x for any straight stretch of pipe between x1 
and x2; L=x2-x1 (Fig. 7.5). Hence, 

� −𝛿𝛿𝑃𝑃 =
𝑃𝑃2

𝑃𝑃1

8µ𝑑𝑑
𝛾𝛾𝑣𝑣2

� 𝛿𝛿𝛿𝛿
𝑥𝑥2

𝑥𝑥1
 

and, since D equals 2r0, 

∆𝑃𝑃 = 𝑃𝑃1 − 𝑃𝑃2 =
8µ𝑑𝑑𝐿𝐿
𝛾𝛾𝑣𝑣2

=
32µ𝑑𝑑𝐿𝐿
𝐷𝐷2 … … . (7.20) 

This is usually referred to as the Hagen-Poiseuille equation 
EXAMPLE: A straight stretch of horizontal pipe having a diameter of 5 cm is 
used in the laboratory to measure the viscosity of crude oil (γ = 0.93 t/m3). 
During a test run a pressure difference of 1.75 t/m2 is obtained from two 
pressure gages, which are located 6 m apart on the pipe. Oil is allowed to 
discharge into a weighing tank, and a total of 550 kg of oil is collected for a 
duration of 3 min. Determine the viscosity of the oil. 
SOLUTION: The discharge of oil flow in the pipe is 
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𝑄𝑄 =

0.550
0.93 ∗  3 60 = 0.0033𝑚𝑚3/𝑚𝑚𝑑𝑑𝛿𝛿 

The average velocity is then 
V=Q/A=4*0.0033/[π*0.052]=1.69m/sec 
From Equ. (7.20) 

µ =
𝐷𝐷2(𝑃𝑃1− 𝑃𝑃2)

32𝑑𝑑𝐿𝐿 =
1.75 ∗ 0.052

32 1.69 6 = 1.35 ∗ 10−5𝑁𝑁. 𝑚𝑚𝑑𝑑𝛿𝛿/𝑚𝑚2 
Friction losses in Pipes 
𝑃𝑃1𝐴𝐴1 = 𝑃𝑃2𝐴𝐴2 + 𝑓𝑓𝛾𝛾𝑝𝑝𝛿𝛿𝑣𝑣𝑝𝑝𝑣𝑣𝑑𝑑𝑚𝑚𝑣𝑣 𝑣𝑣𝑣𝑣𝑚𝑚𝑚𝑚𝑑𝑑𝑚𝑚 (𝑑𝑑𝑅𝑅) 
𝑑𝑑𝑅𝑅 = 𝑃𝑃1𝐴𝐴1− 𝑃𝑃2𝐴𝐴2 
𝑑𝑑𝑅𝑅/𝐴𝐴 = 𝑃𝑃1 − 𝑃𝑃2 
𝑑𝑑𝑅𝑅
𝛾𝛾𝐴𝐴 =

[𝑃𝑃1 − 𝑃𝑃2]
𝛾𝛾 = ℎ𝑓𝑓 

𝑑𝑑𝑅𝑅
𝛾𝛾𝜋𝜋𝑑𝑑2/4 = ℎ𝑓𝑓 

ℎ𝑓𝑓 =
4𝑑𝑑𝑅𝑅
𝛾𝛾𝜋𝜋𝑑𝑑2 

Froud experiments show that FR =FR per unit area at unit velocity * wetted area 
* square of velocity 
=ƒ−𝜋𝜋𝑑𝑑𝑣𝑣𝑣𝑣2 

ℎ𝑓𝑓 =
4ƒ−𝜋𝜋𝑑𝑑𝑣𝑣𝑣𝑣2

𝛾𝛾𝜋𝜋𝑑𝑑2  

ℎ𝑓𝑓 =
4ƒ−𝑣𝑣𝑣𝑣2

𝛾𝛾𝑑𝑑  

let 4ƒ
−∗2𝑠𝑠
𝛾𝛾

= ƒ 

thus:ℎ𝑓𝑓 = ƒ𝑙𝑙𝑣𝑣2

2𝑠𝑠𝑑𝑑
= (ƒ𝑣𝑣𝑄𝑄2/12.1𝑑𝑑5 

thus Bernoulli equation will be written as: 
p1/γ + z1 + v12/2g + hA – hR – hf = p2/γ + z2 + v22/2g 
where hA, hR, hL are the heads associated with addition, removal and friction 
loss in pipes, respectively. Note that the terms are added on the LHS of the 
equation! 
The head loss in pipes = hL can be expressed as – 
Hf = f * (L/D) * v2/2g= f * (L/D5) * Q2/12.1 
- Darcy’s equation for energy loss (GENERAL FORM) 
Where 
f – friction factor 

1 

2 
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L – length of pipe 
D – diameter of pipe 
v – velocity of flow 
In practice, it is found convenient to express the pressure loss for all types  of 
fully developed internal flows (laminar or turbulent flows, circular or noncircular 
pipes, smooth or rough surfaces, horizontal or inclined pipes) as 

∆𝑃𝑃 = 𝑃𝑃1 − 𝑃𝑃2 = ƒ
𝐿𝐿
𝐷𝐷
𝜌𝜌𝑑𝑑2

2 … … . (7.21) 
where ρV2/2 is the dynamic pressure and f is the Darcy friction factor 

ƒ =
8Ԏ𝑤𝑤

𝐷𝐷𝜌𝜌𝑑𝑑2 

It is also called the Darcy–Weisbach friction factor, named after the Frenchman 
Henry Darcy (1803–1858) and the German Julius Weisbach (1806–1871), the 
two engineers who provided the greatest contribution in its development. It 
should not be confused with the friction coefficient Cf [also called the Fanning 
friction factor, named after the American engineer John Fanning (1837–1911)], 
which is defined as  
Cf = 2Ʈw/(ρV2 ) = f /4. 
Setting Eqs. 7.20 and 7.21 equal to each other and solving for f gives the friction 
factor for fully developed laminar flow in a circular pipe 

ƒ =
64µ
𝐷𝐷𝜌𝜌𝑑𝑑 = 𝟔𝟔𝟒𝟒/𝑹𝑹𝒔𝒔 

This equation shows that in laminar flow, the friction factor is a function of the 
Reynolds number only and is independent of the roughness of the pipe surface. 
In the analysis of piping systems, pressure losses are commonly expressed in 
terms of the equivalent fluid column height, called the head loss hL. Noting from 
fluid statics that ∆P=𝜌𝜌gh and thus a pressure difference of ∆P corresponds to a 
fluid height of h = ∆P/𝜌𝜌g, the pipe head loss is obtained by dividing ∆PL by 𝜌𝜌g to 
give 

ℎ𝐿𝐿 =
∆𝑃𝑃𝐿𝐿
𝜌𝜌𝑘𝑘 = ƒ

𝐿𝐿𝑑𝑑2

2𝑘𝑘  

Example Problem 8.4 
Determine energy loss if –Glycerin at 25C 
L = 30m 
D = 150 mm = 0.15 m 
V = 4.0 m/s 
Density = 1258 k/m3 
Dynamic viscosity = 0.96 Pa.s 
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First determine the Reynolds number to determine if it is laminar flow 
Re= 4.0 * 0.15 * 1258 / 0.96 = 786 < 2000 - Laminar flow 
Therefore Darcy’s equation 
hL = f * (L/D) * (v2/2g) 
= 64/Re * (L/D) * (v2/2g) 
= 64/786]*[30/0.15][4*4/(2*9.81)]=13.2 m 
TURBULENT FLOW IN PIPES 
Most flows encountered in engineering practice are turbulent, and thus it is 
important to understand how turbulence affects wall shear stress. However, 
turbulent flow is a complex mechanism dominated by fluctuations, and despite 
tremendous amounts of work done in this area by researchers, the theory of 
turbulent flow remains largely undeveloped. Therefore, we must rely on 
experiments and the empirical or semi-empirical correlations developed for 
various situations. 
Turbulent Velocity Profile 
Unlike laminar flow, the expressions for the velocity profile in a turbulent flow 
are based on both analysis and measurements, and thus they are semi-empirical 
in nature with constants determined from experimental data. Consider fully 
developed turbulent flow in a pipe, and let u denote the time averaged velocity in 
the axial direction (and thus drop the over bar from u– 
for simplicity). Note that the velocity profile is parabolic in laminar flow but is 
much fuller in turbulent flow, with a sharp drop near the pipe wall. Turbulent 
flow along a wall can be considered to consist of four regions, characterized by 
the distance from the wall. The very thin layer next to the wall where viscous 
effects are dominant is the viscous (or laminar or linear or wall) sub layer. The 
velocity profile in this layer is very nearly linear, and the flow is streamlined. 
Next to the viscous sub layer is the buffer layer, in which turbulent effects are 
becoming significant, but the flow is still dominated by viscous effects. Above 
the buffer layer is the overlap (or transition) layer, also called the inertial sub 
layer, in which the turbulent effects are much more significant, but still not 
dominant. Above that is the outer (or turbulent) layer in the remaining part of the 
flow in which turbulent effects dominate over molecular diffusion (viscous) 
effects. 
Flow characteristics are quite different in different regions, and thus it is difficult 
to come up with an analytic relation for the velocity profile for the entire flow as 
we did for laminar flow. The best approach in the turbulent case turns out to be 
to identify the key variables and functional forms using dimensional analysis, 
and then to use experimental data to determine the numerical values of any 
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constants. The thickness of the viscous sublayer is very small (typically, much 
less than 1 percent of the pipe diameter), but this thin layer next to the wall plays 
a dominant role on flow characteristics because of the large velocity gradients it 
involves. The wall dampens any eddy motion, and thus the flow in this layer is 
essentially laminar and the shear stress consists of laminar shear stress which is 
proportional to the fluid viscosity. Considering that velocity changes from zero 
to nearly the core region value across a layer that is sometimes no thicker than a 
hair (almost like a step function), we would expect the velocity profile in this 
layer to be very nearly linear, and experiments confirm that. Then the velocity 
gradient in the viscous sub layer remains nearly constant at  
du/dy = u/y. 
𝑣𝑣

𝑣𝑣𝑚𝑚𝑚𝑚𝑥𝑥
= (

𝑑𝑑
𝑅𝑅 )1/𝑛𝑛 

Or  
𝑣𝑣

𝑣𝑣𝑚𝑚𝑚𝑚𝑥𝑥
= (1 −

𝛾𝛾
𝑅𝑅 )1/𝑛𝑛 

where the exponent n is a constant whose value depends on the Reynolds 
number. The value of n increases with increasing Reynolds number. The value n 
= 7 generally approximates many flows in practice, giving rise to the term one-
seventh power-law velocity profile. 
Friction losses for Turbulent Flow 
For Laminar flow we got a nice equation to compute the friction factor – 
dependent ONLY on Reynolds number! . In case of Turbulent flow – friction 
factor computed based on inside roughness of the pipe and Reynolds number! 
Friction factor for Turbulent flow~Relative roughness(e/D)& Re 
Roughness values for various pipes – Table 8.2 
Some Roughness values from Table 8.2 
Material                         Roughness e (m) 
Plastic                                 3.0 x 10-7 
Steel                                    4.6 x 10-5 
Galvanized iron                   1.5 x 10-4 
Concrete                              1.2 x 10-4 
Question - **Why doesn’t ε affect loss in laminar flow conditions 
The Moody Chart 
The friction factor in fully developed turbulent pipe flow depends on the 
Reynolds number and the relative roughness e/D, which is the ratio of the mean 
height of roughness of the pipe to the pipe diameter. The functional form of this 
dependence cannot be obtained from a theoretical analysis, and all available 
results are obtained from painstaking experiments using artificially roughened 
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surfaces (usually by gluing sand grains of a known size on the inner surfaces of 
the pipes). Most such experiments were conducted by Prandtl’s student J. 
Nikuradse in 1933, followed by the works of others. The friction factor was 
calculated from the measurements of the flow rate and the pressure drop. The 
experimental results obtained are presented in tabular, graphical, and functional 
forms obtained by curve-fitting experimental data. In 1939, Cyril F. Colebrook 
(1910–1997) combined the available data for transition and turbulent flow in 
smooth as well as rough pipes into the following implicit relation known as the 
Colebrook equation: 
1
�ƒ

= −2𝐿𝐿𝑣𝑣𝑘𝑘(
𝑑𝑑
𝐷𝐷

3.7 +
2.51
𝑅𝑅𝑑𝑑�ƒ

  ) 

1
�ƒ

= −1.8𝐿𝐿𝑣𝑣𝑘𝑘(
6.9
𝑅𝑅𝑑𝑑 + ( 

𝑑𝑑/𝐷𝐷
3.7 )1.11  ) 

 
Key points about the Moody Diagram – 
1. In the laminar zone – f decreases as Nr increases! 
2. f = 64/Re. 
3. transition zone – uncertainty – not possible to predict - 
4. Beyond 4000, for a given Re, as the relative roughness term e/D increases 
(less rough), friction factor decreases 
5. For given relative roughness, friction factor decreases with increasing 
Reynolds number till the zone of complete turbulence 
6. Within the zone of complete turbulence – Reynolds number has no affect. 
7. As relative roughness increases (less rough) – the boundary of the zone of 
complete turbulence shifts (increases) 
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Example problem 8.5: 
Determine friction factor if water at 160 F is flowing at 30 ft/s in an uncoated 
ductile iron pipe having an inside diameter of 1.0 inch. 
Determine Reynolds number: 
Re =  V D/υ = [1/12 ]* 0.0833 ft* 30 ft/s*  4.38 x 10-6 ft2/s 
Re = 5.70 x 105 So its turbulent flow, we will have to use Moody diagram 
Determine relative roughness –e for ductile iron pipe = 8 x 10-4 ft 
e/D = 0.0008/0.0833== 0.0096,  
Using those values and going into Moody’s diagram, we get – 
 f = 0.038. 
Minor Losses 
Piping systems include fittings, valves, bends, elbows, tees, inlets, exits, 
enlargements, and contractions. 
These components interrupt the smooth flow of fluid and cause additional losses 
because of flow separation and mixing 
We introduce a relation for the minor losses associated with these components 

ℎ𝐿𝐿 = 𝐾𝐾
𝑑𝑑2

2𝑘𝑘 

Total head loss in a system is comprised of major losses (in the pipe sections) 
and the minor losses (in the components) 
ℎ𝐿𝐿 = ℎ𝐿𝐿,𝑚𝑚𝑚𝑚𝑚𝑚𝑣𝑣𝑟𝑟 + ℎ𝐿𝐿,𝑚𝑚𝑜𝑜𝑛𝑛𝑣𝑣𝑟𝑟 

ℎ𝐿𝐿 = ∑ƒ𝑜𝑜
𝐿𝐿𝑜𝑜
𝐷𝐷𝑜𝑜
𝑑𝑑𝑜𝑜2

2𝑘𝑘 + ∑𝐾𝐾𝑚𝑚
𝑑𝑑𝑜𝑜2

2𝑘𝑘 

If the piping system has constant diameter 

ℎ𝐿𝐿 = [ƒ
𝐿𝐿
𝐿𝐿 + ∑𝐾𝐾𝑚𝑚]

𝑑𝑑2

2𝑘𝑘 

Principle of Continuity 
Applicable for steady flow - when the 
quantity of fluid passing by a section does 
not change with time (for the given 
period of time) 
If no fluid is added or removed between 
two sections : 
Mass of fluid at section 1 = Mass of fluid 
at section 2 
Principle of conservation of mass 
Or M1 = M2 
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Or  
ρ1*A1*v1 = ρ2*A2*v2 
If the fluid is incompressible, then 
A1*v1 = A2*v2 
Q1 = Q2 
Example Problem 6.4: 
Two pipe sections 1 and 2 
• D1 = 50 mm = 0.050 m 
• D2 = 100 mm = 0.10 m 
• V1 = 8 m/s 
• Water at 70C : γ = 9.59kN/m3 ; ρ = 978 kg/m3 
Find: 
• V2 
• Volume flow rate - Q 
• Weight flow rate - W 
• Mass flow rate - M 
= πD2/4 
A1 = 0.001963 m2 
A2 = 0.007854 m2 
To find V2, 
A1*V1 = A2*V2 
Or V2 = (A1*V1)/A2 = (0.001963*8)/ 0.007854 
= 2.0 m/s 
Volume flow rate = Q1 = A1*V1 
= Q = 0.0157 m3/s 
Weight flow rate = Q*γ 
= 0.0157 m3/s * 9.59kN/m3 
W = 0.151 kN/s 
Mass Flow rate = 0.0157 m3/s * 978 kg/m3 
M = 15.36 kg/s 
Conservation of Energy – Bernoulli’s Equation 
Relates to the energy in of flow for fluids, Energy can neither be created or 
destroyed – it can be transformed from one form to another, Referred to as the 
Conservation of Energy! 
What are the various types of Energy 
Types of Energy – Three forms of energy: 
1. Potential energy – relates to its elevation 
PE = w*z 
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Where w is the weight and z is the elevation 
2. Kinetic energy – Energy due to motion of 
the fluid, due to the velocity 
KE = w*v2/2g 
3. Flow or pressure energy Relates to the 
pressure of the flow 
FE = wp/γ 
If you consider these three forms of energies 
The total energy at any point for fluid flow 
in a pipe can be given as : 
E = FE + PE + KE 
E = wp/γ + wz + wv2/2g 
Principle of conservation of energy  
If no energy is added or removed, the total energy at two points is equal 
E1 = E2 
Substituting and dividing by w on both sides 
p1/γ + z1 + v1 2/2g = p2/γ + z2 + v22/2g 
referred to as – Bernoulli’s Equation 
Each term of the equation refers to a form of energy in the fluid per unit weight 
p/γ – pressure head 
z – elevation head 
v2/2g – velocity head 
units of all three terms = energy per unit wt. = N*m/N = m since each term is in 
length units, the terms can be plotted as heights 
Bernoulli’s Equation – accounts for the changes elevation, velocity, and pressure 
head between two points in the system. 
Assumption – no energy losses or addition between the two points. 
Key conditions for Bernoulli’s equation – 
1. Valid for incompressible fluids only. Specific weight cannot change between 
the two points. 
2. No mechanical devices between the two sections – that might add or remove 
energy. 
3. No heat transfer to or from the fluid. 
4. No energy loss due to friction. 
These assumptions will be relaxed later by addition of more terms to the 
equation. 
Procedure for application of Bernoulli’s Equation: 
1. determine what is known and what is to be found 
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2. identify the two locations – typically we know data for Pt. 1 and need to find 
out for Pt. 2 
3. Equation is written in direction of flow; flow must proceed from LHS to RHS 
of equation 
4. draw a sketch, label the points, determine the reference level 
5. simplify the equation – cancel zero or terms that are equal on both sides 
6. use consistent units! 
Ex: A pipe of 300 m length has a slope of 1 in 100 and tapers from 1 m at the top 
to 0.5 m at the lower end. If the flow rate is 5.4 m3/min., pressure at the higher 
end is 0.7 kg/cm2, find the pressure at the lower end. 
A1=πd12/4=π*0.52/4 = 0.1963m2 
A2=πd22/4=π*1*1/4 = 0.7854m2 
Z2/300=1/100 
Z2=3m 
Q=5.4/60=0.09m3/sec 
P2=0.7kg/cm2 =0.7*104kg/m2 

V1=Q/A1=0.46m/sec 
V2=Q/A2=0.115m/sec 
p1/γ + z1 + v1 2/2g = p2/γ + z2 + v22/2g 
p1/1000 + 0 + 0.46 2/2*9.81 = 0.7*104/1000 + 3 + 0.1152/2*9.81 
P1=10000kg/m2 
Ex: find Q in the following figure 
Solution 
p1/γ + z1=HGL=1.2 
p2/γ + z2 + v22/2g=EGL=1.4 
Now take point 1 and 2 
p1/γ + z1 + v1 2/2g = p2/γ + z2 + v22/2g 
1.2+ v1 2/2g=1.4 
V1=[0.2*9.81*2]0.5=1.981m/sec 
Q=A1*v1=1.981*0.32*π/4=0.14m3/sec 
Problem 6.9 
A1=πd12/4=π*0.52/4 = 0.1963m2 
Fluid – water at 10C; γ = 9.81 kN/m3 
Flow from Section 1 to Section 2 
Section 1: 
D1 = 25 mm 
p1 = 345 kPa 
v1 = 3.0 m/s 

1 

0.5 

300m 

Z2 

50 

25 

300m 

Z2=2m 
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Section 2: 
D2 = 50 mm 
Z2-z1 = 2.0 m (pt. 2 is 2m above pt.1) 
g = 9.81 m/s2 
v2 = ??? 
Compute p2. 
How will we solve this????? What are the steps? 
First, we need to find out V2. 
Apply the continuity equation between 1 and 2 
A1*V1 = A2*V2 
A1 = 491 mm2 
A2 = 1963 mm2 
Therefore 
V2 = (A1*V1)/A2 
= (491*3.0)/(1963) 
= 0.75 m/s 
Now apply the Bernoulli equation between 1 and 2 
Set up the equations for points 1 and 2 
p1/γ + z1 + v12 / 2g = p2/γ + z2 + v22 / 2g 
we need to find p2, so re-arrange the equation so that – 
p2/γ = p1/γ + z1 + v12 / 2g - z2 + v22 / 2g 
p2/γ = p1/γ + (z1 - z2) + (v12 - v22 )/2g 
p2/γ = (345/9.81) – 2.0 + (3.0*3.0 – 0.75*0.75)/(2*9.81) 
p2/γ = 33.59 
p2 = 33.59*9.81 = 329.6 kPa 
Applying Bernoulli’s Equation to tank with a siphon and nozzle. 
Key Observations: 
• When fluid is exposed to atmosphere, the pressure is zero (gage pressure), and 
the pressure head term can be cancelled [e.g., points A and F] 
• Velocity head at the surface of a tank or reservoir is considered to be zero and 
can be cancelled. [e.g., at point A] 
• When two points are inside a pipe of the same diameter, the velocity head 
terms for the two points cancel each other. [e.g., points B, C, D] 
• When the two points are the same elevation, the elevation head terms can be 
cancelled [e.g., points A, B, D]. 
Problem 6.10: Compute the volume flow rate Q through the siphon 
• Determine pressures at points B through E. 
• First, let’s calculate the volume flow rate Q for the problem 
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We will choose points A and F. what is known and unknown  about these 
points? 
pA = 0 = pF 
vA = 0 
( we assume a very large tank, so the 
velocity at A will be very  small and 
can be assumed as zero) 
zA and zF are known. 
• Set up the equation – Points A & F 
pA/γ + zA + vA

2 / 2g = pF/γ + zF + vF
2 

/ 2g 
zA = zF + vF

2 / 2g 
vF = [(zA - zF)*2g]1/2 
vF = [(3.0)*2*9.81]1/2 
vF = 7.67 m/s 
QF = AF * vF 
QF = 3.77 x 10-3 m3/s 
The same Q will apply at points B, C, D, E! 
Now let’s find the pressures at the various points. 
• Set up the equation – Points A & B  
pA/γ + zA + vA

2 /2g = pB/γ + zB + vB
2/ 2g 

pB = γ [ (zA - zB) - vB
2 / 2g] 

what is (zA - zB)???? 
what is vB ? 
vB = Q/AB 
vB = 3.77 x 10-3/0.001257 = 3.0 m/s 
Therefore pressure at B 
pB = γ [ (zA - zB) - vB

2 / 2g] 
pB = 9.81* [ 0 – (3)2 / 2*9.81] 
pB = -4.50 kPa 
Pressure at B is negative 
A and B are at the same level in the fluid 
– why aren’t the pressures the same? 
SO WHAT IS DIFFERENT HERE? 
• Set up the equation – Points A & C 
pA/γ + zA + vA

2 / 2g = pC/γ + zC + vC
2 / 2g 

pC = γ [ (zA - zC) – vC
2 /2g] 

what is (zA - zC)???? 
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= -1.2 m 
what is vC ?:      vC = Q/Ac= ???? 
Pressure at C 
pC = γ [ (zA - zC) – vC

2 / 2g] 
pC = 9.81* [ -1.2 – 0.459] 
pC = -16.27 kPa 
What about the pressure at D????? 
pD = 
• Set up the equation – Points A & E 
pA/γ + zA + vA

2 / 2g = pE/γ + zE + vE
2 / 2g 

pE = γ [ (zA - zE) – vE
2 / 2g] 

what is (zA - zE)????= 3.0 m 
what is vE ?????????vE = 3.0 m/s 
pressure at E 
pE = γ [ (zA - zE) – vE

2 / 2g] 
pE = 9.81* [ 3.0 – 3.02 / 2*9.81] 
pE = 24.93 kPa 
Important take-home points from this problem – 
• The velocity of the siphon and the flow rate out of the siphon depends on the 
elevation difference between free surface of fluid and level of siphon. 
• The pressure at B is negative (below atmospheric) even though it is at the same 
level as A in the fluid! 
• The decreased pressure energy (negative) at B got converted to 
what?????? 
• The velocity of flow is the same at all points if the pipe size does not change 
(B, C, D, E) 
• Pressure at C is the lowest, since its at the highest elevation  
• Pressure at D and B are the same since the elevation and velocity heads  or 
these two locations are the same (the other two terms in the Bernoulli’s equation) 
• Pressure at point E is the highest in the system since it is at the lowest position. 
Hydraulic Gradient and Energy Gradient. 
 The hydraulic grade line, or the hydraulic gradient, in open flow is the 
water surface, and in pipe flow it connects the elevations to which the water 
would rise in pizometer tubes along the pipe.  
The energy gradient is at a distance equal to the velocity head above the 
hydraulic gradient. In both open and pipe flow the fall of the energy 
gradient for a given length of channel or pipe represents the loss of energy 
by friction. When considered together, the  
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hydraulic gradient and the energy gradient reflect not only the loss of 
energy by friction, but also the conversions between potential and kinetic 
energy. 

 
 
 
 
 
 
 
 

HGL = Z+P/γ 
EGL = Z+P/γ+V2/2g 
EGL –HGL = V2/2g 
Head Additions and Losses due to Pumps and Motors 

 
Bernoulli’s Energy equation can be given as – 
p1/γ + z1 + v12/2g + hA–hR–hL = p2/γ + z2 + v22/2g 
where hA, hR, hL are the heads associated with addition, removal and friction 
loss in pipes, respectively. Also known as the GENERAL ENERGY 
EQUATION represents the system in reality (not idealized conditions) 
hA – head/energy additions due to pumps. 
hR – head/energy removal due to motors. 
hL – head losses due to friction and losses due to fittings, bends, valves. 
MAJOR LOSSES – motors, friction loss 
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MINOR LOSSES – valves, fittings, and bends 
Typically 
hL = K * v2/2g 
Example Problem 7.1: Finding TOTAL head loss due to friction, valves, bends 
etc. – 
Given – 
Water moving in the system 
Q = 1.20 ft3/s 
Calculate TOTAL head loss due to valves, bends, and pipe Friction. 

 
Apply the General Energy Equation for pts 1 
and 2! 
p1/γ + z1 + v12/2g - hL = p2/γ + z2 + v22/2g 
cancel out the terms – 
p1/γ + z1 + v12/2g - hL = p2/γ + z2 + v22/2g 
and we get – 
hL = (z1- z2) - v22/2g 
(z1- z2) = 25 ft 
How do we find v2??? 
Area of 3 inch dia pipe = 0.0491 ft2 
v2 = 1.20 / 0.0491 = 24.4 ft/s 
hL = 25 – (24.4)2/2*32.2 = 15.75 ft 
Example Problem 7.2: - Now we will introduce 
a Pump and determine the energy added by a 
pump! 
• Q = 0.014 m3/s 
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• Fluid – Oil of Sg = 0.86;    γ = 0.86 * 9.81 = 8.44 kN/m3 
• hL = head loss due to friction, fittings, etc. = 1.86 Nm/N 
Energy added by Pump 
Apply the General Energy Equation for pts. A and B! 
pA/γ + zA + vA2/2g + hA - hL = pB/γ + zB + vB2/2g 
Rearrange the equation! 
hA = hL + (pB – pA) / γ + (zB – zA) + (vB2 - vA2 ) / 2g 
(pB – pA) / γ = (296-(-28))/8.44 = 38.4 m 
(zB – zA) = 1.0 m 
How will you find velocities????? 
Area at A = 0.004768 m2:     Area at B = 0.002168 m2:  vA = 2.94 m/s 
vB = 6.46 m/s 
plug all terms back in the original equation – 
hA = hL + (pB – pA) / γ + (zB – zA) + (vB2 - vA2 ) / 2g 
and hA = 1.86 + 38.4 + 1.0 + 1.69 = 42.9 m or 42.9 N.m/N 
Power supplied by Pumps 
Power of the pump = energy being transferred 
PA = hA * W (where W is the weight flow rate) 
= hA * γ *Q 
SI units of power = watt (W) = 1.0 N.m/S or 
1.0 Joule 
US units of Power = lb-ft/s 
1 horsepower = 1 hp = 550 lb-ft/s 
1 hp = 745.7 Watt 
Efficiency of the Pump 
= (Power delivered to the fluid/ Power supplied 
to the pump) 
= (PA/PI) 
Example Problem 7.3: Determine the 
efficiency of the Pump 
PI = 3.85 hp:    Q = 500 gal/min of oil = 1.11 
ft3/s:  γ of oil = 56.0 lb/ft3 
What is PA???? 
And what is efficiency (em) ???? 
So how do you proceed 
Apply the General Energy Equation for pts 1 and 2! 
p1/γ + z1 + v12/2g + hA = p2/γ + z2 + v22/2g 
Rearrange the equation! 
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hA = (p2 – p1) / γ + (z2 – z1) + (v22 - v12 ) / 2g 
let’s solve for each term 
γm = 13.54*62.4 = 844.9 lb/ft3 
pressure difference using the manometer – 
p1 + γo y + 20.4*γm – 20.4*γo - γo y = p2 
(p2 – p1) / γo = (γm*20.4 / γo) – 20.4 
= (844/56 -1) * 20.4 = 24.0 ft 
Elevation difference is zero! 
Find out the velocity head term??? 
A1 = 0.2006 ft2:   A2 = 0.0884 ft2 
V1 = 5.55 ft/s:      V2 = 12.6 ft/s 
(v2

2 - v1
2 ) / 2g = 1.99 ft 

Substituting the terms – 
hA = (p2 – p1) / γ + (z2 – z1) + (v22 - v12 ) / 2g 
hA = 24.0 + 0 + 1.99 = 25.99 ft 
PA = hA * γo *Q = 25.99 * 56.0 * 1.11 = 1620 lb-ft/s 
= 1620/550 = 2.95 hp 
E = 2.95/3.85 = 0.77 
Similarly, Power delivered to motors 
PR = hR * γ *Q 
Efficiency of the motor 
= (Power output/ Power delivered by fluid) 
= (PO/PR) 
Ex: Find the flow rate in the following figure 
 
 
 
 
 
 
 
 
 
 
 
𝑝𝑝𝑝𝑝𝑑𝑑𝑑𝑑𝑣𝑣𝑚𝑚𝑑𝑑𝑣𝑣𝑑𝑑𝛾𝛾 ℎ𝑑𝑑𝑝𝑝𝑘𝑘ℎ𝑣𝑣 = 𝑃𝑃

𝛾𝛾
+ 𝛾𝛾=HGL 

𝑝𝑝𝑝𝑝𝑣𝑣𝑣𝑣𝑣𝑣 𝑣𝑣𝑣𝑣𝑏𝑏𝑑𝑑 ℎ𝑑𝑑𝑝𝑝𝑘𝑘ℎ𝑣𝑣 = 𝑃𝑃
𝛾𝛾

+ 𝛾𝛾 + 𝑣𝑣2

2𝑠𝑠
=EGL 

H=1.2 m 

 
 

 
 

H=1.4 m 

1 2 
d=0.3 m 

- 66 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
𝑃𝑃1
𝛾𝛾 + 𝛾𝛾1 +

𝑣𝑣12

2𝑘𝑘 =
𝑃𝑃2
𝛾𝛾 + 𝛾𝛾2 +

𝑣𝑣22

2𝑘𝑘 

1.2 +
𝑣𝑣12

2𝑘𝑘 = 1.4 

𝑣𝑣1 = 1.981𝑚𝑚/𝑚𝑚𝑑𝑑𝛿𝛿 

𝑄𝑄1 =
𝜋𝜋𝑑𝑑2

4 ∗ 1.981 = 𝜋𝜋 ∗ 0.3 ∗ 0.3 ∗
1.981

4 = 0.14𝑚𝑚3/𝑚𝑚𝑑𝑑𝛿𝛿 
Ex: If the diameter of the pipe is 25mm, Z1, Z2, Z3=41.9, 42.5, 41.5m 
respectively. Z0=42m, find P and Q at points 1 and 2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑃𝑃0
𝛾𝛾 + 𝛾𝛾0 +

𝑣𝑣02

2𝑘𝑘 =
𝑃𝑃3
𝛾𝛾 + 𝛾𝛾3 +

𝑣𝑣32

2𝑘𝑘 

0 + 42 + 0 = 0 + 41.5 +
𝑣𝑣32

2𝑘𝑘 

𝑣𝑣3 = �(42 − 41.5) ∗ 2𝑘𝑘 = �(0.5) ∗ 2 ∗ 9.81 = 3.132𝑚𝑚/𝑚𝑚𝑑𝑑𝛿𝛿 

𝑄𝑄 =  𝜋𝜋 ∗ 0.025 ∗
0.025

4 ∗ 3.132 = 0.001537𝑚𝑚3 /𝑚𝑚𝑑𝑑𝛿𝛿 
Note that 𝑣𝑣3 = 𝑣𝑣2 = 𝑣𝑣1  
𝑃𝑃0
𝛾𝛾 + 𝛾𝛾0 +

𝑣𝑣02

2𝑘𝑘 =
𝑃𝑃1
𝛾𝛾 + 𝛾𝛾1 +

𝑣𝑣12

2𝑘𝑘 

O 

1 

2 

3 
Z0 Z1 

Z2 
Z3 

EGL 

HGL 
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0 + 42 + 0 =

𝑃𝑃1
𝛾𝛾 + 41.9 + 0.5 

𝑃𝑃1
𝛾𝛾 = −0.4𝑚𝑚𝑚𝑚2𝑂𝑂:       𝑃𝑃1 = −0.4 ∗ 9810 = −3924𝑁𝑁/𝑚𝑚2 

𝑃𝑃0
𝛾𝛾 + 𝛾𝛾0 +

𝑣𝑣02

2𝑘𝑘 =
𝑃𝑃2
𝛾𝛾 + 𝛾𝛾2 +

𝑣𝑣22

2𝑘𝑘 

0 + 42 + 0 =
𝑃𝑃2
𝛾𝛾 + 42.5 + 0.5 

𝑃𝑃2
𝛾𝛾 = −1𝑚𝑚𝑚𝑚2𝑂𝑂:       𝑃𝑃2 = −1 ∗ 9810 = −9810𝑁𝑁/𝑚𝑚2 

 
Ex: At sudden enlargement from 240mm to 480mm HGL rises 10mm. Find the 
flow rate: 
Solution: 
 
 
 
 
 
 
 
 
 
At section 1: 
EGL – HGL=v1

2/2g=AD 
At section 2: 
EGL – HGL=v2

2/2g=BC 
At sudden expansion 
p1/γ + z1 + v12/2g + = p2/γ + z2 + v22/2g+ losses 
use momentum change and force responsible for these losses 
= [v1-v2]2/2g=AB 
HGL rise = DC = 10mm 
A1*V1=A2*V2 
Πd1

2/4 * v1= Πd2
2/4 * v2 

V1=4V2 
AD=AB+BC+CD 

EGL 

HGL 

A 

B 

C 

D 

1 

2 

240mm 
480m

 

- 68 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
v12/2g =[v1-v2]2/2g+ v22/2g+1 
16*v2

2/2g =9*v2
2/2g+ v22/2g+1 

V2= 18.08 cm/sec 
Q=A2*V2=π*0.482*18.08=32720cm3/sec 
Torricelli’s Theorem (year - 1645): 
If Bernoulli’s equation is applied to a tank with an orifice 
p1/γ + z1 + v1

2 /2g = p2/γ + z2 + v2
2/2g 

p1/γ + z1 + v1
2 / 2g = p2/γ + z2 + v2

2 / 2g 
v2 = [2g (z1 - z2)] 1/2 
v2 = [2gh] 1/2 
VELOCITY at ORIFICE – dependent of fluid 
elevation! 
Velocity will change as h changes! 
Velocity and flow rate will decrease with time as the tank 
drains! – why because the value of h decreases! 
Problem 6.13: 
Compute the flow rate Q from the nozzle if: h starts at 3.0 
m and for increments of 0.5 m.  
diameter of nozzle 50mm 
area of nozzle = 0.001963 m2 
for h = 3.0 m 
v = [2* 9.81* 3.0] 1/2 
v = 7.67 m/s 
Therefore Q = Av = 0.001963 * 7.67 = 0.0151 m3/s 
compute Q for decreasing 0.5 m increments and plot Excel spreadsheet 
computations - 
 

h          v              A             Q 
3        7.672   0.001963    0.015 
2.5     7.004   0.001963    0.014 
2        6.264   0.001963    0.012 
1.5     5.425   0.001963    0.011 
1        4.429   0.001963    0.009 
0.5     3.132   0.001963    0.006 
0        0.000   0.001963    0.000 
Another case of Torricelli’s theorem – 
Under the situation given above, the jet should rise to level h!!! 
What do you have to do if you want the jet to go beyond h???? 
Example 6.14: 
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Compute the air pressure above the water column required to cause the jet to rise 
40 ft from the nozzle. 
Water column h = 6.0 ft. 
p1 =???????? 
Apply the bernoulli’s equation between water level 
and nozzle 
p1/γ + z1 + v1

2 / 2g = p2/γ + z2 + v2
2 / 2g 

p1/γ + z1 = z2 + v2
2 / 2g 

v2
2 / 2g = p1/γ + (z1 - z2) 

v2
2 / 2g = p1/γ + h 

Now apply equation between points 2 and 3 
p2/γ + z2 + v2

2 / 2g = p3/γ + z3 + v3
2 / 2g 

z2 + v2
2 / 2g = z3 

or v2
2 / 2g = z3 - z2 

p1/γ + h = 40 
p1/γ = 40-h 
p1 = 62.4 * (40-6)= 2121 lb/ft2 
Or 14.73 psig 
Torricelli’s experiment – time take for head to fall from h1 to h2 

𝒇𝒇𝟐𝟐 − 𝒇𝒇𝟏𝟏 =
𝟐𝟐𝑨𝑨𝒇𝒇/𝑨𝑨𝒋𝒋
�𝟐𝟐𝟏𝟏

[𝒉𝒉𝟏𝟏𝟎𝟎.𝟓𝟓 − 𝒉𝒉𝟐𝟐𝟎𝟎.𝟓𝟓] 

At - cross sectional area of tank 
Aj – cross sectional area of nozzle 
Considering a 2 m diameter tank with a 50 mm nozzle – 
 
h                  v                    A                    Q                   time 
m               m/s                 m2                   m3/s                  s 
3              7.672             0.001963           0.015 
2.5           7.004             0.001963           0.014               109 
2              6.264             0.001963           0.012               121 
1.5           5.425             0.001963           0.011               137 
1              4.429             0.001963           0.009               162 
0.5           3.132             0.001963           0.006               212 
0              0.000             0.001963          0.000                511 
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Venturimeter – 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Instrument that utilizes the Bernoulli’s principle and the manometer principle 
to determine the pressure in pipes 
Determine velocity of flow at A, and the volume flow rate. 
• Apply the Bernoulli’s equation for points A and B 
pA/γ + zA + vA

2 / 2g = pB/γ + zB + vB
2 / 2g 

• we know the pressure difference between A and Because of the manometer 
• we know the elevation difference 
• but we don’t know any velocities (and we want to find velocity at A) 
Rearrange the equation – 
(pA - pB) / γ + (zA - zB)  
= (vB

2 - vA
2 ) / 2g 

What is (zA - zB) ????? 
So we know the elevation head/term. 
• Now what about the pressures – determine from the 
manometer 
SG of the fluid = 1.25 
γg of the fluid = 1.25*9.81 kN/m3 = 12.26 kN/m3 
γ of water at 60C = 9.65 kN/m3 
(pA - pB)=γ(0.46– 1.18) + γg (1.18) 
(pA-pB)/γ=(0.46–1.18)+γg (1.18) /γ 
= 0.78 m 
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• OK what about the velocities – we still have 2 unknowns? 
(AA = 0.07068 m2;     AB= 0.03141 m2)          vB

2 = 5.06 vA
2 

• NOW – put all terms back into the original equation! 
(pA - pB) / γ + (zA - zB) = (vB

2 - vA
2 ) / 2g 

Substituting the known, we get – 
0.78 m - 0.46 m = (4.06 vA

2 ) / 2g 
Solve for vA! 
vA = 1.24 m/s 
Q = vA * A = 0.0877 m3/s 
Proof of Bernoulli Equation 
 
 
 
 
 
 
 
 
 
W =weight of fluid element between AA and A- A- 
𝑊𝑊 = 𝛾𝛾𝑚𝑚1𝑑𝑑𝑣𝑣1 = 𝛾𝛾𝑚𝑚2𝑑𝑑𝑣𝑣2 
𝑚𝑚1𝑑𝑑𝑣𝑣1 =

𝑾𝑾
𝜸𝜸

… … … . (𝟏𝟏):          𝑚𝑚2𝑑𝑑𝑣𝑣2 =
𝑾𝑾
𝜸𝜸

… … … . (𝟐𝟐) 

Thus:𝑚𝑚1𝑑𝑑𝑣𝑣1 = 𝑚𝑚2𝑑𝑑𝑣𝑣2 
Work done by fluid at AA to move fluid to A-A- = force * distance 
= 𝑃𝑃1𝑚𝑚1𝑑𝑑𝑣𝑣1 
Work done by fluid at BB to move fluid to B-B- = force * distance 
= −𝑃𝑃2𝑚𝑚2𝑑𝑑𝑣𝑣2 
-ve sign since it is on opposite direction 
Thus: Total work done by pressure is: 
𝑚𝑚1𝑑𝑑𝑣𝑣1[𝑷𝑷𝟏𝟏 − 𝑷𝑷𝟐𝟐] =

𝑾𝑾
𝜸𝜸

[𝑷𝑷𝟏𝟏 − 𝑷𝑷𝟐𝟐] 

Loss of potential energy] = 𝑊𝑊[𝛾𝛾1 − 𝛾𝛾2]  

Gain in kinetic energy= 𝑊𝑊[𝑣𝑣2
2−𝑣𝑣12

2𝑠𝑠
]= 𝑊𝑊

2𝑠𝑠
[𝑣𝑣22 − 𝑣𝑣12  ] 

Loss of potential energy + work done by pressure = gain in kinetic energy 
𝑊𝑊[𝛾𝛾1 − 𝛾𝛾2] + 𝑾𝑾

𝜸𝜸
[𝑷𝑷𝟏𝟏 − 𝑷𝑷𝟐𝟐]= 𝑊𝑊

2𝑠𝑠
[𝑣𝑣22 − 𝑣𝑣12  ] 

A 
A- 

dL2 

dL1 

A- A 

P1 

P2 
B 

B 

B- 

B- 

Z2 
Z1 
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Arranging this gives: 
P1/γ + z1 + αv1

2 /2g = p2/γ + z2 + αv2
2 /2g  

which is Bernoulli equation 
Euler Equation 

 
 
 

 
 
 
 
 
Along the stream line: 
𝑑𝑑 = 𝑃𝑃𝐴𝐴 
𝑚𝑚 = 𝑑𝑑𝜌𝜌 = 𝑑𝑑𝐴𝐴 ∗ 𝑑𝑑𝑆𝑆 ∗ 𝜌𝜌 
𝑊𝑊 = 𝛾𝛾𝑑𝑑 = 𝛾𝛾𝑑𝑑𝐴𝐴𝑑𝑑𝑆𝑆 
𝑚𝑚𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚𝑣𝑣𝑝𝑝𝑣𝑣𝑑𝑑 𝑣𝑣𝑓𝑓 𝑓𝑓𝑣𝑣𝛾𝛾𝛿𝛿𝑑𝑑𝑚𝑚 = [𝑃𝑃 − (𝑃𝑃 + 𝑑𝑑𝑃𝑃)]𝑑𝑑𝐴𝐴 − 𝑑𝑑𝑊𝑊 𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 
𝑑𝑑 = 𝑚𝑚𝑚𝑚 

𝑚𝑚 =
𝑑𝑑𝑣𝑣
𝑑𝑑𝑣𝑣 =

𝑑𝑑𝑣𝑣
𝑑𝑑𝑚𝑚 ∗

𝑑𝑑𝑚𝑚
𝑑𝑑𝑣𝑣 = 𝑣𝑣𝑑𝑑𝑣𝑣/𝑑𝑑𝑚𝑚 

Thus: 
[𝑃𝑃 − (𝑃𝑃 + 𝑑𝑑𝑃𝑃)]𝑑𝑑𝐴𝐴 − 𝑑𝑑𝑊𝑊 𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 = 𝑚𝑚𝑚𝑚 = 𝑑𝑑𝐴𝐴 ∗ 𝑑𝑑𝑆𝑆 ∗ 𝜌𝜌 ∗ 𝑣𝑣𝑑𝑑𝑣𝑣/𝑑𝑑𝑚𝑚 
−𝑑𝑑𝑃𝑃𝑑𝑑𝐴𝐴 − 𝛾𝛾𝑑𝑑𝐴𝐴𝑑𝑑𝑆𝑆 𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 = 𝑑𝑑𝐴𝐴 ∗ 𝑑𝑑𝑆𝑆 ∗ 𝜌𝜌 ∗ 𝑣𝑣𝑑𝑑𝑣𝑣/𝑑𝑑𝑆𝑆 
𝑑𝑑𝛾𝛾/𝑑𝑑𝑆𝑆 = 𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 
Thus: 
𝑑𝑑𝛾𝛾 = 𝑑𝑑𝑆𝑆 𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 
Then: 
−𝑑𝑑𝑃𝑃𝑑𝑑𝐴𝐴 − 𝛾𝛾𝑑𝑑𝐴𝐴𝑑𝑑𝛾𝛾 = 𝑑𝑑𝐴𝐴 ∗ 𝑑𝑑𝑆𝑆 ∗ 𝜌𝜌 ∗ 𝑣𝑣𝑑𝑑𝑣𝑣/𝑑𝑑𝑆𝑆 
−𝑑𝑑𝑃𝑃𝑑𝑑𝐴𝐴 − 𝛾𝛾𝑑𝑑𝐴𝐴𝑑𝑑𝛾𝛾 = 𝑑𝑑𝐴𝐴 ∗ 𝜌𝜌 ∗ 𝑣𝑣𝑑𝑑𝑣𝑣 
Divide by  γdA 
−𝑑𝑑𝑃𝑃/𝛾𝛾 − 𝑑𝑑𝛾𝛾 = 𝑣𝑣𝑑𝑑𝑣𝑣/𝑘𝑘 

−
𝑑𝑑𝑃𝑃
𝛾𝛾 − 𝑑𝑑𝛾𝛾 −

𝑣𝑣𝑑𝑑𝑣𝑣
𝑘𝑘 = 0 

This is Euler equation 
𝑑𝑑𝑃𝑃
𝛾𝛾 + 𝑑𝑑𝛾𝛾 +

𝑣𝑣𝑑𝑑𝑣𝑣
𝑘𝑘 = 0 

θ 

dW sinθ 

dW 

dS 

dZ 

P+dP 

P 
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�
𝑑𝑑𝑃𝑃
𝛾𝛾 + �𝑑𝑑𝛾𝛾 + �

𝑣𝑣𝑑𝑑𝑣𝑣
𝑘𝑘 = 𝐶𝐶 

𝑃𝑃1
𝛾𝛾 + 𝛾𝛾1 +

𝑣𝑣12

2𝑘𝑘 =
𝑃𝑃2
𝛾𝛾 + 𝛾𝛾2 +

𝑣𝑣22

2𝑘𝑘 

Which is Bernoulli equation 
Pipe Connections 
Two general types of networks 
Pipes in series  
Volume flow rate is constant 
Head loss is the summation of parts 
𝑄𝑄1 = 𝑄𝑄2 = 𝑄𝑄3 = 𝑄𝑄4 = 𝑄𝑄 
ℎ𝐿𝐿𝐿𝐿 = ℎ𝐿𝐿1 + ℎ𝐿𝐿2 + ℎ𝐿𝐿3 + ⋯ 

ℎ𝐿𝐿𝐿𝐿 =
ƒ1𝐿𝐿1𝑑𝑑12

2𝑘𝑘𝐷𝐷1
+

ƒ2𝐿𝐿2𝑑𝑑22

2𝑘𝑘𝐷𝐷2
+

ƒ3𝐿𝐿3𝑑𝑑32

2𝑘𝑘𝐷𝐷3
+ ⋯ 

ℎ𝐿𝐿𝐿𝐿 =
ƒ1𝐿𝐿1𝑄𝑄2

12.1𝐷𝐷15
+

ƒ2𝐿𝐿2𝑄𝑄2

12.1𝐷𝐷25
+

ƒ3𝐿𝐿3𝑄𝑄2

12.1𝐷𝐷35
+ ⋯. 

ℎ𝐿𝐿𝐿𝐿 =
𝑄𝑄2

12.1∑
ƒ1𝐿𝐿1
𝐷𝐷15

+
ƒ2𝐿𝐿2

12.1𝐷𝐷25
+

ƒ3𝐿𝐿3
𝐷𝐷35

+ ⋯ 

Pipes in parallel 
Volume flow rate is the sum of the components 
Pressure loss across all branches is the same 
𝑄𝑄𝐿𝐿 = 𝑄𝑄1 + 𝑄𝑄2 + 𝑄𝑄3 + 𝑄𝑄4 + ⋯ 
ℎ𝐿𝐿𝐿𝐿 = ℎ𝐿𝐿1 = ℎ𝐿𝐿2 = ℎ𝐿𝐿3 = ⋯ 
Since Δp is the same for all branches, head loss in all branches is the same 
HL1=HL2 
ƒ1𝐿𝐿1𝑑𝑑12

2𝑘𝑘𝐷𝐷1
=

ƒ2𝐿𝐿2𝑑𝑑22

2𝑘𝑘𝐷𝐷2
=

ƒ3𝐿𝐿3𝑑𝑑32

2𝑘𝑘𝐷𝐷3
= ⋯ 

 Ex: A 4-in-diameter galvanized iron vent is 20 ft long and has four 90 elbows, 
and isused to pass through air from a dryer at a pressure of 0.2 
 inches of water and at 100F. Determine the air flow rate.  
Solution 
 Establish point 1 and point 2: 1 in the dryer, 2 at the vent exit 
P1 = 0.20 inch water = (0.2/12)*62.41= 1.02 lb/ft2. 
V1 = 0, Z1=Z2=0,   P2=0 
 𝛾𝛾𝑚𝑚𝑜𝑜𝑟𝑟 = 0.0709Lb/ft3   
 P1/γ + z1 + αv1

2 /2g = p2/γ + z2 + αv2
2 /2g + hL+hminor 
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P1/ρg = αv2

2 /2g + ƒ1𝐿𝐿1𝑉𝑉1
2

2𝑠𝑠𝐴𝐴1
 +∑𝐾𝐾𝑚𝑚

𝑉𝑉22

2𝑠𝑠
  

We have one entrance (dryer to vent, K=0.5) and four elbows  (K1.5) 
Assuming turbulent flow , thus α =1 
1.04/0.0709 = v2

2 /(2*32.2)[ 1+ ƒ120
4/12

 +0.5 + 4 ∗ 1.5] 
945=(7.5+60ƒ)*V2 

To determine ƒ, we need Re and e/D, 
 Re=ρVD/µ=1860V:  e/D=0.0005/4/12=0.0015 
Use iterative procedure 
 ƒ             v               Re                   ƒ 
0.022    10.4         19300           0.029     
0.029    10.1         18800           0.029 
Final solution: V=10.1 ft/sec,   Q=0.881ft3/sec 
Pipe flow problem 
Water (υ=1.21*10-5 ft2/s) at a flow rate of 26 ft/s flow through a pipe having four 
flanged 45 degree elbows from reservoir A to B as shown. Determine the pipe 
diameter. 
Establish point 1 and point 2. 
P1=P2=0:      V1=V2=0:        Z2=0 
Z1 =  ƒ1𝐿𝐿1𝑉𝑉1

2

2𝑠𝑠𝐴𝐴1
 +∑𝐾𝐾𝑚𝑚

𝑉𝑉22

2𝑠𝑠
 

V=Q/A =33.1/D2 

We have six minor losses: one 
entrance, four elbows and one exit  
Kent. =0.5, Kelbow. =0.2,    Kexit. =1 
44 = [33.1/D]2 /(2*32.2)[ ƒ1∗1700

𝐴𝐴
 +0.5 + 4 ∗ 0.2 + 1] 

ƒ=0.00152D5-0.00135 
Re=ρVD/µ=VD/υ=2.74*106/D 
e/D=0.005/D 
use iterative procedure 
assume D1=2ft   thus  
ƒ1=0.00152*25-0.00135=0.04729 
e/D=0.005/2=0.0025 
Re= 2.74*106/2=1.37*106 
From moodi digram ƒ2=0.025 
Since ƒ1 is not equal to ƒ2 assume  
D2=1.5 
Re=2.74*106/1.5=1.827*106 
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e/D=0.005/1.5=0.0033 
from moodi diagram ƒ3=0.025 
since  
ƒ2= ƒ3 thus D = 1.5 
Multiple pipe system 
At the node:Q1=Q2+Q3 
 and Loss L2= Losses L3 
One issue is that we may not know the flow direction in one pipe segment 
Example 
In a pipe system as shown, the pipe diameter is 1 ft,the friction factor is 0.02, 
neglect minor losses, determine the flow rate into or out of each reservoir 
Now establish the energy conservation equations between the reservoirs: 
Between A and C 

 
In order to know the flow rate in pipe segment 1, 2 and 3, we need know V1, V2, 
V3,  
Assume flow is from A to B and C, thus Q1=Q2+Q3 
Since the diameters are equal thus: 
V1=V2+V3 

pA/γ + zA + vA
2 / 2g = pc/γ + zc + vc

2 / 2g +ƒ1𝐿𝐿1𝑉𝑉12

2𝑠𝑠𝐴𝐴1
+ƒ3𝐿𝐿3𝑉𝑉32

2𝑠𝑠𝐴𝐴3
 

Between A and B 

pA/γ + zA + vA
2 / 2g = pB/γ + zB + vB

2 / 2g +ƒ1𝐿𝐿1𝑉𝑉12

2𝑠𝑠𝐴𝐴1
+ƒ2𝐿𝐿2𝑉𝑉22

2𝑠𝑠𝐴𝐴2
 

we also have PA=PB=PC=0, VA=VB=VC=0 

 zA -ZC = ƒ1𝐿𝐿1𝑉𝑉1
2

2𝑠𝑠𝐴𝐴1
+ƒ3𝐿𝐿3𝑉𝑉32

2𝑠𝑠𝐴𝐴3
 

zA - zB = +ƒ1𝐿𝐿1𝑉𝑉12

2𝑠𝑠𝐴𝐴1
+ƒ2𝐿𝐿2𝑉𝑉22

2𝑠𝑠𝐴𝐴2
 

322=V1
2 + 0.4 V3

2 
258=V1

2 + 0.5 V2
2 
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Combined with V1=V2+V3 We can obtain:V1=15.9ft/sec;V2=2.88ft/sec/; 
V3=13.02ft/sec 
Keep in mind that you need get rid of those unrealistic root values) 
andQ1=12.5ft3/sec; Q2=2.26ft3/sec; Q3 =10.2ft3/sec 
If you assume flow from B to C then 
 V1+V2=V3 then 
you will not find a solution 
Adding a parallel pipe example  
pipe joins two reservoirs whose head difference is 10m. The pipe is 0.2 m 
diameter, 1000m in length and has f value of 0.0032.  
a) What is the flow in the pipeline?  
b) It is required to increase the flow to the downstream reservoir by 30%. This is 
to be done adding a second pipe of the same diameter that connects at some 
point along the old pipe and runs down to the lower reservoir. Assuming the 
diameter and the friction factor are the same as the old pipe, how long should the 
new pipe be? 

 
 
 
 
 
 
 

a) ℎ𝑓𝑓 = ƒ𝐿𝐿𝑄𝑄2/12.1𝐷𝐷5 
10 = 0.032 ∗ 1000 ∗ 𝑄𝑄2/3 ∗ (0.2)5 

Q=0.0346m3/sec 
b) H=10=hf1+hf2=hf1+hf3 thus:      hf2=hf3 
ƒ2𝐿𝐿2𝑄𝑄22

12.1𝐷𝐷25
=

ƒ3𝐿𝐿3𝑄𝑄32

12.1𝐷𝐷35
 

as the pipes 2 and 3 are the same f, same length and the same diameter then Q2 = Q3.  
By continuity Q1 = Q2 + Q3 = 2Q2 = 2Q3 
So: Q2=Q1/2:     L2 = 1000 -L1 

10=hf1+hf2:                      10=ƒ1𝐿𝐿1𝑄𝑄12

12.1𝐴𝐴1
5 + ƒ2𝐿𝐿2𝑄𝑄22

12.1𝐴𝐴2
5 

10=ƒ1𝐿𝐿1𝑄𝑄12

12.1𝐴𝐴1
5 + ƒ2(1000−𝐿𝐿1)𝑄𝑄22

12.1𝐴𝐴2
5 :            As f

1 
= f

2
, d

1 
= d

2
 

10m 

1 

2 

3 

1000m 
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10= ƒ1𝑄𝑄12

12.1𝐴𝐴1
5 [𝐿𝐿1 + 1000−𝐿𝐿1

4
] 

The new Q1 is to be 30% greater than before so Q1 = 1.3 × 0.034 = 0.442 m3/s  
Solve for L to give: 
L

1 
= 455.6m:  L2 = 1000 – 455.6 = 544.4 m 

Ex:In the following figure the pipe length is 3000m and its diameter is 0.3 m. 
find Q if ƒ is 0.04 
Then , if the last 1500m replaced by two pipes of same diameter,0.3m, find the 
new flow rate. 

𝒉𝒉𝒇𝒇 =
ƒ𝑳𝑳𝒗𝒗𝟐𝟐

𝟐𝟐𝟏𝟏𝒅𝒅
=

ƒ𝑳𝑳𝑸𝑸𝟐𝟐

𝟏𝟏𝟐𝟐.𝟏𝟏𝒅𝒅𝟓𝟓
 

𝑸𝑸 = �
𝟏𝟏𝟐𝟐.𝟏𝟏 ∗ 𝒅𝒅𝟓𝟓 ∗ 𝒉𝒉𝒇𝒇

ƒ ∗ 𝑳𝑳
= �𝟏𝟏𝟐𝟐.𝟏𝟏 ∗ 𝟎𝟎.𝟑𝟑𝟓𝟓 ∗ 𝟏𝟏𝟐𝟐

𝟎𝟎.𝟎𝟎𝟒𝟒 ∗ 𝟑𝟑𝟎𝟎𝟎𝟎𝟎𝟎
= 𝟎𝟎.𝟎𝟎𝟓𝟓𝟒𝟒𝒎𝒎𝟑𝟑/𝒔𝒔𝒔𝒔𝒔𝒔 

 
 
 
 
 
 
 
 
 
 
 
 
Q2 =Q3:   Q1=Q2+Q3=2Q2 
Flow through ABC = 

ℎ𝑓𝑓 =
ƒ𝐿𝐿1𝑄𝑄12

12.1 ∗ 𝑑𝑑15 +
ƒ𝐿𝐿2𝑄𝑄22

12.1 ∗ 𝑑𝑑25 

12 =
0.04 ∗ 1500 ∗ [2𝑄𝑄2]2

12.1 ∗ 0.35 +
0.04 ∗ 1500 ∗ 𝑄𝑄22

12.1 ∗ 0.35  
Q2 =0.034m3/sec:     Q1 =0.068m3/sec 
Ex: water is being discharged from a reservoir through a pipe 4 km long and 0.5 
m diameter to another reservoir having water level 12.5m below that of the first 
reservoir. It is required to feed a third reservoir whose water level is 15 m below 
that in the first reservoir through a pipe line of 1.5 km length connected at 1 km 

12m 

12m 
3 

2 

1 

A 

B 

C 
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from the entrance. Find the diameter of the new pipe so that the flow into both 
reservoir is same. Use ƒ=0.032 
Solution 

ℎ𝑓𝑓 =
ƒ𝐿𝐿1𝑄𝑄12

12.1 ∗ 𝑑𝑑15 +
ƒ𝐿𝐿2𝑄𝑄22

12.1 ∗ 𝑑𝑑25 
Q2 =Q3:    Q1=Q2+Q3=2Q2 

ℎ𝑓𝑓 =
ƒ𝑄𝑄12

12.1 ∗ 𝑑𝑑15 [𝐿𝐿1 + 0.5 ∗ 0.5𝐿𝐿2] 

 
 
 
 
 
 
 
 
 
 
 
Flow from reservoir 1 to 2 

12.5 =
0.032 ∗ 𝑄𝑄12

12.1 ∗ 0.55 [1000 + 0.5 ∗ 0.5 ∗ 3000] 
Q1=0.29m3/sec 
Q2=Q3=0.145m3/sec 
Flow from reservoir 1 to 3 

15 =
0.032 ∗ 1000 ∗ 0.292

12.1 ∗ 0.55 +
0.032 ∗ 1500 ∗ 0.1452

12.1 ∗ 𝑑𝑑5  
D= 0.4m 
Ex: Water at 7 F is to be discharged from tank A to tank B at a rate of 2cfs by 
gravity flow. The pipe have abrupt entrance, two 90 elbows, gate valve, and 1:2 
orifice meter. If the pipe is made of cast iron and it is of 100 ft length, find the 
required diameter. 
Solution 
pA/γ + zA + vA

2 / 2g = pB/γ + zB + vB
2 / 2g +ƒ1𝐿𝐿1𝑉𝑉12

2𝑠𝑠𝐴𝐴1
+∑𝟏𝟏 𝑉𝑉22

2𝑠𝑠
 

12.5m 

Q3 
Q2 

1 
Q1 

15m 

C 
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zA - zB = ƒ1𝐿𝐿1𝑉𝑉1

2

2𝑠𝑠𝐴𝐴1
+∑𝟏𝟏𝑉𝑉2

2𝑠𝑠
 

 
 
 
 
 
 
 
 

10 = ƒ1𝐿𝐿1𝑄𝑄12

[𝜋𝜋𝑑𝑑2]22𝑠𝑠𝑑𝑑
+∑𝟏𝟏 𝑄𝑄2

[2𝑠𝑠[𝜋𝜋𝑑𝑑2]2]
 

10 = { ƒ1𝐿𝐿1
32.2∗𝜋𝜋2∗𝑑𝑑5

+[𝟖𝟖(𝟎𝟎.𝟓𝟓+𝟎𝟎.𝟗𝟗+𝟎𝟎.𝟗𝟗+𝟎𝟎.𝟏𝟏𝟗𝟗+𝟎𝟎.𝟒𝟒+𝟏𝟏]
𝟑𝟑𝟐𝟐.𝟐𝟐∗[𝜋𝜋𝑑𝑑2]2

]}𝑸𝑸𝟐𝟐 
2.5𝑑𝑑5 = [2.517ƒ + 0.0979𝑑𝑑]  
d= [1.007ƒ + 0.0392𝑑𝑑]0.2 
use trial and error solution 
use ƒ = 0.03 :        d=0.55 ft 
Re =vd/υ=4Qd/[πυd]=4*2/[π*1.059*10-5*0.55]=4.372*105 

e/d=0.0102/[0.55(12)]=0.00155 
from moodi diagram ƒ = 0.0225   
use this to get d= 0.53ft    then    Re=4.337*105 
then ƒ = 0.0221             𝑣𝑣.𝑘𝑘 
Ex: water flows from a reservoir by gravity at a rate of 0.14m3/sec without 
pump. Find the power of the pump required to give Q of 0.18m3/sec if ƒ2 =
0.9ƒ1 𝑚𝑚𝑑𝑑𝑑𝑑 𝑘𝑘 𝑑𝑑𝑑𝑑𝑣𝑣𝛾𝛾𝑚𝑚𝑑𝑑𝛿𝛿𝑑𝑑 𝑝𝑝𝑚𝑚 0.5 
Solution 
Before installing the pump 
V entrance = Q/A1=0.14/[π*0.152/4]=7.9 m/sec 
V2 = Q/A2=0.14/[π*0.0752/4]=31.6 m/sec 

P1/γ + z1 + v1
2 / 2g = p2/γ + z2 + v2

2 / 2g +ƒ𝐋𝐋𝐕𝐕𝟎𝟎.𝟏𝟏𝟓𝟓
𝟐𝟐

𝟐𝟐𝟐𝟐𝐫𝐫
+𝐤𝐤 𝐕𝐕𝐞𝐞𝐞𝐞𝐞𝐞𝟐𝟐

𝟐𝟐𝟐𝟐
 

0 + 90 + 0 = 0 + 30 + 31.62 / 2*9.81 +0.5* 7.92 / 2*9.81  +ƒ𝐋𝐋𝐕𝐕𝟎𝟎.𝟏𝟏𝟓𝟓
𝟐𝟐

𝟐𝟐𝟐𝟐𝐫𝐫
 

60 - 31.62 / 2*9.81 -0.5* 7.92 / 2*9.81  =
ƒ𝟏𝟏𝐋𝐋𝟏𝟏𝟕𝟕.𝟗𝟗𝟐𝟐

𝟐𝟐∗𝟗𝟗.𝟖𝟖∗𝐫𝐫
 

10ft
 

A 

B 
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ƒ𝐿𝐿
𝑑𝑑 = 2.362 

 
 
 
 
 
 
After installing pump; 
V entrance = Q/A1=0.18/[π*0.152/4]=10.16 m/sec 
V2 = Q/A2=0.18/[π*0.0752/4]=40.64 m/sec (for 0.075m) 
P1/γ + z1 + v1

2 / 2g +EP= p2/γ + z2 + v2
2 / 2g +ƒ𝐿𝐿𝑉𝑉0.15

2

2𝑠𝑠𝑑𝑑
+𝟏𝟏 𝑉𝑉𝑠𝑠𝑒𝑒𝑒𝑒2

2𝑠𝑠
 

60 +EP= 0.5* 10.162 / 2g +𝟎𝟎.𝟗𝟗 ∗ ƒ𝐿𝐿
𝑑𝑑
∗ 𝑉𝑉0.15

2

𝟐𝟐𝟏𝟏
 +𝑉𝑉0.075

2

2𝑠𝑠
 

60 +EP= 0.5* 10.162 / 2g +𝟎𝟎.𝟗𝟗 ∗ 2.362 ∗ 𝟏𝟏𝟎𝟎.𝟏𝟏𝟔𝟔𝟐𝟐

𝟐𝟐𝟏𝟏
 +40.642

2𝑠𝑠
 

EP=38m 
Power=γQEP=9810*0.18*38=67100N.m/s [watt]=67.1KW 
If pump efficiency is 0.75 
Total  power =67.1/0.75=89.5KW 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

30m
 

90
 

D=0.075m 

D=0.15m 

30m
 

90
 

D=0.075m D=0.15m 
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Flow Measuring Devices 
Pitot Tube 
If a stream of uniform velocity flows into a blunt body, the stream lines take a 
pattern similar to this 

 
Note how some move to the left and some to the right. But one, in the centre, 
goes to the tip of the blunt body and stops. It stops because at this point the 
velocity is zero - the fluid does not move at this one point. This point is known 
as the stagnation point. 
From the Bernoulli equation we can calculate the pressure at this point. Apply 
Bernoulli along the central streamline from a point upstream where the velocity 
is u1 and the pressure p1 to the stagnation point of the blunt body where the 
velocity is zero,  
u2 = 0. Also z1 = z2. 

 
𝑃𝑃1
𝛾𝛾 + 𝛾𝛾1 +

𝑣𝑣12

2𝑘𝑘 =
𝑃𝑃2
𝛾𝛾 + 𝛾𝛾2 +

𝑣𝑣22

2𝑘𝑘 

𝑃𝑃1
𝛾𝛾 +

𝑣𝑣12

2𝑘𝑘 =
𝑃𝑃2
𝛾𝛾  

𝑃𝑃1
𝜌𝜌 +

𝑣𝑣12

2 =
𝑃𝑃2
𝜌𝜌  

𝑃𝑃2 = 𝜌𝜌𝑣𝑣12

2𝑠𝑠
+P1 

This increase in pressure which bring the fluid to rest is called the dynamic 
pressure 

- 82 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
Dynamic pressure =

𝜌𝜌𝑣𝑣12

2𝑠𝑠
 

or converting this to head (using h=P/ρg 
Dynamic head=0.5𝑣𝑣12/𝑘𝑘 
The total pressure is known as the stagnation pressure (or total pressure) 

Stagnation pressure=P1 +𝜌𝜌𝑣𝑣1
2

2𝑠𝑠
 

or in terms of head 
Stagnation head = 𝑃𝑃1

𝜌𝜌𝑠𝑠
+0.5𝑣𝑣12/𝑘𝑘 

The blunt body stopping the fluid does not have to be a solid. I could be a static 
column of fluid. Two piezometers, one as normal and one as a Pitot tube within 
the pipe can be used in an arrangement shown below to measure velocity of flow 

 
Using the above theory, we have the equation for p2 
𝑃𝑃2 = 𝑃𝑃1 + 0.5𝜌𝜌𝑣𝑣12 
𝜌𝜌𝑘𝑘ℎ2 = 𝜌𝜌𝑘𝑘ℎ1 + 0.5𝜌𝜌𝑣𝑣12 
𝑣𝑣 = �2𝑘𝑘(ℎ2 − ℎ1) 
Flow rate measurement 
Various flow meters are governed by the Bernoulli and continuity equations 
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Three commonly used types of flow meters are illustrated: the orifice meter, the 
nozzle meter, and the Venturimeter. The operation of each is based on the same 
physical principles—an increase in velocity causes a decrease in pres-sure. The 
difference between them is a matter of cost, accuracy, and how closely their 
actual operation obeys the idealized flow assumptions.  
We assume the flow is horizontal (z1=z2 ), steady, inviscid, and incompressible 
between points (1) and (2). The Bernoulli equation becomes: 

𝑃𝑃1 +
𝜌𝜌𝑣𝑣12

2 = 𝑃𝑃2 +
𝜌𝜌𝑣𝑣22

2  
If we assume the velocity profiles are uniform at sections (1) and (2), the 
continuity equation can be written as: 
Q=A1V1=A2V2 
Where A2 is the small (A2˂A1 ) flow area at section (2). Combination of these 
two equations results in the following theoretical flow rate 

𝑄𝑄 = 𝐴𝐴2�
2[𝑃𝑃1 − 𝑃𝑃2]

𝜌𝜌[1 − 𝐴𝐴22
𝐴𝐴12

]
 

assumed vena contracta = 0, i.e., no viscous effects. Otherwise, 

𝑄𝑄 = 𝐶𝐶𝐶𝐶𝐴𝐴𝐶𝐶�
2[𝑃𝑃1 − 𝑃𝑃2]

𝜌𝜌[1 − 𝐴𝐴22
𝐴𝐴12

]
 

where CC= contraction coefficient  

 
The velocity profile of the left nozzle is not uniform due to differences in 
elevation, but in general  d˂˂h and we can safely use the centerline velocity,v2 , 
as a reasonable “average velocity.”  
For the right nozzle with a sharp corner,dj will be less than dh . This 
phenomenon, called a vena contracta effect, is a result of the inability of the fluid 
to turn the sharp 90  corner 
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Figure 3.14 Typical flow patterns and contraction coefficients 

The vena contracta effect is a function of the geometry of the outlet. Some 
typical configurations are shown in Fig. 3.14 along with typical values of the 
experimentally obtained contraction coefficient,CC=Aj/Ah, where Aj and Ah are 
the areas of the jet at the vena contracta and the area of the hole, respectively 
Inclined Venturi Meter 
The Venturi meter is a device for measuring discharge in a pipe. It consists of a 
rapidly converging section which increases the velocity of flow and hence 
reduces the pressure. It then returns to the original dimensions of the pipe by a 
gently diverging ‘diffuser’ section. By measuring the pressure differences the 
discharge can be calculated. This is a particularly accurate method of flow 
measurement as energy loss are very small. 
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Applying Bernoulli along the streamline from point 1 to point 2 in the narrow 
throat of the Venturi meter 
we have 
𝑃𝑃1
𝛾𝛾 + 𝛾𝛾1 +

𝑣𝑣12

2𝑘𝑘 =
𝑃𝑃2
𝛾𝛾 + 𝛾𝛾2 +

𝑣𝑣22

2𝑘𝑘 

By the using the continuity equation we can eliminate the velocity v2 
Q=A1 V1=A2 V2 
V2=A1 V1/A2 
Substituting this into and rearranging the Bernoulli equation we get 
𝑃𝑃1−𝑃𝑃1

𝛾𝛾
+ 𝛾𝛾1 − 𝛾𝛾2 = 𝑣𝑣12

2𝑠𝑠
[�𝐴𝐴1
𝐴𝐴2

 �
2
− 1] 

𝑣𝑣1 = �
2𝑘𝑘 [𝑃𝑃1 − 𝑃𝑃2]

𝛾𝛾 + 𝛾𝛾1 − 𝛾𝛾2

[ 𝐴𝐴1
𝐴𝐴2]2 − 1

 

To get the theoretical discharge this is multiplied by the area. To get the actual 
discharge taking in to account the losses due to friction, we include a coefficient 
of discharge 
Qideal =v1 A1 
Qactual =Cd Qideal =Cd v1 A1 

𝑄𝑄𝑠𝑠𝑓𝑓𝑣𝑣𝑚𝑚𝑙𝑙 = 𝐶𝐶𝑑𝑑𝐴𝐴1𝐴𝐴2 = �2𝑘𝑘 [𝑃𝑃1 − 𝑃𝑃2]
𝛾𝛾 + 𝛾𝛾1 − 𝛾𝛾2

𝐴𝐴12 − 𝐴𝐴22
 

This can also be expressed in terms of the manometer readings 
𝑃𝑃1 + 𝜌𝜌𝑘𝑘𝛾𝛾1 = 𝑃𝑃2 + 𝜌𝜌𝑚𝑚𝑚𝑚𝑛𝑛𝑣𝑣𝑚𝑚𝑠𝑠𝑓𝑓𝑠𝑠𝑟𝑟𝑘𝑘ℎ + 𝜌𝜌𝑘𝑘(𝛾𝛾2 − ℎ) 
[𝑃𝑃1 − 𝑃𝑃1]

𝛾𝛾
+ 𝛾𝛾1 − 𝛾𝛾2 = ℎ[

𝜌𝜌𝑚𝑚𝑚𝑚𝑛𝑛
𝜌𝜌

 − 1] 

Thus the discharge can be expressed in terms of the manometer reading 

𝑄𝑄𝑠𝑠𝑓𝑓𝑣𝑣𝑚𝑚𝑙𝑙 = 𝐶𝐶𝑑𝑑𝐴𝐴1𝐴𝐴2 = �
2𝑘𝑘ℎ[𝜌𝜌𝑚𝑚𝑚𝑚𝑛𝑛𝜌𝜌  − 1]

𝐴𝐴12 − 𝐴𝐴22
 

Notice how this expression does not include any terms for the elevation or 
orientation (z1 or z2) of the Venturimeter. This means that the meter can be at 
any convenient angle to function.cThe purpose of the diffuser in a Venturi meter 
is to assure gradual and steady deceleration after the throat. 
This is designed to ensure that the pressure rises again to something near to the 
original value before the Venturi meter. The angle of the diffuser is usually 
between 6 and 8 degrees. Wider than this and the flow might separate from the 
walls resulting in increased friction and energy and pressure loss. If the angle is 
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less than this the meter becomes very long and pressure losses again become 
significant. The efficiency of  the diffuser of increasing pressure back to the 
original is rarely greater than 80% 
A General Weir Equation 
To determine an expression for the theoretical flow through a notch we will 
consider a horizontal strip of width b and depth h below the free surface, as 
shown in the figure below 

 
velocity through the strip = �2𝑘𝑘ℎ 
discharge through the strip  δQ= 𝐴𝐴𝑣𝑣 = 𝑏𝑏𝛿𝛿ℎ�2𝑘𝑘ℎ 
integrating from the free surface, h = 0, to the weir crest, h = H gives the 
expression for the total theoretical discharge 

𝑄𝑄𝑓𝑓ℎ𝑠𝑠𝑣𝑣 = �2𝑘𝑘� 𝑏𝑏ℎ0.5𝛿𝛿ℎ
𝐻𝐻

0
 

This will be different for every differently shaped weir or notch. To make further 
use of this equation we need an expression relating the width of flow across the 
 weir to the depth below the free surface. 
3.5.8.3 Rectangular Weir 
For a rectangular weir the width does not change with depth so there is no 
relationship between b and depth h. We have the equation, b = constant = B 
 
 
 
 
 
 
Substituting this into the general weir equation gives 

𝑄𝑄𝑓𝑓ℎ𝑠𝑠𝑣𝑣 = 𝐵𝐵�2𝑘𝑘� ℎ0.5𝛿𝛿ℎ
𝐻𝐻

0
=

2
3 ∗ [𝐵𝐵�2𝑘𝑘𝑚𝑚

3
2] 

To calculate the actual discharge we introduce a coefficient of discharge, Cd , 
which accounts for losses at the edges of the weir and contractions in the area of 
flow, giving 

 

B 

H 
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𝑄𝑄𝑓𝑓ℎ𝑠𝑠𝑣𝑣 =

2
3
𝐶𝐶𝑑𝑑 ∗ [𝐵𝐵�2𝑘𝑘𝑚𝑚

3
2] 

V’ Notch Weir 
For the “V” notch weir the relationship between width and depth is dependent on 
the angle of the “V”. 
 
 
 
  
 
If the angle of the “V” is θ then the width, b, a depth h from the free surface is: 
b =2(H- h ) tan(θ/2) 
So the discharge is: 

𝑄𝑄𝑓𝑓ℎ𝑠𝑠𝑣𝑣 = 2�2𝑘𝑘tan (
𝛿𝛿
2

)� (𝑚𝑚 − ℎ)ℎ0.5
𝐻𝐻

0
𝑑𝑑ℎ ] 

= 2�2𝑘𝑘[tan �
𝛿𝛿
2
� [

2
5
𝑚𝑚ℎ

3
2 −

2ℎ
5
2

5
]0𝐻𝐻   

=
8

15�
2𝑘𝑘[tan �

𝛿𝛿
2
�𝑚𝑚5/2 

And again, the actual discharge is obtained by introducing a coefficient of 
discharge 
Water Hammer 
If water is flowing along a long pipe and is suddenly brought to rest by 
the closing of a valve, or by any similar cause, there will be a sudden rise in 
pressure due to the momentum of the water being destroyed. This will cause a 
wave of high pressure to be transmitted along the pipe with a velocity equal to 
the sound wave, which may setup noises known as Knocking. The magnitude of 
this pressure will depend on 
(i) The mean pipe flow velocity  
(ii) The length of the pipe 
(ii) The time taken to close the valve and 
 (iv) The elastic properties of the pipe material and that of water. 
This sudden rise in pressure in the pipe due to the stoppage of the flow 
generating a high pressure wave, which will have a hammering effect on the 
walls of the pipe, is known as Water Hammer. 
The cases that can be studied under this are: 
1. Gradual closure of valve 

θ 

b 
H 

h 
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2. Sudden closure of valve and 
a. Pipe is rigid 
b. Pipe is elastic 
 
 
 
 
Hence 
T =2L/C 
If t is the actual time of closure, T is the critical time, then 
1. if t >T=2L/C, then it is referred to as Gradual closure and 
2. if t <T=2L/C, then it is referred to as Sudden closure 
Instantaneous rise in pressure in a pipe running full due to Gradual closure of 
valve 
Consider a pipe AB of length L connected to a tank at A and a valve at B with 
water flowing in it as shown in Fig. Let V be the mean flow velocity and a is the 
flow cross-sectional area, p the instantaneous rise in pressure due to gradual 
closure of valve and t be the actual time of closure of valve. 
From Newton’s second law of motion, the retarding force generated against the 
flow direction is given by the rate of change momentum of the liquid along the 
direction of the force. 
Retardation of water = Change in velocity / Time = [V-0]/t 
Retarding force = Mass of water x Retardation 
=ρaLV/t…….............. (1) 
The force generated due to pressure wave = Pressure intensity x area 
= pi* a .................. ....... (2) 
From Eqs. 1 and 2, we get 
pi* a= ρaLV/t  
pi= ρLV/t  
and the force is 
F= ρaLV/t 
Instantaneous rise in Pressure head =H=pi/[ρg]= ρLV/[ ρg t] .. (03) 
The above equation is valid only for rigid pipes with incompressible fluids 
flowing through it. 
Instantaneous rise in pressure in a pipe running full due to Sudden closure 
of valve when the pipe is rigid 
When the valve provided at the downstream end is closed suddenly and the pipe 
is rigid, then the converted pressure energy from the kinetic energy due to 

A 

H 

L B 

Pressure wave 
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 closure is to be absorbed by the fluid due to its compressibility only. 
Pressure Energy converted from Kinetic energy = Pressure energy absorbed by 
water due to its compressibility 
Ek=Ew    …………………………(1) 
Consider the pipe AB of length L and cross-sectional area a in which water of 
mass density ρ, weight density γ and bulk density K is flowing with a mean 
velocity V be suddenly stopped due to closure of valve provided at B. 
The kinetic energy of flowing water before closure of valve will be converted to 
strain energy, when the effect of friction and elasticity of pipe material are 
ignored. 
Loss of kinetic energy Ek = 0.5* mass of water * V2 
As mass = ρ* volume = ρ * aL 
Loss of kinetic energy Ek = 0.5 *ρ* a L x V2 ....................... (2) 
Gain in strain energy = 0.5[pi2/K]*volume=0.5[pi2/K]* aL.. (3) 
From Eqs. 1, 2 and 3, we get 
ρaLV2=0.5[pi2/K]* aL 
or pi

2 =ρKV 2  
or pi= V [ρK]0.5  
But Celerity 
C=[K/ρ]0.5 

Substituting for the value of C in the above equation for pressure rise, we get 
pi = ρ V C 
1. A hydraulic pipeline 3 km long, 500 mm diameter is used is used to convey 
water with a velocity of 1.5 m/s. Determine the pressure growth of the valve  
provided at the outflow end is closed in (i) 20 s (ii) 3.5 s. Consider pipe to be 
rigid and take bulk modolous of elasticity of water as Kwater = 20 x 108 N/m2 
Solution: (1) 
L = 3000 m; d = 0.5 m; V = 1.5 m/s; t1 = 20 s; t2 = 3.5 s; 
K = 20 x 108 N/m2 ; ρ = 1000 kg/m3 (Assumed) 
Critical time 
T=2L/C 
where Celerity C=[K/ρ]0.5= [2*109/1000]0.5=1414.2m/s 
Hence T=2*3000/1414.2=4.24 s 
Case (i) 
t1 > T, Hence the valve closure is gradual. 
Instantaneous rise in pressure is given by 
Pi=ρLV/t=1000*3000*1.5/20=225 kPa 
Case (ii) 
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t2 < T, Hence the valve closure is Sudden with pipe rigid. 
Instantaneous rise in pressure is given by 
Pi = ρVC =1000*1.5*1414.2 = 2.1213MPa  
2. Water flowing with a velocity of 1.5 m/s in a rigid pipe of diameter 500 mm is 
suddenly brought to rest. Find the instantaneous rise in pressure if bulk 
modulous of water is 1.962 GPa.  
Solution: 
V = 1.5 m/s; K = 1.962 GPa; ρ = 1000 kg/m3 (Assumed) 
Celerity=[K/ρ]0.5= 1400.7m/s 
Instantaneous rise in pressure is given by 
p i = ρVC =1000*1.5*1400.7 = 2.1MPa  (Ans) 
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Fluid mass subjected to acceleration 
Accelerated horizontally 
Consider a tank originally at rest containing some liquid. The surface is level as 
shown in Fig 1-a. Now let the tank moves toward the right side with uniform 
acceleration (a). 

 
 
 
 
 
 
 
 
 
 

As the tank starts moving, the liquid level will fall on the front and rise at the 
back, Fig. 1-b. The static pressure on the front and back side are shown on Fig.1-
c. 
Let: 
θ=angle which fluid level makes with the horizontal, and  
a=horizontal acceleration of the tank 

 
Now consider any particle A on the inclined liquid surface as shown on Fig.2. 
The forces act on the liquid particle are: 

1- Weight W of the particle acting vertically down ward 
2- Accelerating force F acting horizontally toward right, and 
3- Pressure P exerted by liquid particles normal to the free surfaces 

𝑊𝑊 = 𝑚𝑚𝑘𝑘 
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Where 
 m = mass of the fluid particle 
G gravitational acceleration 
𝑑𝑑 = 𝑚𝑚𝑚𝑚………….(1) 
Now resolving the forces horizontally at A 
𝑃𝑃𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 = 𝑑𝑑 = 𝑚𝑚𝑚𝑚………….(2) 
And resolving the forces vertically at A 
𝑃𝑃𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 = 𝑊𝑊 = 𝑚𝑚𝑘𝑘………….(3) 
Dividing equation 2 by 3 
𝑃𝑃𝑠𝑠𝑜𝑜𝑛𝑛𝑃𝑃
𝑃𝑃𝑠𝑠𝑣𝑣𝑠𝑠𝑃𝑃

= 𝑚𝑚𝑚𝑚
𝑚𝑚𝑠𝑠

= 𝑚𝑚
𝑠𝑠
…………..….(4) 

𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 = 𝑚𝑚
𝑠𝑠
…………..….(5) 

Now consider the equilibrium the entire mass of the liquid,  
Let: 
P1 = hydrostatic pressure on the back side of the tank, and 
P2 = hydrostatic pressure on the front side of the tank, and 
𝑃𝑃 = 𝑃𝑃1 + 𝑃𝑃2 
Now according to aewton second law, F=ma, PA=F=ma 
P1-P2= ma/A 
Ex: An open rectangular tank 3m long, 2.5m wide, and 1.25m height is 
completely filled with water. If it is moved with an acceleration of 1.5 m/sec2, 
find the slope of the free surface of water and the quantity of water which will be 
spilled of the tank 

Given: L=3m, b=2.5m, d=1.25m,  a=1.5m/sec2 

𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 =
1.5

9.81 = 0.15 
𝛿𝛿 = 𝑣𝑣𝑚𝑚𝑑𝑑−1𝛿𝛿 = 8.7 
ℎ = 3 ∗ 𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 = 3 ∗ 0.153 = 0.459𝑚𝑚 
𝑑𝑑 = 0.5 ∗ 3 ∗ 2.5 ∗ 0.459 = 1.72𝑚𝑚3  
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Accelerated vertically 
Consider a tank open at top, containing a liquid and moving vertically upwards 
with a uniform acceleration. Since the tank is subjected to an acceleration in the 
vertical direction only, therefore the liquid surface will remain horizontal. 

 
 

Now consider a small column of the liquid of height h and area dA in the tank as 
sown in fig-1. 
Let,  = Pressure due to vertical acceleration 
We know that the forces acting on this column are : 

1. Weight of the liquid column 
𝑊𝑊 = 𝛾𝛾[ℎ𝑑𝑑𝐴𝐴]   acting vertically downwards, 

2. Acceleration force, 
𝑑𝑑 = 𝑚𝑚𝑚𝑚 =

𝛾𝛾
𝑘𝑘

[ℎ𝑑𝑑𝐴𝐴]𝑚𝑚 

3. Pressure  
𝑃𝑃 = 𝑝𝑝𝑑𝑑𝐴𝐴 exerted by the liquid particles on the column. 

Now resolving the forces vertically, 
𝑃𝑃 = 𝑊𝑊 + 𝑑𝑑 
𝑝𝑝𝑑𝑑𝐴𝐴 = 𝛾𝛾ℎ𝑑𝑑𝐴𝐴 +

𝛾𝛾
𝑘𝑘

[ℎ𝑑𝑑𝐴𝐴]𝑚𝑚 = 𝛾𝛾ℎ𝑑𝑑𝐴𝐴[1 +
𝑚𝑚
𝑘𝑘] 

𝑝𝑝 = 𝛾𝛾ℎ[1 +
𝑚𝑚
𝑘𝑘] 

Example: 1 
An open rectangular tank 4m long and 2.5m wide contains an oil of specific 
gravity 0.85 up to a depth of 1.5m. Determine the total pressure on the bottom of 
the tank, when the tank is moving with an acceleration of of g/2 m/s2 (i) 
vertically upwards (ii) vertically downwards. 
  = 4 m 
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  = 2.5 m 
  = 1.5 m 
  = g/2 m/s2 
 Specific gravity of liquid = 0.85 

(i) Total pressure on the bottom of the tank, when it is vertically upwards 
Specific weight of oil , 𝛾𝛾 = 0.85 ∗ 9.891 = 8.34𝐾𝐾𝑁𝑁/𝑚𝑚3 
Intensity of pressure at the bottom of the tank, 
𝑝𝑝1 = 𝛾𝛾ℎ �1 +

𝑚𝑚
𝑘𝑘� = 8.34 ∗ 1.5 �1 +

𝑘𝑘
2𝑘𝑘� = 18.764𝐾𝐾𝑁𝑁/𝑚𝑚2 

Total pressure on the bottom of the tank, 
𝑃𝑃1 = 𝑝𝑝1𝐴𝐴 = 18.765 ∗ [4 ∗ 2.5] = 18765𝐾𝐾𝑁𝑁 
(ii) Total pressure on the bottom of the tank, when it is vertically downwards 
Intensity of pressure at the bottom of the tank, 
𝑝𝑝2 = 𝛾𝛾ℎ �1 +

𝑚𝑚
𝑘𝑘� = 8.34 ∗ 1.5 ∗ �1 +

𝑘𝑘
2𝑘𝑘� = 6.255𝐾𝐾𝑁𝑁/𝑚𝑚2 

Total pressure on the bottom of the tank, 
𝑃𝑃2 = 𝑝𝑝1𝐴𝐴 = 6.255 ∗ [4 ∗ 2.5] = 62.55𝐾𝐾𝑁𝑁 
Accelerated along inclined plane 
Consider a tank open at top, containing a liquid and moving upwards along 
inclined plane vertically with a uniform acceleration as shown in fig.1-a. Now let 
the tank moves toward the right side with uniform acceleration (a) . Since the 
tank is subjected to an acceleration in the inclined direction only, As the tank 
starts moving, the liquid level will fall on the front and rise at the back, Fig. 1-b. 
The static pressure on the front and back side are shown on Fig.1-c. 
Let: 
ϕ=inclination of the plane with the horizontal,  
θ=angle which fluid level makes with the horizontal, and  
a=horizontal acceleration of the tank 
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                                            Fig.2 
Now consider any particle A on the inclined liquid surface as shown on Fig.2. 
The forces act on the liquid particle are: 

1- Weight W of the particle acting vertically down ward 
2- Accelerating force F acting F on an angle ϕ with the horizontal 
3- Pressure P exerted by liquid particles normal to the free surfaces 

Now resolving the forces horizontally at A 
𝑑𝑑𝐻𝐻 = 𝑑𝑑𝛿𝛿𝑣𝑣𝑚𝑚𝐹𝐹 and  
𝑑𝑑𝑉𝑉 = 𝑑𝑑𝑚𝑚𝑝𝑝𝑑𝑑𝐹𝐹   
𝑊𝑊 = 𝑚𝑚𝑘𝑘  
𝑑𝑑 = 𝑚𝑚𝑚𝑚  
𝑚𝑚𝐻𝐻 = 𝑚𝑚𝛿𝛿𝑣𝑣𝑚𝑚𝐹𝐹  
𝑚𝑚𝑉𝑉 = 𝑚𝑚𝑚𝑚𝑝𝑝𝑑𝑑𝐹𝐹  

And resolving the forces horizontally  at A 
𝑃𝑃𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 = 𝑑𝑑𝐻𝐻 = 𝑑𝑑𝛿𝛿𝑣𝑣𝑚𝑚𝐹𝐹 = 𝑚𝑚𝑚𝑚𝛿𝛿𝑣𝑣𝑚𝑚𝐹𝐹 
𝑃𝑃𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 = 𝑚𝑚𝑚𝑚 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚𝐹𝐹… … … … (2) 

And resolving the forces vertically  at A 
𝑃𝑃𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 = 𝑑𝑑𝑉𝑉 = 𝑑𝑑𝑚𝑚𝑝𝑝𝑑𝑑𝐹𝐹 + 𝑊𝑊 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑑𝑑𝐹𝐹 + 𝑚𝑚𝑘𝑘 
𝑃𝑃𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 = 𝑚𝑚𝑚𝑚 ∗ 𝑚𝑚𝑝𝑝𝑑𝑑𝐹𝐹 + 𝑚𝑚𝑘𝑘… … … . . (3) 
Dividing equation 2 by 3 

𝑃𝑃𝑠𝑠𝑜𝑜𝑛𝑛𝑃𝑃
𝑃𝑃𝑠𝑠𝑣𝑣𝑠𝑠𝑃𝑃

= 𝑚𝑚𝑚𝑚𝑠𝑠𝑣𝑣𝑠𝑠𝜙𝜙
𝑚𝑚𝑚𝑚𝑠𝑠𝑜𝑜𝑛𝑛𝜙𝜙+𝑚𝑚𝑠𝑠

= 𝑚𝑚𝑚𝑚𝑠𝑠𝑣𝑣𝑠𝑠𝜙𝜙
𝑚𝑚𝑠𝑠𝑜𝑜𝑛𝑛𝜙𝜙+𝑠𝑠

…………..….(4) 

𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 = 𝒎𝒎𝑯𝑯
𝒎𝒎𝑽𝑽+𝟏𝟏

…………..….(5) 
 Where 
aH = horizontal component of acceleration 
aH = vertical component of acceleration 
Ex:A rectangular box containing water is accelerated at 3 m/sec2 upward an 
inclined plane 30 degree to the horizontal. Find the slope of the free surface 
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Solution 
Horizontal and vertical  components of acceleration 
𝑚𝑚𝐻𝐻 = 𝑚𝑚𝛿𝛿𝑣𝑣𝑚𝑚𝐹𝐹 = 𝑚𝑚𝛿𝛿𝑣𝑣𝑚𝑚30 = 3 ∗ 0.866 = 2.598𝑚𝑚/𝑚𝑚𝑑𝑑𝛿𝛿2  
𝑚𝑚𝑉𝑉 = 𝑚𝑚𝑚𝑚𝑝𝑝𝑑𝑑𝐹𝐹 =3*0.5=1.5m/sec2 

𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 =
𝒎𝒎𝑯𝑯

𝒎𝒎𝑽𝑽 + 𝟏𝟏 =
2.598

[1.5 + 9.81] = 0.2297 

θ=12.93 
EX: In the figure, the box (1 m deep 2m length, and 3 m width) is accelerated 
upward an inclined plane (1:4). Find the acceleration so that the surface moves 
from CE to CB where E is the  mid point of AC. How much water will be spilled 
Solution 
tan ϕ=1/4=0.25 
ϕ=14.033 
𝑚𝑚𝐻𝐻 = 𝑚𝑚𝛿𝛿𝑣𝑣𝑚𝑚𝐹𝐹 =0.9705a 
𝑚𝑚𝑉𝑉 = 𝑚𝑚𝑚𝑚𝑝𝑝𝑑𝑑𝐹𝐹 =0.2445a 
Angle ACE=angle =90-14.033 
=75.967 
Tan ACB=2/1=2 
Angle ACB=63.435 
θ=angle ECB=angle ACE-angle ACB 
   = 75.967-63.435=12.532 
Tanθ=aH/[aV+g] 
0.2223=0.9705a/[0.2425a+9.81] 
a=2.38m/sec2 
volume spilled = area of triangle CEB*3 
                         = 0.5*EB*2*3=0.5*0.5*2*3=1.5m3 
Momentum Equation and Its Application 
Newton’s 2nd Law can be written: 
The Rate of change of momentum of a body is equal to the resultant force acting 
on the body, and takes place in the direction of the force. 
In mechanics, the momentum of particle or object is defined as: 
Momentum M=mv 
To determine the rate of change of momentum 
for a fluid we will consider a stream tube 
(assuming steady non-uniform flow). 
In time dt a volume of the fluid moves from the 
inlet a distance udt , so the volume entering the 
stream tube in the time dt is 

 

A 

E 

ϕ 

D 

C 

B 
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volume entering the stream tube = area * distance = A1 u1d t 
this has mass, 
mass entering stream tube = volume *density = ρ1A1 u1d t 
and momentum 
momentum of fluid entering stream tube = mass velocity  
                                                                  = ρ1A1 u1dt u1 
Similarly, at the exit, we can obtain an expression for the momentum leaving the 
steam tube: 
momentum of fluid leaving stream tube = ρ2A2 u2dt u2 
We can now calculate the force exerted by the fluid using Newton. s 2nd Law. 
The force is equal to the rate of change of momentum. So 
Force = rate of change of momentum 

𝑑𝑑 =
ρ2A2 u2dt u2− ρ1A1 u1dt u1

𝑑𝑑𝑣𝑣  
We know from continuity that Q= A1 u1 = A2 u2 , and if we have a fluid of 
constant density, i.e. ρ1=ρ2=ρ, then we can write 
F =Qρ(u2 – u1 ) 
This analysis assumed that the inlet and outlet velocities were in the 
same direction - i.e. a one dimensional system. What happens when 
this is not the case? 
Consider the two dimensional system in the figure below 
 
 
 
 
 
 
 
Momentum Equation in two dimensional flow along stream line 
At the inlet the velocity vector, u1 , makes an angle, q1 , with the x-axis, while at 
the outlet u2 make an angle q 2 . In this case we consider the forces by resolving 
in the directions of the co-ordinate axes. 
The force in the x-direction 
Consider the two dimensional system shown: 
Since both momentum and force are vector quantities, they can be  resolved into 
components in the x and y directions 
∑Fx = Rate of change of momentum in  x direction 
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          = Mass flow rate * Change of velocity in x direction 
         = mە (u2cosθ2 - u1cosθ1)= mە (ux2 – ux1) 
∑FY = Rate of change of momentum in  y direction 
          = Mass flow rate * Change of velocity in y direction 
         = mە (u2sinθ2 - u1sinθ1)= mە (uy2 – uy1) 
These components can be combined to give the resultant force 
𝑑𝑑 = �𝑑𝑑𝑥𝑥2 + 𝑑𝑑𝑦𝑦2 

𝑡𝑡 = 𝑣𝑣𝑚𝑚𝑑𝑑−1[
𝑑𝑑𝑦𝑦
𝑑𝑑𝑥𝑥

 ] 

• For a three-dimensional (x, y, z) system we then have 
an extra force to calculate and resolve in the z direction. 
• This is considered in exactly the same way. 
Note: 
• The value of F is positive in the direction in which v is assumed to be positive 
For a three-dimensional (x, y, z) system we then have an extra force to calculate 
and resolve in the zdirection. This is considered in exactly the same way. 
In summary we can say: 
The total force exerted on  the fluid = rate of change of momentum through the 
control volume 
F = ρQ(uout – uin) 
Remember that we are working with vectors so F is in the direction of the 
velocity. This force is made up of three components: 
FR = Force exerted on the fluid by any solid body touching the control volume 
FB = Force exerted on the fluid body (e.g. gravity) 
FP = Force exerted on the fluid by fluid pressure outside the control volume 
So we say that the total force, FT, is given by the sum of these forces: 
FT= FR+ FB+ FP 
The force exerted by the fluid on the solid body touching the control volume is 
opposite to FR . So the reaction force, R, is given by 
R=- FR 
Application of the Momentum Equation 
We will consider the following examples: 
1. Force due to the flow of fluid round a pipe bend. 
2. Impact of a jet on a plane surface. 
3. Force due to flow round a curved vane 
The force due the flow around a pipe bend 
Consider a pipe bend with a constant cross section lying in the horizontal plane 
and turning through an angle of θ 
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Why do we want to know the forces here? Because the fluid changes direction, a 
force (very large in the case of water supply pipes,) will act in the bend. If the 
bend is not fixed it will move and eventually break at the joints. We need to 
know how much force a support (thrust block) must withstand. 
Step in Analysis: 
1. Draw a control volume 
2. Decide on co-ordinate axis system 
3. Calculate the total force 
4. Calculate the pressure force 
5. Calculate the body force 
6. Calculate the resultant force 
1. Control Volume 
The control volume is draw in the above 
figure, with faces at the inlet and outlet of 
the bend and encompassing the pipe walls. 
2. Co-ordinate axis system 
It is convenient to choose the co-ordinate axis so that 
one is pointing in the direction of the inlet velocity. 
In the above figure the x-axis points in the direction of the inlet velocity. 
3. Calculate the total force 
In the x-direction: 
FTx =ρQ [u2x- u1x] 
FTx =ρQ [u2 cosθ- u1] 
In the y-direction 
FTx =ρQ [u2y- u1y] 
FTx =ρQ [u2 sinθ- 0] 
4 Calculate the pressure force  
F p = pressure force at 1 - pressure force at 2 
F px = p1 A1 cos0 –p2 A2cosθ 
F py = p1 A1 sin0 –p2 A2sinθ=–p2 A2sinθ 
5 Calculate the body force 
There are no body forces in the x or y directions. The only body force is that exerted by 
gravity (which acts into the paper in this example - a direction we do not need to 
consider). 
6 Calculate the resultant force 
𝑭𝑭𝑻𝑻𝒙𝒙 = 𝑭𝑭𝑹𝑹𝒙𝒙 + 𝑭𝑭𝑩𝑩𝒙𝒙 + 𝑭𝑭𝑷𝑷𝒙𝒙 
𝑭𝑭𝑻𝑻𝒅𝒅 = 𝑭𝑭𝑹𝑹𝒅𝒅 + 𝑭𝑭𝑩𝑩𝒅𝒅 + 𝑭𝑭𝑷𝑷𝒅𝒅 
𝑭𝑭𝑹𝑹𝒙𝒙 = 𝑭𝑭𝑻𝑻𝒙𝒙 − 𝟎𝟎 − 𝑭𝑭𝑷𝑷𝒙𝒙 = 𝝆𝝆𝑸𝑸(𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐 − 𝒔𝒔𝟏𝟏) − 𝑷𝑷𝟏𝟏𝑨𝑨𝟏𝟏 + 𝑷𝑷𝟐𝟐𝑨𝑨𝟐𝟐𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐 
𝑭𝑭𝑹𝑹𝒅𝒅 = 𝑭𝑭𝑻𝑻𝒅𝒅 − 𝟎𝟎 + 𝑭𝑭𝑷𝑷𝒅𝒅 = 𝝆𝝆𝑸𝑸(𝒔𝒔𝟐𝟐𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐 − 𝒔𝒔𝟏𝟏) + 𝑷𝑷𝟐𝟐𝑨𝑨𝟐𝟐 + 𝑷𝑷𝟐𝟐𝑨𝑨𝟐𝟐𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐 

P1 

P2 

- 100 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
We can write: 
∑𝑭𝑭𝒙𝒙 = 𝝆𝝆𝑸𝑸(𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐 − 𝒔𝒔𝟏𝟏) 
𝑷𝑷𝟏𝟏𝑨𝑨𝟏𝟏 − 𝑭𝑭𝒙𝒙 − 𝑷𝑷𝟐𝟐𝑨𝑨𝟐𝟐𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐 = 𝝆𝝆𝑸𝑸(𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐 − 𝒔𝒔𝟏𝟏) 
∑𝑭𝑭𝒅𝒅 = 𝝆𝝆𝑸𝑸(𝒔𝒔𝟐𝟐𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐) 
−𝑷𝑷𝟐𝟐𝑨𝑨𝟐𝟐𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐 −𝑾𝑾− 𝑭𝑭𝒅𝒅 = 𝝆𝝆𝑸𝑸(𝒔𝒔𝟐𝟐𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐) 
Ex: a 8 inch pipe has a flow of 3cfs. Compute the force exerted by the fluid on 
the pipe when passes through 90 degree bend if the pipe is horizontal and it 
discharge to the atmosphere. K bend =0.21 
u1=u2=Q/A = 3/[π*8*8/(12*12*4)]=8.6ft/sec 
hf=kv2/2g =(0.26*8.6*8.6/2*32.2 ) 
use Bernoulli equation 
p1/γ +z1+u12/2g= p2/γ +z2+u22/2g+hf 
p1-p2=γhf = 62.4*0.21*(0.26*8.6*8.6/2*32.2)=15 lb/ft2 
since p2=0, thus p1=15 
𝑃𝑃1𝐴𝐴1 − 𝑑𝑑𝑥𝑥 − 𝑃𝑃2𝐴𝐴2𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 = 𝜌𝜌𝑄𝑄(𝑣𝑣2𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 − 𝑣𝑣1) 
𝑃𝑃1𝐴𝐴1 − 𝑑𝑑𝑥𝑥 − 𝑃𝑃2𝐴𝐴2𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 = 𝜌𝜌𝑄𝑄(𝑣𝑣2𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 − 𝑣𝑣1) 
A1=A2=0.35 
15*3-Fx-0=62.4/32.2 *3(8.6*0-8.6) 
Fx=55.25lb 
Since it is +ve , thus its direction to right 
−𝑃𝑃2𝐴𝐴2𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 −𝑊𝑊 − 𝑑𝑑𝑦𝑦 = 𝜌𝜌𝑄𝑄(𝑣𝑣2𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿) 

0 ∗ 0.35 ∗ 1 − 0 − 𝑑𝑑𝑦𝑦 =
62.4
32.2 ∗ 3 ∗ (8.6 ∗ 1 − 0) 

Fy=-50 lb, this means that its direction is opposite to the flow 
𝑑𝑑 = �𝑑𝑑𝑥𝑥2 + 𝑑𝑑𝑦𝑦2=74.5 lb 
𝑡𝑡 = 𝑣𝑣𝑚𝑚𝑑𝑑−1[𝐹𝐹𝑦𝑦

𝐹𝐹𝑥𝑥
 ]=42.15 

Ex:0.3 m3/sec flow into 0.3 diameter pipe which distribute into two 0.15m 
diameter pipe. If they are horizontal and p1=80 kpa, find p2, p3, force and its 
direction 
U1=Q/A1=0.3/[0.3*0.3*π/4] = 4.24m/sec 
U2=U3=Q/A2=0.3/[0.15*0.15*π/4] = 8.49m/sec 
p1/γ +z1+u12/2g= p2/γ +z2+u22/2g 
80000/9810 +0+4.242/2g= p2/9810 +0+8.492/2g 
P2=P3=62720N/m2 
𝑃𝑃1𝐴𝐴1 − 𝑑𝑑𝑥𝑥 − 𝑃𝑃2𝐴𝐴2𝛿𝛿𝑣𝑣𝑚𝑚30 − 𝑃𝑃3𝐴𝐴3𝛿𝛿𝑣𝑣𝑚𝑚45 = 𝜌𝜌𝑄𝑄(𝑣𝑣2𝛿𝛿𝑣𝑣𝑚𝑚30 + 𝑣𝑣3𝛿𝛿𝑣𝑣𝑚𝑚45 − 𝑣𝑣1) 
80000 ∗ 0.3 ∗ 0.3 ∗

𝜋𝜋
4 − 𝑑𝑑𝑥𝑥 − 62720 ∗ 0.15 ∗ 0.15 ∗

𝜋𝜋
4 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚30 
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−62720 ∗ 0.15 ∗ 0.15 ∗

𝜋𝜋
4 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚45 = 1000 ∗ 0.15(8.49 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚30 

+8.49 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚45 − 4.24) 
 
 
 
 
 
 
 
 
 
 
 
Fx=3180N 
−𝑃𝑃2𝐴𝐴2𝑚𝑚𝑝𝑝𝑑𝑑30 + 𝑃𝑃3𝐴𝐴3𝑚𝑚𝑝𝑝𝑑𝑑45 −𝑊𝑊 − 𝑑𝑑𝑦𝑦 = 𝜌𝜌𝑄𝑄(𝑣𝑣2𝑚𝑚𝑝𝑝𝑑𝑑30 − 𝑣𝑣3𝑚𝑚𝑝𝑝𝑑𝑑45 − 0) 

−62720 ∗ 0.15 ∗ 0.15 ∗
𝜋𝜋
4 ∗ 𝑚𝑚𝑝𝑝𝑑𝑑30 + 62720 ∗ 0.15 ∗ 0.15 ∗

𝜋𝜋
4 ∗ 𝑚𝑚𝑝𝑝𝑑𝑑45 − 0 

−𝑑𝑑𝑦𝑦 = 1000 ∗ 0.15(8.49𝑚𝑚𝑝𝑝𝑑𝑑30 − 8.49𝑚𝑚𝑝𝑝𝑑𝑑45− 0) 
Fy=480N 
Α=tan-1480/3180=8.58 
Impact of a jet on a plane surface and  curved vane 
We will study five cases s shown on figs. 1-5 
General momentum equation 
∑Fx=𝑃𝑃1𝐴𝐴1 − 𝑑𝑑𝑥𝑥 − 𝑃𝑃2𝐴𝐴2 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 − 𝑣𝑣1] 
∑Fx=𝑑𝑑1 − 𝑑𝑑𝑥𝑥 − 𝑑𝑑2 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝑥𝑥 − 𝑣𝑣1𝑥𝑥] 
∑Fy=𝑑𝑑𝑦𝑦 − 𝑃𝑃2𝐴𝐴2 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 − 𝑣𝑣1𝑦𝑦] 
Applying these to Fig.1:u1=u2 
F1=F2=0 since jet to atmosphere 
∑Fx=−𝑑𝑑𝑥𝑥 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝑥𝑥 − 𝑣𝑣1𝑥𝑥] 
U2x=0:      𝑭𝑭𝒙𝒙 = 𝝆𝝆𝑸𝑸𝒔𝒔𝟏𝟏𝒙𝒙=ρa𝒔𝒔𝟏𝟏𝟐𝟐 
∑Fy=𝑑𝑑𝑦𝑦 − 𝑃𝑃2𝐴𝐴2 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝑦𝑦 − 𝑣𝑣1𝑦𝑦] 
𝑑𝑑𝑦𝑦 = 𝜌𝜌𝑄𝑄𝑣𝑣2𝑦𝑦= 𝜌𝜌𝑚𝑚𝑣𝑣22:      U2=u1=u 
Fx=Fy=ρa𝑣𝑣2 
𝑑𝑑 = �𝑑𝑑𝑥𝑥2 + 𝑑𝑑𝑦𝑦2:       𝑣𝑣𝑚𝑚𝑑𝑑𝑡𝑡 = 𝐹𝐹𝑦𝑦

𝐹𝐹𝑥𝑥
 

 

U2 
P2 

30 deg 
U1 
P1 

U3 
P3 

0.15m 

0.3m 

45 deg 

Fy 

Fx 
Y 

X 
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Applying these to Fig.2 and 3 
u1=u2:           F1=F2=0 since jet to atmosphere 
∑Fx=−𝑑𝑑𝑥𝑥 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝑥𝑥 − 𝑣𝑣1𝑥𝑥] 
∑Fx=−𝑑𝑑𝑥𝑥 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 − 𝑣𝑣1] 
𝑭𝑭𝒙𝒙 = −𝝆𝝆𝒎𝒎𝒔𝒔𝟏𝟏𝟐𝟐[𝒔𝒔𝟐𝟐𝒔𝒔𝟐𝟐 − 𝟏𝟏] 
∑Fy=𝑑𝑑𝑦𝑦 − 𝑃𝑃2𝐴𝐴2 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝑦𝑦 − 𝑣𝑣1𝑦𝑦] 
𝑭𝑭𝒅𝒅 = 𝝆𝝆𝑸𝑸𝒔𝒔𝟐𝟐𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐 − 𝟎𝟎= 𝝆𝝆𝒎𝒎𝒔𝒔𝟏𝟏𝟐𝟐𝒔𝒔𝑺𝑺𝒅𝒅𝟐𝟐 
U2=u1=u 
𝑑𝑑 = �𝑑𝑑𝑥𝑥2 + 𝑑𝑑𝑦𝑦2:   𝑣𝑣𝑚𝑚𝑑𝑑𝑡𝑡 = 𝐹𝐹𝑦𝑦

𝐹𝐹𝑥𝑥
 

Applying these to Fig.4 
Fy =0 since opposite direction and they are equal 
∑Fx=−𝑑𝑑𝑥𝑥 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝑥𝑥 − 𝑣𝑣1𝑥𝑥] 
𝑑𝑑𝑥𝑥 = 𝜌𝜌𝑄𝑄[0 − 𝑣𝑣1𝑥𝑥] 
𝑭𝑭𝒙𝒙 = −𝝆𝝆𝒎𝒎𝒔𝒔𝟏𝟏𝟐𝟐 
Applying these to Fig.5 
Force on its original direction = 𝝆𝝆𝒎𝒎𝑣𝑣2  
𝑑𝑑𝑥𝑥 = 𝑑𝑑𝑛𝑛𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 = 𝝆𝝆𝒎𝒎𝑣𝑣2𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿 
𝑑𝑑𝑦𝑦 = 𝑑𝑑𝑛𝑛𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 = 𝝆𝝆𝒎𝒎𝑣𝑣2𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿* sinθ*2/2= 𝝆𝝆𝒎𝒎𝑣𝑣2sin2θ/2 
Ex: 25mm jet strike flat plate normally at 30m/sec at 150mm below the top. 
What is the force that should be applied 100 mm below the jet to keep it vertical 
𝑭𝑭𝒙𝒙 = 𝝆𝝆𝒎𝒎𝒔𝒔𝟏𝟏𝟐𝟐 
=1000*π*0.25*0.25*30*30/4=441.9N 
Take the moment about the hing 
𝑭𝑭𝒙𝒙 ∗ 150 = 𝑑𝑑 ∗ 250 
F=265.14N 
Ex: Find the magnitude and direction of the force  
Exerted on the curved van (fig.2) by a jet of  
30m/sec if the angle is 120 
Solution 
𝑑𝑑𝑥𝑥 = −𝜌𝜌𝑄𝑄[𝑣𝑣2𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 − 𝑣𝑣1𝑥𝑥] 
𝑑𝑑𝑥𝑥 = −1000 ∗ 0.01[30 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚120 − 30] 
𝑭𝑭𝒙𝒙 =450N 
𝑑𝑑𝑦𝑦 = 𝜌𝜌𝑄𝑄[𝑣𝑣2𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 − 𝑣𝑣1] =1000 ∗ 0.01[30 ∗ 𝑚𝑚𝑝𝑝𝑑𝑑120− 30𝑚𝑚𝑝𝑝𝑑𝑑0] 
𝑭𝑭𝒙𝒙 = 𝟐𝟐𝟔𝟔𝟎𝟎N 
𝑑𝑑 = �𝑑𝑑𝑥𝑥2 + 𝑑𝑑𝑦𝑦2=520N:   𝑣𝑣𝑚𝑚𝑑𝑑𝑡𝑡 = 𝐹𝐹𝑦𝑦

𝐹𝐹𝑥𝑥
260/450=0.578:   𝑡𝑡 = 30.01 
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Pumping Devices 
Pump is a machine that convert mechanical energy to pressure energy 
Types of Pumps 

1- Centrifugal pump 
2- Positive displacement pumps 

Centrifugal pumps can be classified as: 
1- Volute pump 
2- Vortex casing pump 
3- Volute casing with guide plates 

Positive displacement pumps can be classified into: 
1- Rotary pump 
2- Resiprocating pump 

Rotary pumps can be classified into: 
1- External gear pump 
2- Internal gear pump 
3- Lobe pump 
4- Van pump 

Centrifugal pump 
The energy or head is imparted to the flowing 
fluid by centrifugal action. The fluid enters the axis 
of high speed impeller and is thrown radially 
outward into a progressively widening spiral casing. 
The velocity head imparted to the liquid is gradually 
converted into pressure head as the velocity is 
reduced 
 Rotary Pump 
Forcibly transfer liquid through the action of 
rotating gears, lobes, screws,….etc. 
It is operated within rigid container 
Resprocating Pump 
Forcibly transfer liquid by changing the internal 
volume of the pump. 
External gear pump 
It consists of two identical intermeshing wheels 
of equal size working with a fine clearance 
inside a casing. One of the wheels is keyed to 
the driving shaft and the other revolves as a 
driven wheel. The pump is first filled with the liquid and as the gears 
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rotates the liquid is trapped in between their teeth 
and is flow to the discharge end 
Pumping Efficiency 
𝑃𝑃𝐸𝐸 = 𝑄𝑄∆𝑃𝑃 
∆𝑃𝑃 = 𝜌𝜌𝑘𝑘∆ℎ 
𝑃𝑃𝐸𝐸 = 𝑄𝑄𝜌𝜌𝑘𝑘∆ℎ = 𝛾𝛾𝑄𝑄∆ℎ 

𝑚𝑚𝑝𝑝 =
𝛾𝛾𝑄𝑄∆ℎ
550  

PB= break power which is the actual power 
delivered to the pump by the prime motor. It is the sum of liquid power and 
friction power  

𝑃𝑃𝐴𝐴 = 𝑃𝑃𝐸𝐸 ∗
100
𝐸𝐸

 
Where E is the efficiency of the pump 
Pumping Liquids 
𝑃𝑃1
𝛾𝛾 + 𝛾𝛾1 +

𝑣𝑣12

2𝑘𝑘 + 𝑚𝑚𝑝𝑝 =
𝑃𝑃2
𝛾𝛾 + 𝛾𝛾2 +

𝑣𝑣22

2𝑘𝑘 + 𝑚𝑚𝑚𝑚 + 𝑚𝑚𝑓𝑓 

𝑚𝑚𝑃𝑃 =
𝑃𝑃1 − 𝑃𝑃2

𝛾𝛾 + 𝛾𝛾1 − 𝛾𝛾2 + 𝑚𝑚𝑚𝑚 + 𝑚𝑚𝑓𝑓 

Pressure head     elevation head    total losses 
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Centrifugal pump Performance or Pump Characteristic Curves 
A group of curves relating head-capacity, efficiency-capacity, and power 
input-capacity relationship  for a specific pump operated at certain rpm is  
known as Pump Characteristic Curves 
 
 
 
 
 
 
 
 
Pump – Head Curve 
A centrifugal pump operated at Constant rpm has unique relationship between 
the head and capacity . This curve is plotted by  operating the pump at zero flow, 
closed valve, and with fully opened valve in addition to 5-10 Points between 
them. 
 
 
 
 
 
 
 
 
 
 
System – Head Curve 
A fluid flow system can in general be characterized with the System Curve - a 
graphical presentation of the Energy Equation. 
The system head visualized in the System Curve is a function of the elevation - 
the static head in the system, and the major and minor losses  and can be 
expressed as: 
𝑚𝑚𝑃𝑃 = �

𝑃𝑃1 − 𝑃𝑃2
𝛾𝛾 �+ [𝛾𝛾1 − 𝛾𝛾2] + 𝑚𝑚𝑚𝑚 + 𝑚𝑚𝑓𝑓 

he
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For a given system, the first and second terms of the right hand side is constant, 
(represented by the red line) , thus, the system curve is a function of minor and 
major losses.  
 
 
 
 
 
 
 
 

Selection of Pump 
A pump can be selected by combining the System Curve and the Pump curve: 
The operating point is where the system curve and the actual pump curve 
intersect. 
Best Efficiency Point - BEP 
The best operating conditions will in general be close to the best efficiency point 
- BEP. 
Special consideration should be taken for applications where the system 
conditions change frequently during operation. This is often the situation for 
heating and air conditioning system or water supply systems with variable 
consumption and modulating valves. 

 
 
 
 
 
 
 

Ex: 
water at 60 F is to be discharged from tank A to tank B at a flow rate of 3 cfs. 
Suction pipe is 8 inches diameter and 150 ft long while a discharge pipe is of 6 
inches diameter and 400 ft long. Given the pump characteristic curve, find the 
suitability of this pump if e=0.0102 inches. 
Solution:  
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Since ƒ is a function of reynold number and e/D and since Q is unknown 
thus assume the flow is completely turbulent. Thus ƒ is only function of 
e/D. the validity of this assumption is checked lator and a djusted if 
necessary 
[e/D]1 =0.0102/8=0.0013 
[e/D]2 =0.0102/6=0.0017 
From moodi diagram: 
ƒ1= 0.021 
ƒ1= 0.022 

∑ℎ𝑓𝑓 = 16ƒ1L1𝑄𝑄12

2𝑠𝑠п2𝑑𝑑1
5 + 16ƒ2L2𝑄𝑄22

2𝑠𝑠п2𝑑𝑑2
5 = � 8∗0.021∗150

32.2∗п2∗� 812�
5 + 8∗0.022∗400

32.2∗п2∗� 612�
5  �𝑄𝑄2 = 7.69𝑄𝑄2 

∑ℎ𝑚𝑚 = ∑𝑘𝑘 𝑣𝑣2

2𝑠𝑠
= ∑𝑘𝑘 𝑄𝑄2

2𝑠𝑠
= ∑𝑘𝑘 𝑄𝑄2

2𝑠𝑠п
2
16𝑑𝑑

4
= 8

𝑠𝑠п2
�𝑘𝑘𝑖𝑖𝑒𝑒𝑖𝑖𝑠𝑠𝑒𝑒

𝑑𝑑14
+ 2 𝑘𝑘𝑏𝑏𝑠𝑠𝑒𝑒𝑑𝑑

𝑑𝑑24
+ 𝑘𝑘𝑣𝑣𝑣𝑣𝑖𝑖𝑣𝑣𝑠𝑠

𝑑𝑑24
+

𝑠𝑠𝑥𝑥𝑜𝑜𝑓𝑓
𝑑𝑑24
� 𝑄𝑄2 

=
8

32.2 ∗ п2
�

0.5
(8/12)4

+ 2
0.9

0.54
+

0.19
0.54

+
1

0.54
� 𝑄𝑄2 = 1.27𝑄𝑄2 

ℎ𝑃𝑃 = 𝑚𝑚𝑣𝑣𝑚𝑚𝑣𝑣𝑝𝑝𝛿𝛿 ℎ𝑑𝑑𝑚𝑚𝑑𝑑 + 𝑣𝑣𝑣𝑣𝑣𝑣𝑚𝑚𝑣𝑣 𝑣𝑣𝑣𝑣𝑚𝑚𝑚𝑚𝑑𝑑 = 90 − 40 + 7.69𝑄𝑄2 + 1.27𝑄𝑄2 
       = 50 + 8.69𝑄𝑄2 

Draw this equation on pump curve assuming many values of Q. then the 
intersection point with the system curve is  
HP=139ft, Q= 3.13cfs, E=0.67 which is below the maximum efficiency, 
thus it can not be used 
Check friction factor 
Re1=4Q/(υпd1) =4*3.13/(п*0.75*1.217*10-5)=4.9*105 

30 ft 

90 ft 

40 ft 

- 109 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
Use this with e/D1 gives ƒ1=0.021 
Re1=4Q/(υпd2) =4*3.13/(п*0.5*1.217*10-5)=6.55*105 
Use this with e/D1 gives ƒ1=0.022 
 
 
 
 
 
 
 
 
 
 
 
 
Net Positive Suction Head (NPSH  
NPSH can be defined as two parts:  
NPSH Available (NPSHA): The absolute pressure at the suction port of the 
pump. AND  
NPSH Required (NPSHR): The minimum pressure required at the suction port of 
the pump to keep the pump from cavitation.  
NPSHA is a function of your system and must be calculated, whereas NPSHR is 
a function of the pump and must be provided by the pump manufacturer. 
NPSHA MUST be greater than NPSHR for the pump system to operate without 
cavitation. Put another way, you must have more suction side pressure available 
than the pump requires 
Vapor Pressure and Cavitation  
To understand Cavitation, you must first understand vapor pressure. Vapor 
pressure is the pressure required to boil a liquid at a given temperature. Soda 
water is a good example of a high vapor pressure liquid. Even at room 
temperature the carbon dioxide entrained in the soda is released. In a closed 
container, the soda is pressurized, keeping the vapor entrained.  
Pump cavitation occurs when the pressure in the pump inlet drops below the 
vapor pressure of the liquid. Vapor bubbles form at the inlet of the pump and are 
moved to the discharge of the pump where they collapse, often taking small 
pieces of the pump with them. Cavitation is often characterized by:  

Hp=139ft 

Q=3.13cfs 

E=67% 
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Loud noise often described as a grinding or “marbles” in the pump  
Loss of capacity (bubbles are now taking up space where liquid should be)  
Pitting damage to parts as material is removed by the collapsing bubbles  
Noise is a nuisance and lower flows will slow your process, but pitting damage 
will ultimately decrease the life of the pump.  
Calculating NPSHA  
No engineer wants to be responsible for installing a noisy, slow, damaged pump. 
It’s critical to get the NPSHR value from the pump manufacturer AND to insure 
that your NPSHA pressure will be adequate to cover that requirement.  
The formula for calculating NPSHA 
NPSHA is the total head at the suction side of the pump (relative to a datum at 
the elevation of the pump inlet) minus the vapor pressure head of the liquid 

𝑁𝑁𝑃𝑃𝑆𝑆𝑚𝑚 =
𝑃𝑃𝑠𝑠
𝛾𝛾 +

𝑣𝑣𝑠𝑠2

2𝑘𝑘 −
𝑃𝑃𝑣𝑣
𝛾𝛾  

Ps is the absolute pressure at the inlet 
Pv is the vapor pressure 
Vs is the average velocity at the pump inlet 
NPSH is more frequently defined in terms of total head at the lift and losses from 
1 to 2 

𝑁𝑁𝑃𝑃𝑆𝑆𝑚𝑚 =
𝑃𝑃1
𝛾𝛾 +

𝑣𝑣12

2𝑘𝑘 − 𝛾𝛾𝑚𝑚 − ∑ℎ𝑚𝑚(1−2) − ∑ℎ𝑓𝑓(1−2) −
𝑃𝑃𝑣𝑣
𝛾𝛾  

Zs is the distance pump intake above water level in supplying reservoir 
+ve if the pump above water level and –ve if it is lower than the water level 
P1 is barometric pressure and it should be reduced by 3.5Kpa, 0.365 mH2O, 1.2 
ft H2O, 0.5 psi due to storm effects 
The above equations are for NPSH available which must be greater than the 
required to avoid cavitation 
NPSHA˂ NPSHR   , cavitation will take place 
The term 𝑣𝑣1

2

2𝑠𝑠
  is usually neglegted 

𝑁𝑁𝑃𝑃𝑆𝑆𝑚𝑚 = 𝑃𝑃1−3.5
𝛾𝛾

− 𝛾𝛾𝑚𝑚 − ∑ℎ𝑚𝑚(1−2) − ∑ℎ𝑓𝑓(1−2) −
𝑃𝑃𝑣𝑣
𝛾𝛾

  
Ex: water is to being pumped by pumping station at 500 m using a pump has 
NPSHR of 30kPas. If water is at 30 C, what will be the maximum allowable 
pump intake above water surface if the entrance and friction losses is 15kPas 
distance  
Solution 
From table, P1= 95.4 kPas,      Pv=4.3kPas 
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𝑁𝑁𝑃𝑃𝑆𝑆𝑚𝑚 = 𝑃𝑃1−3.5

𝛾𝛾
− 𝛾𝛾𝑚𝑚 − ∑ℎ𝑚𝑚(1−2) − ∑ℎ𝑓𝑓(1−2) −

𝑃𝑃𝑣𝑣
𝛾𝛾

  

= 95.4−3.5
9.81

− 𝛾𝛾𝑚𝑚 − 15/9.81— 4.3
9.81

  
let 
NPSHA=NPSHA 
30
9.81

== 91.9
9.81

− 𝛾𝛾𝑚𝑚 − 19.3/9.81— 4.3
9.81

  
Zs= 4.34m 
Ps=4.34*9.81=42.6kPas 
Ex: in the following figure, if Q=0.1133m3/sec, at 60F, NPSHR=2.743m, pipe 
diameter id 8 inches made of cast iron. Find if cavitation will take place if 
barometric pressure is 101kPas 
Solution 
Kent=0.5 
Kbend=0.3 
e/D=0.0102/(8/12)=0.0013 
Re=4*0.1133/[п*0.2*1.13*10−6=638309 
From moodi diagram, ƒ=0.021 
𝑁𝑁𝑃𝑃𝑆𝑆𝑚𝑚𝐴𝐴 = 𝑃𝑃1−3.5

𝛾𝛾
− 𝛾𝛾𝑚𝑚 − ∑ℎ𝑚𝑚(1−2) − ∑ℎ𝑓𝑓(1−2) −

𝑃𝑃𝑣𝑣
𝛾𝛾

  

𝑁𝑁𝑃𝑃𝑆𝑆𝑚𝑚 =
101000 − 3500

9810
− [21.336 − 15.24] − [0.5 + 0.3 + 0.3]

∗
0.11332

2 ∗ 9.81 ∗ 0.24 ∗ 𝜋𝜋
2

16

− 0.021 ∗ [6.1 + 7.62 + 3.05]

∗
0.11332

2 ∗ 9.81 ∗ 0.25 ∗ 𝜋𝜋
2

16

−
1760
9810

= 𝟐𝟐.𝟔𝟔𝟒𝟒𝟕𝟕𝒎𝒎 

Since it is smaller than  the NPSHR, thus cavitation will take place 
 
 
 
 
 
 
 
 
 
 

6.1m 

7.62m 

3.05m 

21.336m 

15.24
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Altitude Atmospheric 
Pressure 

(Above Sea Level) Feet of Water PSIA 
0 33.9 14.7 

1000 32.8 14.2 
2000 31.6 13.7 
3000 30.5 13.2 
4000 29.4 12.7 
5000 28.3 12.3 
6000 27.3 11.8 
7000 26.2 11.3 
8000 25.2 10.9 
9000 24.3 10.5 

10,000 23.4 10.1 
 

Altitude Atmospheric 
Pressure, Kpas 

(Above Sea Level)  
0 101 

305 98 
457 96 
610 94 
1220 88 
1830 81 
2439 75 
3049 70 
4573 57 

 
T, C Pv, kPaS 

0 0.61 
4.4 0.84 
10 1.23 

15.6 1.76 
21.1 2.5 
26.7 3.5 
32.2 4.81 
37.8 6.54 
43.3 8.81 
48.9 11.7 
54.4 15.3 
60 19.9 
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Open Channel Flow 
Definition: An open channel is a passage in which liquid flows with a free 
surface, open channel flow has uniform atmospheric pressure exerted on its 
surface and is produced under the action of fluid weight. It is more difficult to 
analyse open channel flow due to its free surface. Flow is an open channel is 
essentially governed by Gravity force apart from inertia and viscous forces. 
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Typical open channel shapes 

 
Fig. 1 

Types of open Channel Flows  
Steady flow – when discharge (Q) does not change with time. 
Uniform flow – when depth of fluid does not change for a selected length or 
section of the channel 
Uniform steady flow – when discharge does not change with time and depth 
remains constant for a selected section - cross section should remain unchanged 
– referred to as a prismatic channel 
Varied steady flow – when depth changes but discharge remains the same (how 
can this happen?) 
Varied unsteady flow – when both depth and discharge change along a channel 
length of interest. 
Rapidly varying flow – depth change is rapid 
Gradually varying flow – depth change is gradual 

Section 1 – rapidly varying flow 
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Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
Section 2 – gradually varying flow 
Section 3 – hydraulic jump 
Section 4 – weir and waterfall 
Section 5 – gradually varying 
Section 6 – hydraulic drop due to change in channel slope 
Hydraulic Radius of Open Channel Flow 
A parameter that is used often 
Ratio of flow cross sectional area (A) and wetted perimeter (WP) 
R = A/ WP 
Hydraulic radius R for various channel shapes –Figure 1 
Kinds (Types) of Open Channel Flow 
Reynolds number for pipe flow – 
𝑁𝑁𝑅𝑅 = 𝑣𝑣𝑑𝑑/υ 
Reynolds number for channel flow 
𝑁𝑁𝑅𝑅 = 𝑣𝑣𝛾𝛾/υ 
For pipe flow – 
NR < 2000 – laminar:   NR > 4000 – turbulent 
For channel flow – 
NR < 500 – laminar:    NR > 2000 – turbulent 
Steady flow and Manning’s Equation 
When discharge remains the same and depth does not change then we 
 have uniform steady flow. 
In this condition – The surface of water is parallel to the bed of the channel 
Or S = Sw 
Where S is the slope of the channel 
The slope of the channel can be expressed as – 
- An angle = 1 degrees 
- As percent = 1% 
- Or as fraction = 0.01 or 1 in 100 

 

- 116 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
 
 
 
 
 

Velocity of flow (v) in a channel can be computed numerous by empirical 
equations – 
Geometric properties of open channels 
Depth of flow (y): It is the vertical distance between the lowest point of the 
channel sections from the free liquid surface. It is expressed in meters. 
Area of cross section or Wetted area (A) It is the area of the liquid surface when 
a cross section is taken normal to the direction of flow. It is expressed in meter2. 
Wetted perimeter (P): It is the length of the channel boundary in contact with the 
flowing liquid at any section. It is expressed in meters. 
Hydraulics radius or Hydraulic mean depth (R): It is the ratio of area of cross 
section (A) to the wetted perimeter(P). 

𝑅𝑅 =
𝐴𝐴
𝑃𝑃 

R is expressed in meters. 
Top width (T): It is the width of the channel at the free surface as measured 
perpendicular to the direction of flow at any given section. It is expressed in 
meters. 
Hydraulic depth (D) It is the ratio of area of cross section (A) to the top width 
(T). 

𝐷𝐷 =
𝐴𝐴
𝑇𝑇 

D It is expressed in meters. 
Section factors (Z): It is the product of the area of cross section (A) by the square 
root of the hydraulic depth (D). 

𝛾𝛾 = 𝐴𝐴√𝐷𝐷 = �𝐴𝐴
3

𝑇𝑇
 

Z is expressed in meters. 
Hydraulic Slope (S): Hydraulic slope of the total energy line is defined as the 
ratio of drop in total energy line (hf) to the channel length (L). 
𝑆𝑆 = ℎ𝑓𝑓/𝐿𝐿 
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Geometric properties for different types of prismatic channels 
• Rectangular Channel 
y=Depth of flow  
• B=Bed width of the channel 
Area of cross section A= B x y 
Wetted perimeter P = (B+2y) 
Hydraulic radius 𝑅𝑅 = 𝐴𝐴

𝑃𝑃
= 𝐴𝐴𝑦𝑦

𝐴𝐴+2𝑦𝑦
 

Top width T=B 
Hydraulic depth y D=A/T=By/B=y 
b) Trapezoidal channel 
n or θ is side slope of the channel. 
Area of flow A = (Area of rectangular +2* Area of the half triangle) 

𝐴𝐴 = 𝐵𝐵𝑑𝑑 + 2 �
1
2𝑑𝑑𝑑𝑑 ∗ 𝑑𝑑� = 𝐵𝐵𝑑𝑑 + 𝑑𝑑𝑑𝑑2 

𝐴𝐴 = 𝐵𝐵𝑑𝑑 + 2 �
1
2𝑑𝑑𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 ∗ 𝑑𝑑� = 𝐵𝐵𝑑𝑑 + 𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 ∗ 𝑑𝑑2 

Wetted perimeter 
𝑃𝑃 = 𝐵𝐵 + 2�𝑑𝑑2𝑑𝑑2 + 𝑑𝑑2 
𝑃𝑃 = 𝐵𝐵 + 2𝑑𝑑�1 + 𝑑𝑑2 
𝑃𝑃 = 𝐵𝐵 + 2�𝑣𝑣𝑚𝑚𝑑𝑑2𝛿𝛿𝑑𝑑2 + 𝑑𝑑2 
𝑃𝑃 = 𝐵𝐵 + 2𝑑𝑑�1 + 𝑣𝑣𝑚𝑚𝑑𝑑2𝛿𝛿 
Hydraulic radius 

𝑅𝑅 =
𝐴𝐴
𝑃𝑃 =

𝐵𝐵𝑑𝑑 + 𝑑𝑑𝑑𝑑2

𝐵𝐵 + 2𝑑𝑑√1 + 𝑑𝑑2
=

𝐵𝐵𝑑𝑑 + 𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 ∗ 𝑑𝑑2

𝐵𝐵 + 2𝑑𝑑√1 + 𝑣𝑣𝑚𝑚𝑑𝑑2𝛿𝛿
 

𝑇𝑇 = 𝐵𝐵 + 2𝑑𝑑𝑑𝑑 = 𝐵𝐵 + 2𝑑𝑑𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 
Hydraulic Depth 

𝐷𝐷 =
𝐴𝐴
𝑇𝑇 =

𝐵𝐵𝑑𝑑 + 𝑑𝑑𝑑𝑑2

𝐵𝐵 + 2𝑑𝑑𝑑𝑑 =
𝐵𝐵𝑑𝑑 + 𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 ∗ 𝑑𝑑2

𝐵𝐵 + 2𝑑𝑑𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿  

Triangular channel 
Area of cross section 

𝐴𝐴 = 2 �
1
2𝑑𝑑𝑑𝑑 ∗ 𝑑𝑑� = 𝑑𝑑𝑑𝑑2 = 2 �

1
2𝑑𝑑𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 ∗ 𝑑𝑑� = 𝑑𝑑2𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 

Wetted Perimeter 
𝑃𝑃 = 2�𝑑𝑑2𝑑𝑑2 + 𝑑𝑑2 = 2𝑑𝑑�1 + 𝑑𝑑2 
𝑃𝑃 = 2�𝑣𝑣𝑚𝑚𝑑𝑑2𝛿𝛿𝑑𝑑2 + 𝑑𝑑2 = 2𝑑𝑑�1 + 𝑣𝑣𝑚𝑚𝑑𝑑2𝛿𝛿 
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Top Width 
𝑇𝑇 = 2𝑑𝑑𝑑𝑑 = 2𝑑𝑑𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 
Hydraulic Radius 

𝑅𝑅 =
𝐴𝐴
𝑃𝑃 =

𝑑𝑑𝑑𝑑2

2𝑑𝑑√1 + 𝑑𝑑2
=

𝑑𝑑2𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿
2𝑑𝑑√1 + 𝑣𝑣𝑚𝑚𝑑𝑑2𝛿𝛿

 

Hydraulic Depth 

𝐷𝐷 =
𝐴𝐴
𝑇𝑇 =

𝑑𝑑𝑑𝑑2

2𝑑𝑑√1 + 𝑑𝑑2
=
𝑑𝑑
2 =

𝑑𝑑2𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿
2𝑑𝑑𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 =

𝑑𝑑
2 

Circular Channel 
oa=ob=oc=r (radius) 
bd=y (depth of flow) 
aoˆb =θ centralangle 
 
 
 
 
 
 
 
 
 
 
 
Area of Flow A=[Area of sector oabc-Area of triangle oac 

𝐴𝐴 = 𝛾𝛾2𝛿𝛿 −
1
2

[2𝛾𝛾𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 ∗ 𝛾𝛾𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿] = 𝛾𝛾2[𝛿𝛿 −
2𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿

2 ] 
𝐴𝐴 = 𝛾𝛾^2 [𝛿𝛿 − 𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿/2] 
θ Should be in radians, π radians=1800 
Wetted Perimeter 
 P=Arc length oabc=[2𝛾𝛾𝛿𝛿] 
Hydraulic radius 

𝑅𝑅 =
𝐴𝐴
𝑃𝑃 =

𝛾𝛾2 �𝛿𝛿 − 𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿
2 �

2𝛾𝛾𝛿𝛿 =
1
2 𝛾𝛾[1 −

𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿
2𝛿𝛿  

 
 

a 

b 

c 

o 

θ 
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Uniform Flow in open channels 
Flow in an open channel is said to be uniform when the parameters such as depth 
area of cross section, velocity discharge etc., remain constant throughout the  
entire length of the channel. 
Features of Uniform flow 
a] Depth of flow, area of cross section, velocity and discharge are constant at 
every section along the channel reach. 
b] Total energy line, water surface and channel bottom are parallel to each other, 
also their slopes are Equal or So=Sw=Sf 
So = channel bed slope  
Sw = water surface slope  
Sf = energy line slope 
CHEZY’S FORMULA 
Consider uniform flow between two sections 1 and 2 , L distant apart as shown. 
Various forces acting on the control volume are: 
i] Hydrostatic forces 
ii] Component of weight w sinθ , along the flow. 
iii] Shear or resistance to flow acting along the wetted perimeter and opposite to 
the direction of motion 
From second law of Newton  
Force = Mass x acceleration 
As the flow is uniform, acceleration = Zero (O) , ∑ forces = 0 
Or 

 
𝑑𝑑1 − 𝑑𝑑2 + 𝑤𝑤𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 − Ʈ𝑣𝑣 ∗ 𝛿𝛿𝑣𝑣𝑑𝑑𝑣𝑣𝑚𝑚𝛿𝛿𝑣𝑣 𝑚𝑚𝛾𝛾𝑑𝑑𝑚𝑚 = 0 
F1= F2 , Flow is uniform 
𝑤𝑤𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 − Ʈ𝑣𝑣 ∗ 𝛿𝛿𝑣𝑣𝑑𝑑𝑣𝑣𝑚𝑚𝛿𝛿𝑣𝑣 𝑚𝑚𝛾𝛾𝑑𝑑𝑚𝑚 = 0  
𝑤𝑤𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 = Ʈ𝑣𝑣 ∗ 𝛿𝛿𝑣𝑣𝑑𝑑𝑣𝑣𝑚𝑚𝛿𝛿𝑣𝑣 𝑚𝑚𝛾𝛾𝑑𝑑𝑚𝑚… … . (1) 
From the definition of specific weight w=γ *volume =γ*A*L 
Contact area = wetted perimeter x length = P x L 
Also, for small values of θ,sinθ= tanθ= So 
Substituting all values in eq 1 and simplifying 
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γ𝐴𝐴𝐿𝐿𝑆𝑆𝑣𝑣 = Ʈ𝑣𝑣𝑃𝑃𝐿𝐿 

Ʈ𝑣𝑣 = γ
𝐴𝐴𝑆𝑆𝑣𝑣
𝑃𝑃 = γ𝑅𝑅𝑆𝑆𝑣𝑣 … … (2) 

From experiment it is established that shear stress 
Ʈ𝑣𝑣 = ƒ

8
𝜌𝜌𝑣𝑣2 thus ƒ

8
𝜌𝜌𝑣𝑣2 = γ𝑅𝑅𝑆𝑆𝑣𝑣 

𝑣𝑣 = �
8γ
𝜌𝜌ƒ �𝑅𝑅𝑆𝑆𝑣𝑣 = 𝐶𝐶�𝑅𝑅𝑆𝑆𝑣𝑣 

C= Chezy’s constant 
From continuity equation Q=AV 
𝑄𝑄 = 𝐴𝐴𝐶𝐶�𝑅𝑅𝑆𝑆𝑣𝑣 … . . (3) 
It should be noted that chezy’s C is not just a non – dimensional number and it 
has a dimension of L0.5T-1 

Chezy’s equation is used in pipe flow also. The value of Chezy’s C is different 
for Different types of channels. 
MANNING’S FORMULA 
Robert Manning in 1889, proposed the formula  
𝑄𝑄 = 𝐴𝐴

𝑛𝑛
 R2/3 S1/2 

The above formula is known as Manning’s formula where N is Manning’s 
roughness or rugosity coefficient. Similar to Chezy’s C 
Table 1 gives the range of value of the Manning’s constant N 
No                 Surface                                 Recommended Value of N 
1                   Glass, Plastic, Brass                  0.010 
2                   Timber                                       0.011 – 0.014 
3                   Cement plaster                           0.011 
4                   Cast iron                                     0.013 
5                   Concrete                                     0.012 – 0.017 
6                   Drainage tile                               0.013 
7                   Brickwork                                  0.014 
8                   Rubble masonry                         0.017 – 0.025 
9                   Rock cut                                     0.035 – 0.040 
PROBLEMS:- 
1. Establish a relation between Chezy’s C and Manning’s N 
Chezy’s equation is 𝑣𝑣 = 𝐶𝐶�𝑅𝑅𝑆𝑆𝑣𝑣 
Manning’s equation is 
𝑣𝑣 = 1

𝑛𝑛
 R2/3 S1/2 

 Equating the two equations  
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𝐶𝐶�𝑅𝑅𝑆𝑆𝑣𝑣 = 1

𝑛𝑛
 R2/3 S1/2 

𝐶𝐶 = 1
𝑁𝑁

 R1/6  
Manning’s N has dimensions. The dimensions of N being TL-1/3 

2. A rectangular channel 1.5 m wide with a bed slope of 0.0001 carries water to a 
depth  of 1.2m. The channel has Manning’s N=0.025. Calculate the rate of 
uniform flow in the channel. 
Solution : B=1.5m, y=1.2m, N=0.025, 
A=By = 1.5*1.2=1.8m2 
P=B+2y=1.5+2*1.2=3.9m 
R =A/P=3.9/1.8=0.4615m 
𝑄𝑄 = 𝐴𝐴

𝑛𝑛
 R2/3 S1/2 = 1.8

0.025𝑛𝑛
 0.46152/3 0.00011/2 =0.43m3/sec 

3. Calculate the uniform depth of flow in a rectangular channel of 3m width 
designed to  carry 10 cumecs of water. Given Chezy’s C=65 and channel bed 
slope= 0.025 %. 
Ans. B=3m, y=?,Q=10 cumecs, 
C=65,S0=0.025% 
Chezy’s eqn is  
Q=AC(RS0)0.5 
A=By=3y m2 
P=B+2y =3+2y 
R=A/P=By/[3+2y] 
Substituting all values in chezy’s eqn 

10=3y*65 * � 3𝑦𝑦
3+2𝑦𝑦

�0.025
100

 

Simplify 
y3 - 7.013y -10.519 = 0 
Solving by trial and error y=3.21m 
4. Find the rate of flow of water through a triangular channel having the total 
angle between the sides as 60. Take the value of N=0.015 and the slope bed as 
1m in 1km. The depth of flow is 1.6m 
Q=?,  θ=30, N=0.015, So=1/1000, y=1.6m    
Manning s equation 
A= 2 �1

2
𝑑𝑑𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 ∗ 𝑑𝑑� = 1.62𝑣𝑣𝑚𝑚𝑑𝑑30 = 1.487𝑚𝑚2  

𝑃𝑃 = 2𝑑𝑑√1 + 𝑣𝑣𝑚𝑚𝑑𝑑2θ=2*1.6* √1 + 𝑣𝑣𝑚𝑚𝑑𝑑230 = 3.695𝑚𝑚 

𝑅𝑅 =
𝐴𝐴
𝑃𝑃 =

1.487
3.695 = 0.4𝑚𝑚 
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𝑄𝑄 = 𝐴𝐴

𝑛𝑛
 R2/3 S1/21.487

0.015
 0.42/3 0.0011/2=0.789m3/sec 

Mannings equation 
𝑣𝑣 = 1

𝑛𝑛
 R2/3 S1/2 

This the SI units form of the equation with v (meters/sec) and R (meters). 
Where n is the Manning’s coefficient (dimensionless) – values developed 
through experimentation 

Possible n values for various channel surfaces 

 

 
In English units the Manning’s equation form is – 
𝑣𝑣 = 1.49

𝑛𝑛
 R2/3 S1/ 2 

Where v is in feet/sec and the R value is in feet 
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If velocity is known, the discharge (Q) can then be computed as 
Q = A*v 
𝑄𝑄 = 1

𝑛𝑛
𝐴𝐴 R2/3 S1/2 

𝑄𝑄 = 1.49
𝑛𝑛
𝐴𝐴 R2/3 S1/ 2 

Where Q is in m3/s 
For uniform flow, Q is referred to as Normal discharge 
The above equation can also be re-arranged such that 
AR2/3 = nQ/S1/2 

The left hand term is simply based on channel geometry 
Problem 14.2 
Determine normal discharge for a 200 mm inside diameter common clay  
drainage tile running half-full if the slope drops 1m over 1000 m. 

 
S= 1/1000 = 0.001 
A = (1/2) * (π D2/4) = 0.5*π*(0.2)2/4 = 0.0157 m2 
WP = (1/2) * (π D) = 0.5*π*0.2 = 0.3141 m 
R = 0.05 m 
From Table 14.1 n for clay tile = 0.013, Substitute these values in the equation – 
𝑄𝑄 = 1

𝑛𝑛
𝐴𝐴 R2/3 S1/2 

And we get 
Q=1*0.0157 *(0.05)2/ 3 (0.001)1/ 2/0.013= 5.18 x 10-3 m3/s 
Problem 14.3 
Calculate slope of channel below If Q = 50 ft3/s 
Formed unfinished concrete channel 
Equation that you will use 
Q=1.49 AR2/3 S1/ 2/n 
Compute A = 12 ft2 
WP = 9.66 ft 
R = A/WP = 12/9.66 = 1.24 ft 
Manning’s n for concrete channel = 0.017 
Substitute 
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And S = 0.00169 
7. An open channel of trapezoidal section base width 1.5m and side slopes 60 to 
the horizontal is used to convey water at a constant depth of 1m. If the channel 
bed slope is 1: 400. Compute the discharge in cumecs. The Chezy’s constant 
may be evaluated using the relation 
C=87/[0.2+(R)0.5] 
Where R is the hydraulic radius  
By + y2 tanθ=1.5 * 1+12 * tan 30= 2.077m2 
p= B + 2y* [1+ tan2θ]0.5= [1.5 + 2 * 1 * (1+ tan2 30)0.5]= 3.81m 
Hyd radius R =A/P=2.077/3.81=0.545m 
 From chezy' s eqn Q = AC[RS]0.5= 2.077 * 68.46 *[ 0.545/400]0.5 
Q = 5.25 m3 / s or cumecs 
8.A channel 5m wide at the top and 2m deep has sides sloping 2v:1H. The 
volume rate of flow when the depth of water is constant at 1m. Take C=53. What 
would be the depth of water if the flow were to be doubled. 
Soln:  
T=B+2ny 
5=B +2*0.5*2 :  B= 3 m 
Q = 4.8 m3/s 
Now Q=2*4.8=9.6 m3/s 
9.6=[3y1+0.5y12]*53[(3y1+0.5y12)/(3+y1*{1+0.52}2)0.5 
Y1=1.6m  by trial and eror solution 
9. A trapezoidal channel 1.8 m wide at the bottom and having sides of slope 1:1 
is laid on a slope of 0.0016. If the depth of the water is 1.5m. Find the rate of 
uniform flow Assume N=0.014 
Soln: B=1.8m, n=1, S0 =0.0016, y=1.5m Q=? N=0.014 
A = By + ny2 = (1.8 * 1.5 +1 x 1.52 ) = 4.95m2 
P = (B + 2y*[ 1+ n2 ]0.5= (1.8 + 2 *[1.5 * [1+1.52 ] 0.5= 7.21m 
R=A/P 
R=4.95/7.21= 0.687m 
From Manning s eqn Q =[A/N]R3/2*S0.5 
=[4.95/7.21][* (0.687)3/2* (0.0016)0.5= 
Q =11m3 / s 
10. A concrete lined trapezoidal channel with side slope 2H:1V has a base width 
of 3m and carries 5.5 m 3/s of water on a slope of 1m. Find the depth of flow. 
Assume N=0.011 
Soln: n=2,B=3m, Q=5.5 m 3/s,y=?, N=0.011,S=0.0001 
Q =[A/N]R2/3*S0.5= Q =[A/N]R2/3*S0.5 
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A = By + ny2 = 3y + 2y2 
P = B + 2y [1+ n2 ]0.5= B + 2y[ 1+ 22]0.5 = 3+ 4.47 y 
R=A/P=[3y + 2y2]/[ 3+ 4.47 y ] 
5.5={[3y + 2y2]/0.011}*{[3y + 2y2]/[ 3+ 4.47 y ]}2/3*[0.0001]0.5 
Y=1.32m by trial and error 
11. A trapezoidal channel is designed to convey 1.5 cumces of water at a depth 
of 1m if the mean velocity of flow is0.5 m/s and side slopes are1:1 find the base 
width and the bed slope. Take C=60 
Soln: Q=1.5 cumecs y=1m, v=0.5m/s,  n=1 B=? C=60 
A=Q/A=1.5/0.5=3m3/sec 
From continuity eqn A = By + ny2 
3 = B * 1 +1 * 12:           B = 2m 
P = B + 2y [1+ n2]0.5=2 + 2 *[1+12]0.5 = 4.828m 
R =A/P=3/4.828=0.621m 
4.828 
Now from chezy' s eqn V = C [RS]0.5 
0.5 = 60 *[ 0.621 x S]0.5 
S=1/8947 
12.Water flows through a channel of circular section of 600mm diameter at the 
rate of 200lps the slope of the channel is 1m in 2.5km and the depth of flow is 
0.45m. Calculate the mean velocity and the value of chezy’s coefficient 
Soln: Q=200lps=0.20m 3/s, Ac=y=0.45m Oc=r=600/2=300mm=0.3m  Oa=(ac-
oc)=(0.45-0.3)=0.15m 
From triangle oab 
Cosα=oa/ob =0.15/0.3=0.5 
Α=60:  θ=180-α=120=π*120/180=2.094 
A=0.32[2.094-(sin2*2.094)/2]=0.2275m2 
P=2rθ=2x0.3x2.094=1.2564m 
R=A/P=0.2275/1.2564=0.181m 
C=[0.2/(0.2275*0.181*1/2500)0.5]:       C=103.3 
V=Q/A=0.2/0.2275=0.88m/s 
MOST ECONOMICAL OR MOST EFFICIENT OR BEST HYDRAULIC OPEN 
CHANNEL 
Definition: The most efficient cross section may be defined as that offers least 
resistance to flow and hence passes maximum discharge for a given slope, area 
and roughness. 
From continuity equation Q=AV, Discharge Q is maximum when the velocity V 
is maximum for a given area of cross section A 
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From Chezy’s equation  V = C[ RS]0.5 ,Velocity V is maximum when the 
hydraulic radius R is maximum for given values of Chezy’s C and bed slope  S 
 But, by definition Hydraulic radius R=A/P 
Therefore hydraulic radius R is maximum when the wetted perimeter P is 
minimum for a given area of cross section A 
Hence an open channel is most economical when the wetted perimeter P is least 
or minimum for a given area of cross section A 
MOST ECONOMICAL RECTANGULAR OPEN CHANNEL 
𝑨𝑨 = 𝑩𝑩𝑩𝑩… … … … (𝑺𝑺) 
𝑩𝑩 = 𝑨𝑨/𝑩𝑩… … … … (𝑺𝑺𝑺𝑺) 
Wetted perimeter    𝑷𝑷 = 𝑩𝑩 + 𝟐𝟐𝒅𝒅… … … … (𝑺𝑺𝑺𝑺𝑺𝑺) 
Substituting eq (ii) in eq (iii) 
𝑷𝑷 = 𝑨𝑨

𝒅𝒅
+ 𝟐𝟐𝒅𝒅……..(iv) 

For the channel to be most economical wetted perimeter should be minimum. 
But from Eq (iv) we see that P is a function of the depth of flow Y, for a given 

area of cross section A. Hence for the condition is that 
𝒅𝒅𝒕𝒕
𝒅𝒅𝒅𝒅

 

𝒅𝒅 �
𝑨𝑨
𝑩𝑩

+ 𝟐𝟐𝑩𝑩� /𝒅𝒅𝒅𝒅 
Differentiating 
 − 𝑨𝑨

𝒅𝒅𝟐𝟐
= 𝑩𝑩:  or             𝐴𝐴 = 2𝑑𝑑2 … … … … (𝑣𝑣) 

Equating Eq (i) and (v) we have 
𝐵𝐵𝑑𝑑 = 2𝑑𝑑2        𝑣𝑣𝛾𝛾  𝑩𝑩 = 𝟐𝟐𝒅𝒅 
Also, Hydraulic radius 

𝑹𝑹 =
𝑩𝑩𝒅𝒅

[𝑩𝑩 + 𝟐𝟐𝒅𝒅] = 𝟐𝟐𝒅𝒅 ∗
𝒅𝒅

[𝟐𝟐𝒅𝒅 + 𝟐𝟐𝒅𝒅] = 𝒅𝒅/𝟐𝟐 

It may thus be concluded that for a rectangular channel to be most economical or 
efficient the bed width Should be half the depth of the flow. 
MOST ECONOMICAL TRIANGULAR CHANNEL 
2𝛿𝛿 = 𝛿𝛿𝑑𝑑𝑑𝑑𝑣𝑣𝛾𝛾𝑚𝑚𝑣𝑣 𝑚𝑚𝑑𝑑𝑘𝑘𝑣𝑣𝑑𝑑 
Side slopes of the channel is IV:nH 
Y= Depth of the flow 
Area of cross section 𝐴𝐴 = 1

2
∗ [2𝑑𝑑𝑑𝑑 ∗ 𝑑𝑑] 

𝐴𝐴 = 𝑑𝑑𝑑𝑑2………………(i) 

𝐴𝐴 =
1
2 ∗ [2 ∗ 𝑑𝑑 ∗ 𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 ∗ 𝑑𝑑] 

V 

1 
2θ 

B 
Y 

H 

n 
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𝐴𝐴 = 𝑑𝑑2 ∗ 𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿] 

𝑑𝑑 = � 𝐴𝐴
𝑓𝑓𝑚𝑚𝑛𝑛𝑃𝑃

…………..(ii) 

Wetted perimeter  
𝑃𝑃 = 2�𝑑𝑑2𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 + 𝑑𝑑2 = 2𝑑𝑑√1 + 𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿… … … . (𝑝𝑝𝑝𝑝𝑝𝑝) 
Substituting eq(i) in eq (iii) and simplifying 

𝑃𝑃 = 2�
𝑑𝑑

𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 ∗ √1 + 𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿… … … . (𝑝𝑝𝑣𝑣) 

𝑃𝑃 = 2�𝑑𝑑 ∗ �
1 + 𝑣𝑣𝑚𝑚𝑑𝑑2𝛿𝛿
𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿  

Channel is most economical when the wetted perimeter P is minimum i.e when 
𝟐𝟐𝑷𝑷
𝟐𝟐𝟐𝟐

= 0 because P is a function of θ for a given value of Y 

𝟐𝟐𝟏𝟏+𝒇𝒇𝒎𝒎𝒅𝒅
𝟐𝟐𝟐𝟐

𝒇𝒇𝒎𝒎𝒅𝒅𝟐𝟐
𝟐𝟐𝟐𝟐

= 𝟎𝟎: 
𝟐𝟐[ 𝟏𝟏
𝒇𝒇𝒎𝒎𝒅𝒅𝟐𝟐+𝒇𝒇𝒎𝒎𝒅𝒅𝟐𝟐]

𝟐𝟐𝟐𝟐
=0: 𝟐𝟐[𝒔𝒔𝟐𝟐𝒇𝒇𝟐𝟐+𝒇𝒇𝒎𝒎𝒅𝒅𝟐𝟐]

𝟐𝟐𝟐𝟐
= 𝟎𝟎 

Differianting and simplifying 
𝑚𝑚𝑝𝑝𝑑𝑑𝛿𝛿 = 𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿:   𝑣𝑣𝑚𝑚𝑑𝑑𝛿𝛿 = 1:  𝛿𝛿 = 45:     n=1 
Hence the triangular channel is most economical when the side slopes are IV:IH 
or the side slope at 45 with the vertical. 
The corresponding hydraulic radius R for a most economical triangular section 
would be 

𝑹𝑹 = 𝑨𝑨
𝑷𝑷
= 𝒅𝒅𝟐𝟐𝒇𝒇𝒎𝒎𝒅𝒅𝟐𝟐
𝟐𝟐𝒅𝒅√𝟏𝟏+𝒇𝒇𝒎𝒎𝒅𝒅𝟐𝟐

= 𝒅𝒅𝟐𝟐𝒇𝒇𝒎𝒎𝒅𝒅𝟒𝟒𝟓𝟓
𝟐𝟐𝒅𝒅√𝟏𝟏+𝒇𝒇𝒎𝒎𝒅𝒅𝟒𝟒𝟓𝟓

= 𝟐𝟐
𝟐𝟐√𝟐𝟐

 
MOST ECONOMICAL TRAPEZODIAL CHANNEL 
From the geometry of such a channel we see that it is a combination of a 
rectangular and a triangle. In a rectangular channel for a given bed width B the 
hydraulic radius R was a function of the depth of flow y. while in the case of a 
triangular channel it was a function of side slope 
Hence, the condition for most economical trapezodial channel may be discussed 
under the following two headings. 
In a rectangular channel for a given bed width B the hydraulic radius R was a 
function of the depth of flow y. while in the case of a triangular channel it was a 
function of side slope 
a)Depth of flow y varying but side slope n constant 
𝐴𝐴 = 𝐵𝐵𝐵𝐵 + 𝑑𝑑𝑑𝑑2 … … … … (𝑝𝑝) 
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𝐵𝐵 =

𝐴𝐴 − 𝑑𝑑𝑑𝑑2

𝑑𝑑 =
𝐴𝐴
𝑑𝑑 − 𝑑𝑑𝑑𝑑… … … … (𝑝𝑝𝑝𝑝) 

Wetted perimeter: 𝑃𝑃 = {𝐵𝐵 + 2𝑑𝑑�𝟏𝟏 + 𝒅𝒅𝟐𝟐} … … . (𝑺𝑺𝑺𝑺𝑺𝑺) 
Substituting the value of B from Eq (ii) in Eq(iii) 
𝑃𝑃 = �

𝐴𝐴
𝑑𝑑
− 𝑑𝑑𝑑𝑑 + 2𝑑𝑑�𝟏𝟏+ 𝒅𝒅𝟐𝟐�… … … … … (𝑺𝑺𝒗𝒗) 

For given values of A and n, P is a function of y. therefore P is minimum when 
𝛿𝛿P/δy= 0 
𝟐𝟐
𝟐𝟐𝒅𝒅

�
𝐴𝐴
𝑑𝑑
− 𝑑𝑑𝑑𝑑 + 2𝑑𝑑�𝟏𝟏 + 𝒅𝒅𝟐𝟐� = 𝟎𝟎 

Differentiating 

�−
𝐴𝐴
𝑑𝑑 − 𝑑𝑑 + 2�𝟏𝟏+ 𝒅𝒅𝟐𝟐� = 𝟎𝟎 

𝐴𝐴 = �𝟐𝟐�𝟏𝟏+ 𝒅𝒅𝟐𝟐 − 𝒅𝒅�𝒅𝒅𝟐𝟐………..(v) 
Equating (i) and (v) 
𝑩𝑩 + 𝒅𝒅𝒅𝒅𝟐𝟐 = �𝟐𝟐𝒅𝒅𝟐𝟐�𝟏𝟏+ 𝒅𝒅𝟐𝟐 − 𝒅𝒅𝒅𝒅𝟐𝟐� 

Or: 𝒅𝒅√𝟏𝟏 + 𝒅𝒅𝟐𝟐 = 𝟏𝟏
𝟐𝟐

[𝑩𝑩 + 𝟐𝟐𝒅𝒅𝒅𝒅] … … . (𝒗𝒗𝑺𝑺) 

Slopping side = 0.5* top width 
Substituting eq(vi) in eq(iii) 
P=B+(B+2ny) or P=2B+2ny 
Hydraulic radius 𝑅𝑅 = 𝑨𝑨

𝑷𝑷
= 𝑩𝑩𝒅𝒅+𝒅𝒅𝒅𝒅𝟐𝟐

𝟐𝟐𝑩𝑩+𝟐𝟐𝒅𝒅𝒅𝒅
= 𝒅𝒅

𝟐𝟐
 

Hence the trapezodial channel is most economical when the hydraulic depth is 
half depth of flow for given values of area of cross section A, and side slopes n 
b) Depth of flow y constant side slopes n variable 
𝐴𝐴 = 𝐵𝐵𝑑𝑑 + 𝑑𝑑𝑑𝑑… … … … . (𝑝𝑝) 

𝐵𝐵 =
𝐴𝐴
𝑑𝑑 − 𝑑𝑑𝑑𝑑… … … … (𝑝𝑝𝑝𝑝) 

Y V 
Y 

B 
H 

1 

n 

 

θ 
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Wetted perimeter: 𝑃𝑃 = {𝐵𝐵 + 2𝑑𝑑�𝟏𝟏+ 𝒅𝒅𝟐𝟐} … … . (𝑺𝑺𝑺𝑺𝑺𝑺) 
Substituting the value of B from Eq (ii) in Eq(iii) 

𝑃𝑃 = �
𝐴𝐴
𝑑𝑑
− 𝑑𝑑𝑑𝑑 + 2𝑑𝑑�𝟏𝟏+ 𝒅𝒅𝟐𝟐�… … … … … (𝑺𝑺𝒗𝒗) 

For given values of A and y, P is a function of n. therefore P is minimum when 
𝛿𝛿P/δn= 0 
𝟐𝟐
𝟐𝟐𝒅𝒅
�𝐴𝐴
𝑑𝑑
− 𝑑𝑑𝑑𝑑 + 2𝑑𝑑√𝟏𝟏 + 𝒅𝒅𝟐𝟐� = 𝟎𝟎:    Differentiating 

�0 − 𝑑𝑑 + 2𝑑𝑑
𝛿𝛿
𝛿𝛿𝑑𝑑

[�𝟏𝟏+ 𝒅𝒅𝟐𝟐]� = 𝟎𝟎 

−𝑑𝑑 + 2𝑑𝑑] ∗
1
2 [1 + 𝑑𝑑2]−1/22𝑑𝑑 = 0 

2𝑑𝑑 = �𝟏𝟏+ 𝒅𝒅𝟐𝟐:      𝟑𝟑𝒅𝒅𝟐𝟐 = 𝟏𝟏:   𝒅𝒅 = 𝟏𝟏/√𝟑𝟑: 𝒇𝒇𝒎𝒎𝒅𝒅𝟐𝟐 = 𝒅𝒅𝒅𝒅
𝒅𝒅

= 𝒅𝒅: 𝒇𝒇𝒎𝒎𝒅𝒅𝟐𝟐 = 𝟏𝟏
√𝟑𝟑

:  

𝟐𝟐 = 𝟑𝟑𝟎𝟎 𝒘𝒘𝑺𝑺𝒇𝒇𝒉𝒉 𝒗𝒗𝒔𝒔𝒔𝒔𝒇𝒇𝑺𝑺𝒔𝒔𝒎𝒎𝒔𝒔 𝟐𝟐𝒔𝒔 𝟔𝟔𝟎𝟎 𝒘𝒘𝑺𝑺𝒇𝒇𝒉𝒉 𝒉𝒉𝟐𝟐𝒔𝒔𝑺𝑺𝒛𝒛𝟐𝟐𝒅𝒅𝒇𝒇𝒎𝒎𝒔𝒔 
MOST ECONOMICAL CIRCULAR CHANNEL 

For a circular channel  

𝐴𝐴 = 𝛾𝛾2 �𝛿𝛿 −
𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿

2 �                      𝑃𝑃 = 2𝛾𝛾𝛿𝛿 
From the above two equations, we see that both A and P are functions of θ only. 
But for the channel to be most economical we know that P should be minimum 
which means that 𝛿𝛿 should be zero. However when θ = 0 the channel cannot 
exist. Hence the following two conditions. 
a) Condition for maximum velocity 
 
 
 
 
 
 
 
 
 
 
 
 
 

r 

Y 

2θ 

2α 

- 130 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
From chezy’s equation V= C√RS 
For given values of C and velocity V is maximum when the hydraulic radius R is 
maximum i.e. 𝛿𝛿𝑅𝑅

𝛿𝛿𝑃𝑃
= 0 since R is a function of  

𝛿𝛿(𝐴𝐴𝑃𝑃)
𝛿𝛿𝛿𝛿 = 𝟎𝟎 

Difrentiating: 
𝛿𝛿(𝐴𝐴𝑃𝑃)

𝛿𝛿𝑃𝑃
=(Pδ(A/θ)-Aδ(P/θ))/𝑃𝑃2 = 𝟎𝟎 

(Pδ(A/θ)=Aδ(P/θ)) 
Substituting for A and P and simplifying  gives tan 2θ = 2θ 
θ = 2.247 Radians =1280451 
The corresponding depth of flow is given by 
 y = r[1- cosθ] 
where, α =(1800 -1280451 ]= 510151 
Thus: y = r(1- cos510151 ) 
Y=1.626r=0.813 * diameter  
also the corresponding depth of hydraulic radius 
R=0.608r=0.304 * diameter. 
b) Condition for maximum discharge 
Again from chezy’s equation : Q = AC[ RS]0.5 

For given values of C and  S discharge Q is a function of A & R. Q is maximum 

when𝛿𝛿𝑄𝑄
𝛿𝛿𝑃𝑃

= 0  𝑝𝑝. 𝑑𝑑. 𝛿𝛿𝐴𝐴√𝑅𝑅
𝛿𝛿𝑃𝑃

= 0 ∶  𝛿𝛿�𝐴𝐴
3/𝑃𝑃

𝛿𝛿𝑃𝑃
= 0 𝑣𝑣𝛾𝛾 𝛿𝛿(𝐴𝐴3/𝑃𝑃)

𝛿𝛿𝑃𝑃
  

𝑃𝑃 ∗ 3𝐴𝐴2𝛿𝛿𝐴𝐴
𝛿𝛿𝛿𝛿 − 𝐴𝐴3𝛿𝛿𝑃𝑃

𝛿𝛿𝛿𝛿
𝑃𝑃2  

3𝑃𝑃𝐴𝐴2𝛿𝛿𝐴𝐴
𝛿𝛿𝛿𝛿 =

𝐴𝐴3𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿 :  

3𝑃𝑃𝛿𝛿𝐴𝐴
𝛿𝛿𝛿𝛿 =

𝐴𝐴𝛿𝛿𝑃𝑃
𝛿𝛿𝛿𝛿  

𝐴𝐴 = 𝛾𝛾2 �𝛿𝛿 −
𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿

2 �                      𝑃𝑃 = 2𝛾𝛾𝛿𝛿 
δA/δθ=𝛾𝛾2 − 𝛾𝛾2 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚2𝛿𝛿 
δP/δθ=2𝛾𝛾 
Thus: 

3 ∗ 2𝛾𝛾𝛿𝛿 ∗ [𝛾𝛾2 − 𝛾𝛾2 ∗ 𝛿𝛿𝑣𝑣𝑚𝑚2𝛿𝛿] = 𝛾𝛾2 �𝛿𝛿 −
𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿

2 � ∗ 2𝛾𝛾 

6𝛾𝛾3𝛿𝛿 − 6𝛾𝛾3𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 = 2𝛾𝛾3𝛿𝛿 − 𝛾𝛾3𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿 
4𝛿𝛿 − 6𝛿𝛿𝑣𝑣𝑚𝑚𝛿𝛿 + 𝑚𝑚𝑝𝑝𝑑𝑑2𝛿𝛿 = 0 
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The value of θ satisfying the above equation is θ = 2.688 radians=1540,   
2θ=308:  
The corresponding depth of flow y = r(1+ cosα) 
=  r(1+ cos 260) =1.899 radius 
=0.955*diameter.  
The corresponding Hydraulic radius R=A/P 
=0.573*radius =0.287 * diameter 
Hence we see that when the velocity is maximum discharge is not maximum and 
vice versa. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Problems: 
1. A rectangular channel is designed for maximum efficiency, if the wetted 
perimeter is 8m and the bed slope is 1 in 100 calculate the discharge, given 
manning’s N=0.025 
Soln: for a rectangular channel P=(B+2y) & for it to be most efficient B=2y & 
R=y/2 
P=(2y+2y)=4y 
i.e, 8=4y or y=2m B=4m R=1m 
Area of cross section A=By=4x2=8m 
From manning’s equation ,  
𝑄𝑄 = 1

𝑛𝑛
𝐴𝐴 R2/3 S1/2 8

0.025
 R2/3 0.011/2=10.12m3s−1

 

2.A rectangular channel 4.5m wide 1.2 m deep is laid on a slope of 0.0009 and is 
laid with rubber masonry N=0.017, what saving in excavation and lining can be 

r 

Y 

2θ 

2α 
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had by using the best hydraulic dimensions, but at the same time keeping the 
same shape, discharge and slope. 
Soln: From manning’s equation  
Where, A=By=4.5x1.2=5.40m2 

P=B+2y=4.5+2X1.2=6.9m 
R=A/P=5.4/6.9= 0.7826m 
𝑄𝑄 = 1

𝑛𝑛
𝐴𝐴 R2/3 S1/2= 5.4

0.017
 0.78262/3 0.00091/2=8.09m3s−1

 

Now, considering the channel to be most economical or best hydraulic section 
B=2y 
R=y/2        A=2y 
𝑄𝑄 = 1

𝑛𝑛
𝐴𝐴 R2/3 S1/2 

8.09 = 2𝑦𝑦2

0.017
∗ (𝑦𝑦

2
) 2/3 0.00091/2

 

y =1.62m,    R = 0.81m,     B = 3.246m,     A = 5.27m2 
% Saving in excavation in terms of area=2.5%. 
3. A triangular channel section 20m, what is the apex angle and depth for the 
condition of maximum discharge. 
Soln: when the channel carries the maximum discharge it will be most 
economical or best hydraulic section. For such a channel 
R=y/2{2} 0.5 
And side slopes are θ = 450 with the vertical. 
A=0.5* 2*y*tan θ*y=y*y*tan450=4.47m2 

4.An open channel is to be excavated in trapezodial section with side slopes of 
1:1 find the proportions for minimum excavation. 
Soln: for a trapezodial channel A = By + ny2 givenn =1(side slope) 
∴A = By + y2…………. (i) 
B=A/y -y ……………….(ii) 
P = B + 2y [1+ n2]0.5 = B + 2y [1+12 ]0.5 P = B + 2 [2]0.5 y….(iii) 
Substituting eq(ii) in eq(iii) 
P = A/y-y + 2 [2]0.5 =      P=A/y+1.82y……… (iv) 
For minimum excavation the channel has to be most economical ie dp/dy= 0, (n 
the 
side slope is constant) 
From eq (iv) = 0, ∂ P/∂y=0 
, gives –A/y2+ 1.82=0    ∴A =1.82y2 

Equating eq(i) and eq(iv) 
By+y2=1.82y2      Or By=0.82y2          B=0.82y or   B/y= 0.82 
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5. A discharge of 170 cubic meters per minute of water is to be carried in a 
trapezoidal channel of best hydraulic Efficiency. The bed slope is 1 in 5000 and 
side slopes is 1:1. compute the bottom width and depth of flow chezy’s C=50 
Soln: for a trapezodial channel 
A=By+ny2 (i) B=A/y-ny (ii) 
P = B + 2y 1+ n2 
Substituting eq (ii) in eq(iii) 
P=A/y-ny+ 2y[ 1+ n2]0.5 

For best hydraulic efficiency wetted perimeter P should be minimum i.e δP/δy=0    
for (n the side slope is constant) 
δ[A/y-ny+ 2y[ 1+ n2]0.5/δy=0 
-A/y0.5-n+ 2 [ 1+ n2]0.5 =0      
∴A = (2 [1+ n2]0.5 − n )y2…..(v) 
Substituting eq (i) in eq(v) 
By + ny2 = 2y2 [1+ n2]0.5 − ny2 
B + 2ny = 2y [1+ n2]0.5 

Substituting n=1         B + 2y = 2y [1+12]0.5 

∴B = (2 *20.5 − 2)y 
B=2*0.41*y              or B= 0.82y 
Hydraulic radius R =Α/ P=[B y+ ny2]/[B+2y[1+n2]0.5=y/2 
From chezy’s equation  Q = AC [RS]0.5 

where, Q =170m3/min=170/60=2.83m3/sec 
2.83=[0.82y+y2]*50*[0.5y*1/5000]0.5 

Solving for y=1.572m (depth) 
And B=0.82*1.572=1.302 bottom width. 
5. A trapezodial channel of best section carries a discharge of 13.7 cumecs at 
velocity of 0.9m/s the side slopes are2H:IV, find the bed width and depth of 
flow. Find also the bed slope if the value of manning’s N=0.025. 
Soln: from continuity equation Q=AV 
Area of cross section A=Q/V=13.7/0.9=15.22 m2 
A = By + ny2 ………….(i) 
B=A/y-ny …………….(ii) 
P = B + 2y [1+ n2]0.5…………(iii) 
Substituting eq(ii) in eq(iii) 
P=A/y-ny +2y [1+ n2]0.5 ………..(iv) 
For best section, ∂ P/∂ y = 0 
∂ [A/y-ny +2y [1+ n2]0.5 ]/∂ y = 0 
∴ -A/y-n +2 [1+ n2]0.5=0 
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∴A = (2 [1+ n2]0.5 − n)y2 
Substituting n=2 the given value of the side slopes.  
A = (2 [1+ 22]0.5 − 2)y2 
A = 2( 50.5 −1)y2       or,                  15.22 = 2( 50.5 −1)y2 
Y=2.48m (Depth of flow)  
and, B=15.22/2.48- 2*2.48==1.174 m (Bottom width of channel) 
also R=y/2=2.48/2= 1.24 
From manning’s equation  
Q=[A/N]R2/3 S0.5 

0.9=1/0.25] *[1.24]2/3  *[S]0.5 
S=3.8*10-4 

6. Find the maximum velocity and maximum discharge through a circular 
channel 0.75m radius given N=0.016 channel bed slope = 0.1 percent. 
Soln: Case( a) Maximum velocity 
For a maximum velocity θ =1280451 = 2.247 radians 
Area A =r2 [θ - sin 2θ/2] =0.752[2.247-sin(2*2.247)/2]=1.538m 2 
wetted Perimeter P = 2rθ = 2*0.75x2.247 = 3.37m 
Hydraulic Radius R =A/P=1.538/3.37=0.456m 
Now from manning’s equation  Q=A/N *R3/2*S0.5 

=A/0.016 *0.4562/3*[0.1/100]0.5 
∴V =1.17 
Case (b) Maximum discharge 
For maximum discharge θ =154 = 2.688 radians 
A =1.733m2 , P = 4.032m, R = 0.43m 
Now from manning’s equation  
Q =A/N *R2/3 *S0..5=1.733/0.016*0.432/3*[0.1/100]0.5=1.961m3 / s 
16. Find the depth of flow for maximum velocity in a circular channel 1.50m 
diameter  
Soln: for maximum velocity α = (1800 −1280451 )= 510151 
The corresponding depth of flow y is given by y = (r+ rcosα)   

= r(1+ cosα)=1.5/2∗(1+ cos510151 ) =1.215m 
7. Find the depth of flow for maximum discharge in a circular sewer 1.25m 
diameter. 
Soln: 
 condition for maximum discharge is θ=1540 and α= (180 −154) = 260 
The corresponding depth of flow is 
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 y = r(1+ cosα)=1.25∗ (1 cos 260 ) =1.1875m 
Problem 14.4 
Design rectangular channel formed unfinished concrete 
Q = 5.75 m3/s 
S = 1.2% 
Normal depth = ½ of the width of the channel 
Since we have to design the channel – the equation that should 
be used 
AR2/3 = nQ/S1/2 

AR2/3 = 0.017*5.75/(0.012)1/2 = 0.0892 
Now we know that y = b/2 
Express Area and the hydraulic radius in terms of b. 
A = by = b2/2 
WP = b+ 2y = 2b 
R = A/WP = b/4 
Therefore, 
LHS = AR2/3 = b2/2 * (b/4) 2/3 = RHS = 0.892 
b = 1.76 m 
y = 1.76/2 =0.88m 
Problem 14.5 
In the problem above the final width was set at = 2m and the maximum Q = 12 
m3/s; find the normal depth for this maximum discharge. 
AR2/3 = nQ/S1/2 

RHS = 0.017*12/(0.012)1/2 = 1.86 
b = 2m 
A = 2y 
WP = 2+2y 
R = 2y/(2+2y) 
Therefore LHS =2y[2y/(2+27)]2/3=1.86 
Cannot solve this directly, will have to do trial and error. 
Set up a Table and compare 
y (m)      A (m2)    WP(m)    R (m)      R2/3     AR2/3      Required change 
                                                                                                 in y 
2.0            4.0           6.0         0.667    0.763     3.05      Make y lower 
1.5            3.0           5.0         0.600    0.711     2.13      Make ylower 
1.35          2.7           4.7         0.574    0.691     1.86      OK 
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Boundary Layer 
In physics and fluid mechanics, 
a boundary layer is the layer 
of fluid in the immediate vicinity of 
a bounding surface where the effects 
of viscosity are significant.  
At the beginning, Laminar boundary 
layers are developed and it increases in thickness. 
At Re=uox/υ=500000, the turbulence developed in the boundary layer. 
Thickness of boundary layer:𝛿𝛿𝐿𝐿 = 5𝑥𝑥

√𝑅𝑅𝑠𝑠𝑥𝑥
 

Local boundary shear stress:Ԏ𝑣𝑣 = 0.332µ 𝑣𝑣𝑜𝑜
𝑥𝑥 �𝑅𝑅𝑠𝑠𝑥𝑥 = 0.332 �µ𝜌𝜌𝑣𝑣𝑜𝑜3

𝑥𝑥
   

Drag along the side Fs:𝑑𝑑𝑆𝑆 = 1.33
2�𝑅𝑅𝑠𝑠𝑥𝑥

𝐵𝐵𝐿𝐿𝜌𝜌𝑣𝑣𝑣𝑣2 

B=width:       L = length 
Turbulent boundary layer:𝛿𝛿𝐿𝐿 = 0.37𝐿𝐿

𝑅𝑅𝑠𝑠𝑒𝑒
0.2  

Local boundary shear stress:Ԏ𝑣𝑣 = 0.029𝜌𝜌𝑣𝑣𝑣𝑣2( 𝜐𝜐
𝑥𝑥𝑣𝑣𝑜𝑜

 )0.2 

Drag along the side Fs:𝑑𝑑𝑆𝑆 = 0.074
2𝑅𝑅𝑠𝑠𝑒𝑒

0.2 𝐵𝐵𝐿𝐿𝜌𝜌𝑣𝑣𝑣𝑣2 

Combined drag 

𝑑𝑑𝑆𝑆 = 0.5[
1.33𝛿𝛿𝑣𝑣
�𝑅𝑅𝑠𝑠𝑥𝑥

+
0.074𝐿𝐿
𝑅𝑅𝑠𝑠𝐿𝐿0.2 −

0.074𝛿𝛿𝑣𝑣
𝑅𝑅𝑠𝑠𝑥𝑥0.2 ]𝐵𝐵𝜌𝜌𝑣𝑣𝑣𝑣2 

All these are for one side only 
Ex: Smooth plate L=2m, W=3m, is towed edgewise through water at 20 C at a 
speed of 1m/sec find total drage and the thickness of turbulent boundary layer 
Solution: 
Υ=1*10-6 m2/sec,  ρ=1000kg/m3 
Laminar boundray layer 
Rex=uox/υ=500000 
X=500000*1*10-6/1=0.5m 
FS for both sides =2*FS for one side 

�𝑅𝑅𝑠𝑠𝑥𝑥 = √500000 = 707.1 
ReL=uoL/υ=2*1/1*10-6 =2*106 
ReL

0.2=18.2 
Rex

0.2=13.8 

uo 

Um 
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𝑑𝑑𝑆𝑆 = 2 ∗ 0.5 �1.33∗0.5

707.1
+ 0.074∗2

18.2
− 0.074∗0.5

13.8
�3 ∗ 1000 ∗ 1 ∗ 1=19.17N 

𝛿𝛿𝐿𝐿 =
5𝛿𝛿
√𝑅𝑅𝑑𝑑𝛿𝛿

=
5 ∗ 0.5
707.1 = 0.003535𝑚𝑚 

𝛿𝛿𝐿𝐿 =
0.37𝐿𝐿
𝑅𝑅𝑠𝑠𝐿𝐿0.2 =

0.37 ∗ 2
18.2 = 0.041𝑚𝑚 

Ex: Find total drag and the thickness of turbulent boundary layer of smooth plate 
2m long, 1m wide, with the flow parallel to the flow of the fluid at 30m/sec. 
ρ=1000kg/m3, µ=8cp. 
Rex=ρuox/µ=500000 
X=500000*0.008/[30*800]=0.167m 
ReL= ρuoL/µ=800*30*2/0.008 =6*106 
FS for both sides =2*FS for one side 

�𝑅𝑅𝑠𝑠𝑥𝑥 = √500000 = 707.1 
ReL

0.2=22.68 
Rex

0.2=13.8 
𝑑𝑑𝑆𝑆 = 2 ∗ 0.5 �1.33∗0.167

707.1
+ 0.074∗2

22.68
− 0.074∗0.167

13.8
�2 ∗ 800 ∗ 1 ∗ 1=24.95N 

𝛿𝛿𝐿𝐿 =
5𝛿𝛿
√𝑅𝑅𝑑𝑑𝛿𝛿

=
5 ∗ 0.167

707.1 = 0.00118𝑚𝑚 

𝛿𝛿𝐿𝐿 =
0.37𝐿𝐿
𝑅𝑅𝑠𝑠𝐿𝐿0.2 =

0.37 ∗ 2
22.68 = 0.0326𝑚𝑚 
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Dimensional Analysis 
 
Dimensionless analysis is a mathematical technique used to predict physical 
parameters that influence the flow in fluid mechanics, heat transfer in 
thermodynamics, and so forth. The analysis involves the fundamental units of 
dimensions MLT: mass, length, and time. It is helpful in experimental work 
because it provides a guide to factors that significantly affect the studied 
phenomena. 
Dimensionless analysis is commonly used to determine the relationships 
between several variables, i.e. to find the force as a function of other variables 
when an exact functional relationship is unknown. Based on understanding of the 
problem, we assume a certain functional form. 
Two basic system of units are:    MLT          FLT 
The defined units are based on the modern MLT system: mass, length, time. All 
other quantities can be expressed in terms of these basic units. For example, 
velocity m/s = L/T 
acceleration m/s² = L/T² 
force kgm/s² = ML/T² 
Where L/T, L/T², ML/T², etc. are referred to as the derived units. 
Dimensional Homogeneity 
Each term that is added or subtracted must have the same dimensions. 
Terms that are equal to each other must also have the same dimensions. 
Equations for which both of these statements are true are said to be 
dimensionally homogeneous. 
All valid equations must be dimensionally homogeneous, but not all 
dimensionally homogeneous equations are valid ! 
Q=AV 
𝐿𝐿3𝑇𝑇−1 = 𝐿𝐿2 ∗ 𝐿𝐿𝑇𝑇−1 = 𝐿𝐿3𝑇𝑇−1 
Thus it is homogeneous 
Ex:check the dimensional homogeneity of the following two equations: 
i) 𝑄𝑄 = 𝐶𝐶𝐴𝐴�2𝑘𝑘𝑚𝑚          ii) 𝑑𝑑 = 𝐶𝐶√𝑅𝑅𝑑𝑑 ∗ 𝑆𝑆 
𝐿𝐿3𝑇𝑇−1 = 1 ∗ 𝐿𝐿2 ∗ �𝐿𝐿 ∗ 𝑇𝑇−2 ∗ 𝐿𝐿 = 𝐿𝐿3𝑇𝑇−1 

ii) 𝐿𝐿𝑇𝑇−1 = 1 ∗ �𝐿𝐿2/𝐿𝐿 ∗ 1 = 𝐿𝐿0.5 
It is not homogeneous 
Uses of dimensional homogeneity 
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1- To determine the dimensions of any physical quantity 
E =Work = F*distance= F*L=MLT-2*L=ML2T-2 

2- To check the homogeneity of any equation 

ℎ𝑓𝑓 =
ƒ𝐿𝐿𝑣𝑣2

2𝑘𝑘𝑑𝑑  

𝐿𝐿 =
1 ∗ 𝐿𝐿 ∗ 𝐿𝐿2𝑇𝑇2

𝐿𝐿𝑇𝑇−2 ∗ 𝐿𝐿 = 𝐿𝐿 
3- To change the coefficients of an equation when using other system of units 
𝑣𝑣 = 𝑀𝑀𝑅𝑅ℎ

2/3𝑆𝑆1/2 
𝐿𝐿𝑇𝑇−1 = 𝑀𝑀 ∗ 𝐿𝐿2/310.5 
𝑣𝑣ℎ𝑣𝑣𝑚𝑚 𝑝𝑝𝑣𝑣 𝑝𝑝𝑚𝑚 𝑑𝑑𝑣𝑣𝑑𝑑 ℎ𝑣𝑣𝑚𝑚𝑣𝑣𝑘𝑘𝑑𝑑𝑑𝑑𝑑𝑑𝑣𝑣𝑣𝑣𝑚𝑚 
𝑀𝑀 = 𝐿𝐿𝑇𝑇−1/𝐿𝐿2/3=𝐿𝐿1/3𝑇𝑇−1 
In order to make the above equation in FPS the value of M should be changed as 
follows: 
1 m 3.281ftthe new constant is: 

𝐿𝐿1/3 = (3.281)1/3 = 1.486 
Thus: 
𝑣𝑣 = 1.486𝑀𝑀𝑅𝑅ℎ

2/3𝑆𝑆1/2, 𝑝𝑝𝑑𝑑 𝑑𝑑𝑑𝑑𝑘𝑘𝑣𝑣𝑝𝑝𝑚𝑚ℎ 𝑣𝑣𝑑𝑑𝑝𝑝𝑣𝑣𝑚𝑚 
Methods of dimensional analysis 
Rayleigh Method 
An elementary method for finding a functional relationship with respect to a 
parameter in interest is the Rayleigh Method, and will be illustrated with an 
example, using the MLT system.  
 
2.1 Step 1: Setting up the functional  equation 
2.2 Step 2: Solving for the exponents 
2.3 Step 3: Determining the dimensionless groups 
2.4 Notes 
Ex: Capillary rize h depends on γ, δ, and r. show that : 

ℎ = 𝛾𝛾𝐹𝐹(
𝛿𝛿
𝛾𝛾𝛾𝛾2) 

Solution: 
1- Set up the functional relation 
ℎ = ƒ(𝛿𝛿, 𝛾𝛾, 𝛾𝛾) 
ℎ = 𝑘𝑘(𝛾𝛾𝑚𝑚, 𝛿𝛿𝑙𝑙 , 𝛾𝛾𝑠𝑠) … … … . (𝐴𝐴) 
𝐿𝐿 = [𝑀𝑀𝐿𝐿−2𝑇𝑇−2 ]𝑚𝑚[𝑀𝑀𝑇𝑇−2 ]𝑙𝑙[𝐿𝐿 ]𝑠𝑠 … … . . (1) 
2 − solve for exponents: 
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For M:  0=a+b……..(2) 
       L:   1=-2a+c……(3) 
        T:   0=-2a-2b…..(4) 
Thus from eq.(2)   we get     a=-b 
         From eq.(3)   we get     c=1+2a 
                                                 = 1-2b 
3-Substituting these into equation A we get 

ℎ = 𝑘𝑘(𝛾𝛾−𝑙𝑙 , 𝛿𝛿𝑙𝑙 , 𝛾𝛾1−2𝑙𝑙) = 𝑘𝑘 �𝛾𝛾
𝛿𝛿
𝛾𝛾𝛾𝛾2�

𝑙𝑙

= 𝛾𝛾𝐹𝐹(
𝛿𝛿
𝛾𝛾𝛾𝛾2) 

Ex: give a formula for the resistance to motion of a sphere moving at uniform 
velocity V through a fluid of density ρ and viscosity µ if its diameter is D 
Solution: 
 
 
 
 
 
 
 
 
 
 
1- Set up the functional relation 
𝑅𝑅 = ƒ(𝐷𝐷,𝑑𝑑,𝜌𝜌, µ) 
𝑅𝑅 = 𝑘𝑘(𝐷𝐷𝑚𝑚,𝑑𝑑𝑙𝑙 ,𝜌𝜌𝑠𝑠 , µ𝑑𝑑) … … … . (𝐴𝐴) 
𝑀𝑀𝐿𝐿𝑇𝑇2 = 𝐿𝐿𝑚𝑚(𝐿𝐿𝑇𝑇−1 )𝑙𝑙[𝑀𝑀𝐿𝐿−3 ]𝑠𝑠[𝑀𝑀𝐿𝐿−1𝑇𝑇−1 ]𝑑𝑑 … … . . (1) 
2 − solve for exponents: 
For M:  1=c+d          c=1-d……..(2) 
       L:   1=a+b-3c-d……(3) 
       T:   -2=-2b-d      d=2-2b…..(4) 
a=2-d 
3-Substituting these into equation A we get 
𝑅𝑅 = 𝑘𝑘(𝐷𝐷2−𝑑𝑑 ,𝑑𝑑2−𝑑𝑑 ,𝜌𝜌1−𝑑𝑑 ,µ𝑑𝑑)= 𝜌𝜌𝐷𝐷2𝑑𝑑2𝑘𝑘(µ/𝑑𝑑𝐷𝐷𝜌𝜌  )𝑑𝑑 
Ex: Say that we are interested in the drag, D, which is a force, on a ship. What 
exactly is the drag a function of? These variables need to be chosen correctly, 
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though selection of such variables depends largely on one's experience in the 
topic.  
 

 
It is known that drag depends on 
Quantity Symbol Dimension 
Size l L 
Viscosity μ m/LT 
Density ρ m/L3 
Velocity V L/T 
Gravity g L/T2 

This means that D = f(l,ρ,μV,g) where f is some function. 
With the Rayleigh Method, we assume that  
D=CL

aρbμcVdge,  
where C is a dimensionless constant, and a,b,c,d, and e are exponents, whose 
values are not yet known. 
Note that the dimensions of the left side, force, must equal those on the right 
side. Here, we use only the three independent dimensions for the variables on the 
right side: M, L, and T. 
Step 1: Setting up the equation 
Write the equation in terms of dimensions only, i.e. replace the quantities with 
their respective units. The equation then becomes 

 
On the left side, we have M¹L¹T-2, which is equal to the dimensions on the right 
side. Therefore, the exponents of the right side must be such that the units 
are M¹L¹T-2 
Step 2: Solving for the exponents 
Equate the exponents to each other in terms of their respective fundamental 
units: 
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M: 1 = b + c since M¹ = MbMc 
L: 1 = a - 3b - c + d + e since L¹ = LaL-3bL-cLdLe 
T: -2 = -c - d - 2e since T-2 = T-cT-dT-2e 

It is seen that there are three equations, but 5 unknown variables. This means that 
a complete solution cannot be obtained. Thus, we choose to solve a, b, and d in 
terms of c and e. These choices are based on experience. Therefore, 

From M: b = 1 - c (i) 
From T: d = 2 - c - 2e (ii) 
From L: a = 1 + 3b + c - d - e (iii) 

Solving (i), (ii), and (iii) simultaneously, we obtain 
a = 2 - c + e 

Substituting the exponents back into the original equation, we obtain 
D = KL2+e-cρ1-cμcV2-c-2ege 

Collecting like exponents together, 

𝐷𝐷 = 𝐾𝐾 �
𝑑𝑑2

𝑘𝑘𝐿𝐿 �
−𝑠𝑠

�
𝑑𝑑𝐿𝐿𝜌𝜌
µ  �

−𝑠𝑠

𝜌𝜌𝐿𝐿2𝑑𝑑2 

Which means 
D = K 𝐿𝐿2LeL-cρρ-cμcV-cV-2ege 
For the different exponents, 
Terms with exponent of 1: Kρ 
Terms with exponent of 2: L2V2 

Terms with exponent of e: LeV-2ege = … (iv) 

Terms with exponent of c: L-cρ-cμcV-c =  ………………(v) 
The right sides of (iv) and (v) are known as the dimensionless groups. 
Step 3: Determining the dimensionless groups 
Note that e and c are unknown. Consider the following cases: 

If e = 1 then (iv) becomes  

If e = -1 then (iv) becomes  

If c = 1 then (v) becomes  
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If c = -1 then (v) becomes  
Where ν is the kinematic viscosity of the fluid. 
And so on for different exponents. It turns out that: 

 

 
Where NR or Re and NF or Fr are the usual notations for the Reynolds and 
Froude Numbers respectively. Such dimensionless groups keep 
 reoccurring throughout Fluid Mechanics and other fields. 
Choosing exponents of -1 for c and -½ for e, which result in the Reynolds and 
Froude Numbers respectively, we obtain 
D = g(Fr, Re)ρL2V2 
Where g(Fr, Re) is a dimensionless function 
This can also be written as 

 
Which is a dimensionless quantity, and a function of only 2 variables instead of 
5. This dimensionless quantity turns out to be the drag coefficient, CD. 

 
Notes 
The Rayleigh Method has limitations because of the premise that an exponential 
relationship exists between the variables. 

Another system for dimensionless analysis is the FLT system, the force, length, 
time system. In this case, mass ≡ F/a, which makes the units of mass as FT²/L, 
since acceleration has units of L/T². 
Ex: give a formula for the resistance of motion of a sphere of diameter D, 
moving with a velocity V, through real fluid of density ρ and viscosity µ 
Solution: 
R = f(D,V,ρ,μ) where f is some function. 
With the Rayleigh Method, we assume that  
D=f(Da,Vb,ρc,μd)  
𝑀𝑀𝐿𝐿𝑇𝑇−2 = 𝐿𝐿𝑚𝑚(𝐿𝐿𝑇𝑇−1 )𝑙𝑙(𝑀𝑀𝐿𝐿−3 )𝑠𝑠(𝑀𝑀𝐿𝐿−1𝑇𝑇−1 )𝑑𝑑 

From M: 1 = c+d     c=1-d (i) 
From L: 1 = a+b-3c-d (ii) 

- 144 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 

From T: -2 = -b -d (iii) 
Solve to find a, b, and c interm of d 
a=2-d 
b=2-d 
𝑅𝑅 = 𝑓𝑓(𝐷𝐷 )2−𝑑𝑑(𝑑𝑑 )2−𝑑𝑑𝜌𝜌1−𝑑𝑑µ2𝑑𝑑 

𝑅𝑅 = 𝜌𝜌𝑑𝑑2𝐷𝐷2𝑓𝑓 �
µ

𝜌𝜌𝑑𝑑𝐷𝐷 �
𝑑𝑑

 

This procedure becomes tedious when the number of variables becomes large. 
Buckingham Pi Theorem 
If an equation involving k variables is dimensionally homogeneous, it can be 
reduced to a relationship among m-n independent dimensionless products, where 
n is the minimum number of reference dimensions required to describe the 
variables 
This theory states that " if there are n variables in a dimensionally homogeneous 
equation, and if these variables contain m fundamental dimensions such as M-L-
T, they may be grouped into n-m dimensional independent 𝜋𝜋 − 𝑣𝑣𝑑𝑑𝛾𝛾𝑚𝑚𝑚𝑚. If X1 
depends upon independent variables X2, X3 ,X4 ,X4 ,X5

……. Xn 
The functional equation be written as: 
X1 = k(X2 , X3, X4....., Xn ) 
Or 
f(X1,X2 , X3, X4....., Xn )=C 
In this equation there are n variables. If there are m fundamental dimensions, 
thus according to 𝜋𝜋 𝑣𝑣ℎ𝑑𝑑𝑣𝑣𝛾𝛾𝑝𝑝𝑚𝑚  
f1(π1,π2 , π3, π4....., π-m )=0 
Steps: 
1- Write the functional relation using the given data 
2-  Write the equation in its general form  
3- Choose m repeating variables and write separate expression for each π term. 

Each π term will contain the repeating variables and one of the remaining 
variables. 
The repeating variables must be written in exponential form 

4- Find out the values of a, b, c, d, ….etc 
5- Substitute the values of these exponents into the π-terms 
6- Write the functional relation in the required form  

• Note that π may be replaced by π2, π3, π0.5, π-1, 2π, 3π , 4π , 0.5π …… 
Selecting repeating variables 

1- Non of the repeating variables is dimensionless 
2- No one of them has same dimension of the others 
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3- Independent variables, should as far as possible selected 
Note: in general density, velocity, and length should be selected. i.e it is 
preferable to choose variables representing fluid property, flow characteristics, 
and geometrical characteristics  

This method will be illustrated by the same example as that for Rayleigh 
Method, the drag on a ship. 
Say that we have n number of quantities (e.g. 6 quantities, which are D,l,ρ,μ,V, 
and g) and m number of dimensions (e.g. 3 dimensions, which are M, L, and T). 
These quantities can be reduced to(n - m) independent dimensionless groups, 
such as Re and Fr. 
Say that 
A1 = f(A2, A3, A4, ... , An) 
where Ax are quantities such as drag, length, and so forth, as mentioned under 
the n number of quantities, and f implies the functional relationship 
between A1 and the other quantities. 
Then rearranging, we obtain 
0 = f(A1  ,A2, A3, A4, ... , An)  
Which can be further reduced, using the Buckingham π Theorem, to obtain 
0 = f(π1, π2, ... , πn-m) 
0 = f(π1, π2, π3) 
Forming π Groups 
For each π group, take m of the quantities, Ax, known as m repeating variables, 
and one of the other remaining variables. Note that experience dictates which 
quantities make the best repeating variables. 
The π groups, in general form, would then be 
π1 = A1x1A2y1A3z1A4 
π2 = A1x2A2y2A3z2A5 
⋮ 
πn-m = A1xn-mA2yn-mA3zn-mAn 
which are all dimensionless quantities. 
Step 1: Setup π groups 
For the MLT System, m = 3, so choose A1, A2, and A3 as the repeating variables. 
Using the Buckingham π Theorem on the Drag Equation: 
f(D, l, ρ, μ, V, g) = 0 
Where m = 3, n = 6, so there will be n - m = 3 π groups. 
We will select ρ, V, and l as the repeating variables (RV), leaving the remaining 
quantities as D, μ, and g. Note that if the analysis does not work out, we could 
always go back and repeat using new RVs. Thus, 
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π1 = ρx1Vy1lz1D 
π2 = ρx2Vy2lz2μ 
π3 = ρx3Vy3lz3g 
Which are all dimensionless quantities, i.e. having units of M0L0T0 
Step 2: Determine π groups 
For the first π group, 
π1 = ρx1Vy1lz1D 

π1  
Expanding and collecting like units, we can solve for the exponents: 
For M: 0 = x1 + 1 ⇒ x1 = -1 
For T: 0 = -y1 - 2 ⇒ y1 = -2 
For L: 0 = -3x1 + y1 + z1 + 1 ⇒ z1 = 3(-1) - (-2) - 1 = -2 
Therefore, we find that the exponents x1, y1, and z1 are -1, -2, and -2 respectively. 
This means that the first dimensionless π group, π1, is 
π1 = ρ-1V-2l-2D =D/ρ𝑽𝑽𝟐𝟐𝑳𝑳𝟐𝟐  
For the second π group, 
π2 = ρx2Vy2lz2μ 

π2  
Solving for the exponents, 
For M: x2 + 1 = 0 ⇒ x2 = -1 
For T: -y2 - 1 = 0 ⇒ y2 = -1 
For L: -3x2 + y2 + z2 - 1 = 0 ⇒ z2 = 1 - (-1) + 3(-1) = -1 
Thus, 

 
However, we will now invert π2 so that 

 
It is permissible to exponentiate any π group, e.g. π-1, π½, π2, etc., to form a new 
group, as this does not alter the functional form. 
For the third π group, 
π3 = ρx3Vy3lz3g 

π3  
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Solving for the exponents, 
For M: x3 = 0 ⇒ x3 = 0 
For T: -y3 - 2 = 0 ⇒ y3 = -2 
For L: -3x3 + y3 + z3 + 1 = 0 ⇒ z3 = -1 - (-2) = 1 
Thus, 

 
Raising it to the power of -½, 

 
Thus, the three π groups can be written together as 

 
Finally, 

 
Note that this is the same result as obtained with the Rayleigh Method, but with 
the Buckingham π Method, we did not have to assume a functional dependence. 
Common π Groups 
Using the Buckingham π Theorem, we will now examine the π groups which 
appear most frequently in fluid dynamics. Most fluid flow situations depend on 
the following quantities: 
l Length 
D Diameter 
ε surface roughness 
V velocity of flow 
ρ density of fluid 
Δp pressure drop 
g Gravity 
μ absolute/dynamic viscosity 
σ surface tension 
K or Ev Compressibility/Bulk Modulus 
There are 10 quantities, n = 10, and 3 dimensions, m = 3, so this gives n - m = 
7 π groups. Choosing V, ρ, and l as the repeating variables, performing the 
Buckingham π analysis, and using different exponents for some π groups, we 
obtain the following π groups, which are common in the study of Fluid 
Mechanics: 
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Ex: show that the flow over a spill way at a velocity V and depth D can be 
represented by the following equation if the head of water is H 

𝑄𝑄 = 𝑑𝑑𝐷𝐷2𝑓𝑓(
�𝑘𝑘𝐷𝐷
𝑑𝑑 ,

𝑚𝑚
𝐷𝐷 ) 

 
 
 
 
 
 
 
 
 
 
 
Solution: 
n=5, m=2, n-m=3 
𝑄𝑄 = 𝑓𝑓(𝑑𝑑,𝐷𝐷,𝑚𝑚,𝑘𝑘) 
𝑓𝑓(𝑑𝑑,𝐷𝐷,𝑚𝑚,𝑘𝑘) = 0 
0 = f(π1, π2, π3) 
Take  and D as a repeating variables, thus: 
𝜋𝜋1 = 𝑑𝑑𝑚𝑚𝐷𝐷𝑙𝑙𝑄𝑄 
𝑀𝑀0𝐿𝐿0𝑇𝑇0 = (𝐿𝐿𝑇𝑇−1 )𝑚𝑚𝐿𝐿𝑙𝑙(𝐿𝐿3𝑇𝑇−1 ) 
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For L:   0= a+b+3 
      T:   0=-a-1         a=-1       b=-2 

𝜋𝜋1 = 𝑑𝑑−1𝐷𝐷−2𝑄𝑄 =
𝑄𝑄
𝑑𝑑𝐷𝐷2 

𝜋𝜋2 = 𝑑𝑑𝑚𝑚𝐷𝐷𝑙𝑙𝑚𝑚 
𝑀𝑀0𝐿𝐿0𝑇𝑇0 = (𝐿𝐿𝑇𝑇−1 )𝑚𝑚𝐿𝐿𝑙𝑙(𝐿𝐿 ) 

For L:   0= a+b+1 
      T:   0=-a             a=0       b=-1 

𝜋𝜋2 = 𝑑𝑑0𝐷𝐷−1𝑚𝑚 =
𝑚𝑚
𝐷𝐷 

𝜋𝜋3 = 𝑑𝑑𝑚𝑚𝐷𝐷𝑙𝑙𝑘𝑘 
𝑀𝑀0𝐿𝐿0𝑇𝑇0 = (𝐿𝐿𝑇𝑇−1 )𝑚𝑚𝐿𝐿𝑙𝑙(𝐿𝐿𝑇𝑇−2 ) 

For L:   0= a+b+1 
      T:   0=-a -2            a=-2       b=1 

𝜋𝜋3 = 𝑑𝑑−2𝐷𝐷1𝑘𝑘 = 𝑘𝑘𝐷𝐷/𝑑𝑑2 =
�𝑘𝑘𝐷𝐷
𝑑𝑑  

Thus 

𝑓𝑓 �
𝑄𝑄
𝑑𝑑𝐷𝐷2 ,

𝑚𝑚
𝐷𝐷 ,

�𝑘𝑘𝐷𝐷
𝑑𝑑  � = 0 

𝑄𝑄
𝑉𝑉𝐴𝐴2

= 𝑓𝑓(𝐻𝐻
𝐴𝐴

, �𝑠𝑠𝐴𝐴
𝑉𝑉

)  

𝑄𝑄 = 𝑑𝑑𝐷𝐷2. 𝑓𝑓(𝐻𝐻
𝐴𝐴

, �𝑠𝑠𝐴𝐴
𝑉𝑉

)  
Ex: Metal ball of r0 and ρ0 fall through a cylinder of 
radius R containing fluid of ρ and µ. If the settling 
velocity is V, find using dimensional analysis an 
equation that relate the effect of wall on settling 
velocity 

Solution: 
𝑅𝑅 = 𝑓𝑓(𝛾𝛾0,𝜌𝜌,𝜌𝜌0,µ,𝑑𝑑 ) 
𝑓𝑓(𝑅𝑅, 𝛾𝛾0,𝜌𝜌, 𝜌𝜌0,µ,𝑑𝑑 ) = 0 
N=6, m=3, thus n-m=3 
Let the repeating variables are: 𝜌𝜌,µ,𝑑𝑑  
𝜋𝜋1 = 𝜌𝜌𝑚𝑚𝑑𝑑𝑙𝑙µ𝑠𝑠𝑅𝑅 
𝑀𝑀0𝐿𝐿0𝑇𝑇0 = (𝑀𝑀𝐿𝐿−3 )𝑚𝑚(𝐿𝐿𝑇𝑇−1)𝑙𝑙(𝑀𝑀𝐿𝐿−1𝑇𝑇−1 )𝐶𝐶𝐿𝐿 
For M:   0= a+c              a=-c 
        L:   0=-3a+b-c +1     
        T:   0=-b-c              b=-c 
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C=-1,            a=1            b=1   

𝜋𝜋1 = 𝜌𝜌1𝑑𝑑1µ−1𝑅𝑅 =
𝜌𝜌𝑑𝑑𝑅𝑅
µ  

𝜋𝜋2 = 𝜌𝜌𝑚𝑚𝑑𝑑𝑙𝑙µ𝑠𝑠𝑅𝑅0 
𝑀𝑀0𝐿𝐿0𝑇𝑇0 = (𝑀𝑀𝐿𝐿−3 )𝑚𝑚(𝐿𝐿𝑇𝑇−1)𝑙𝑙(𝑀𝑀𝐿𝐿−1𝑇𝑇−1 )𝐶𝐶𝐿𝐿 
For M:   0= a+c              a=-c 
        L:   0=-3a+b-c +1     
        T:   0=-b-c              b=-c 
C=-1,            a=1      b=1   

𝜋𝜋2 = 𝜌𝜌1𝑑𝑑1µ−1𝑅𝑅0 =
𝜌𝜌𝑑𝑑𝑅𝑅0
µ  

𝜋𝜋3 = 𝜌𝜌𝑚𝑚𝑑𝑑𝑙𝑙µ𝑠𝑠𝜌𝜌0 
𝑀𝑀0𝐿𝐿0𝑇𝑇0 = (𝑀𝑀𝐿𝐿−3 )𝑚𝑚(𝐿𝐿𝑇𝑇−1)𝑙𝑙(𝑀𝑀𝐿𝐿−1𝑇𝑇−1 )𝐶𝐶𝑀𝑀𝐿𝐿−3 
For M:   0= a+c +1             a=-1-c 
        L:   0=-3a+b-c -3     
        T:   0=-b-c              b=-c 
C=0,            a=-1      b=0   
𝜋𝜋3 = 𝜌𝜌−1𝑑𝑑0µ0𝜌𝜌0 =

𝜌𝜌0
𝜌𝜌1 

0 = f(π1, π2, π3) 

𝑓𝑓 �
𝜌𝜌𝑑𝑑𝑅𝑅
µ ,

𝜌𝜌𝑑𝑑𝑅𝑅0
µ ,

𝜌𝜌
𝜌𝜌0
� = 0 

Since π1/π2=r/R0: thus: 

𝑓𝑓 �
𝑅𝑅
𝑅𝑅0

,𝑅𝑅𝑑𝑑,
𝜌𝜌
𝜌𝜌0
� = 0 
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Compressible Flow 

In incompressible flow, the density and volume is unaffected with pressure. 
These properties are largely affected for gas flow (compressible flow). 
Some thermodynamic principles must be combined with fluid mechanics to 
derive compressible flow equations: 
Law of perfect gas 
The properties of gases are controlled by pressure , temperature and volume. 
Boyles Law 
Boyle’s Law describes the inverse proportional relationship between pressure 
and volume at a constant temperature and a fixed amount of gas. This law came 
from a manipulation of the Ideal Gas Law. 
P∝1/V or PV = constant 
P1V1=P2V2 
This equation would be ideal when working with problem asking for the initial 
or final value of pressure or volume of a certain gas when one of the two factor 
is missing. 

 
 
 
 
 

Charles' Law 
Charles's Law describes the directly proportional relationship between the 
volume and temperature (in Kelvin) of a fixed amount of gas, when the pressure 
is held constant.  
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V∝T or V/T=constant 
Equation:      
V1/T1=V2/T2 
This equation can be used to solve for initial or final value of volume or 
temperature under the given condition that pressure and the number of mole of 
the gas stay the same. 

 
 
 
 
 
 

 
 

Avogadro's Law 
Volume of a gas is directly proportional to the amount of gas at a constant 
temperature and pressure. 
V∝n or V/n = constant 
Equation:  
V1/n1=V2/n2 
Avogadro's Law can apply well to problems 
using Standard Temperature and 
Pressure (see below), because of a set amount 
of pressure and temperature. 
 
 
 

 
 
 
 
 

 
 
Gay-Laussac Law: Amontons' Law 
Given a constant number of mole of a gas and 
an unchanged volume, pressure is directly 
proportional to temperature.  
P∝T or P/T = constant 

vo
lu

m
e 

Number of moles 
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Equation: 
P1/T1=P2T2 
 

Boyle's Law, Charles' Law, and Avogradro's Law and Amontons's Law are given 
under certain conditions so directly combining 
them will not work. Through advanced 
mathematics (provided in outside link if you are 
interested), the properties of the three simple gas 
laws will give you the Ideal Gas Equation. 
P1V1/T1=P2V2/T2=Constant 
PV=nRT 
Standard Temperature and Pressure 
(STP) 
Standard condition of temperature and pressure 
is known as STP. Two things you should know 
about this is listed below. 

• The universal value of STP is 1 atm (pressure) and 0o C. Note that this form 
specifically stated 0o C degree, not 273 Kelvin, even thought you will have to 
convert into Kelvin when plugging this value into the Ideal Gas equation or any 
of the simple gas equations. 

• In STP, 1 mole of gas will take up 22.4 L of the volume of the container. 
Units of P, V and T 
The table below lists the different units for each property.  

Factor Variable Units 
Pressure P atm 

Torr 
Pa 
mmHg 

Volume V L 
m³ 

Moles n mol 
Temperature T K 
Gas Constant R*  see Values of R table below 

Take note of certain things such as temperature is always in its SI units of Kelvin 
(K) rather than Celcius(C), and the amount of gas is always measured in 
moles. Gas pressure and volume, on the other hand, may have various different 
units, so be sure to know how to convert to the appropriate units if necessary. 
Pressure Units 
Use the following table as a reference for pressure. 
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Common Units of Pressure 

Unit Symbol  Equivalent to 1 atm 

Atmosphere atm     1 atm 

Millimeter of Mercury mmHg     760 mmHg 

Torr Torr     760 Torr 

Pascal Pa     101326 Pa 

Kilopascal kPa*     101.326 kPa 

Bar bar     1.01325 bar 

Millibar mb     1013.25 mb 
*note: This is the SI unit for pressure 
The Gas Constant (R) 
Here comes the tricky part when it comes to the gas constant, R. Value of 
R WILL change when dealing with different unit of pressure and volume 
(Temperature factor is overlooked because temperature will always be in Kelvin 
instead of Celcius when using the Ideal Gas equation). Only through appropriate 
value of R will you get the correct answer of the problem. It is simply a constant, 
and the different values of R correlates accordingly with the units given. When 
choosing a value of R, choose the one with the appropriate units of the given 
information (sometimes given units must be converted accordingly). Here are 
some commonly used values of R: 

Values of R 

0.082057 L atm mol-1 K-1 

62.364 L Torr mol-1 K-1 

8.3145 m3 Pa mol-1 K-1 

8.3145 J mol-1 K-1* 
*note: This is the SI unit for the gas constant 
Proposing question: So, which value of R should I use? 
Because of the various value of R you can use to solve a problem. It is crucial to 
match your units of Pressure, Volume, number of mole, and Temperature with 
the units of R. 
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Example   

• If you use the first value of R, which is 0.082057 L atm mol-1K-1, your unit for 
pressure must be atm, for volume must be liter, for temperature must be Kelvin. 

• If you use the second value of R, which is 62.364 L Torr mol-1 K-1, your unit for 
pressure must be Torr, for volume must be liter, and for temperature must 
be Kelvin. 
Ideal Gas Law Applications 
How do you know the Ideal Gas Equation is the correct equation to use? Use the 
Ideal Gas Equation to solve a problem when the amount of gas is given and the 
mass of the gas is constant. There are various type of problems that will require 
the use of the Ideal Gas Equation. 

• Solving for the unknown variable 
• Initial and Final 
• Partial Pressure  

Other things to keep in mind: Know what Standard Temperature and Pressure 
(STP)* is. Know how to do Stoichiometry. Know your basic equations. 
Take a look at the problems below for examples of each different type of 
problem. Attempt them initially, and if help is needed, the solutions are right 
below them. Remark: The units must cancel out to get the appropriate unit; 
knowing this will help you double check your answer. 
Example  
1.) 5.0 g of neon is at 256 mm Hg and at a temperature of 35º C. What is the 
volume? 
 Step 1: Write down your given information: 
             P = 256 mmHg 
            V = ? 
            m = 5.0 g 
            R = 0.0820574 L·atm·mol-1K-1 
            T = 35º C 
Step 2: Convert as necessary: 
       Pressure:          256mmHg∗(1atm/760mmHg)=0.3368atm 
       Moles:               5.0gNe∗(1mol/20.1797g)=0.25molsNe 
       Temperature:    35ºC+273=308K 
Step 3: Plug in the variables into the appropriate equation. 
V=(nRT/P) 
V=[(.25mol)(0.08206Latm/Kmol)(308K)/(.3368atm)] 
V=19L 
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Example   
 2.) What is a gas’s temperature in Celsius when it has a volume of 25 L, 203 
mol, 143.5 atm? 
Example   
3.) What is the density of nitrogen gas (N2) at 248.0 Torr and 18º C? 
Example   
4.) Find the volume, in mL, when 7.00 g of O2 and 1.50 g of Cl2 are mixed in a 
container with a pressure of 482 atm and at a temperature of 22º C. 
Example   
5.) A 3.00 L container is filled with Ne(g) at 770mmHg at 27oC. A 0.633g 
sample of CO2 vapor is then added. What is the partial pressure of CO2 and Ne in 
atm? What is the total pressure in the container in atm? 
Specific Heat 
The specific heat is the amount of heat per unit mass required to raise the 
temperature by one degree Celsius. The relationship between heat and 
temperature change is usually expressed in the form shown below where c is the 
specific heat. The relationship does not apply if a phase change is encountered, 
because the heat added or removed during a phase change does not change the 
temperature. 
Solids and liquids have one value of specific heat but gases has infinite number 
of specific heat values depending on the conditions under which it is measured 
 dQ = m c dt         (1) 
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where 
dQ = heat supplied (kJ, Btu) 
m = unit mass (kg, lb) 
c = specific heat (kJ/kg oC, kJ/kg oK, Btu/lb oF) 
dt = temperature change (K, oC, oF) 
Expressing Specific Heat using (1) 
c = dQ / m dt         (1b) 
Converting between Common Units 

• 1 Btu/lbm
oF = 4186.8 J/kg K = 1 kcal/kgoC 

Example - Heating Aluminum 
2 kg of aluminum is heated from 20 oC to 100 oC. Specific heat of 
aluminum is 0.91 kJ/kg0C and the heat required can be calculated as 
dQ = 2 (kg) 0.91 (kJ/kg0C) (100 (oC) - 20 (oC))  
     = 145.6 (kJ) 
Example - Heating Water 
One litre of water is heated from 0 oC to boiling 100 oC. Specific heat of 
water is 4.19 kJ/kg0C and the heat required can be calculated as 
dQ = 1 (litre) 1 (kg/litre) 4.19 (kJ/kg0C) (100 (oC) - 0 (oC))  
     = 419 (kJ) 

Specific Heat of Gases 
There are two definitions of Specific Heat for vapors and gases: 
Specific heat at constant volume 
 
 
 
 
 
 
 
 
 
V=constant 
P=variable 
No work is done 
All energy is used to increase the kinetic energy of the gas molecules, i.e 
increasing temperature and pressure 
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CV is the amount of heat required to raise the temperature of the gas 1 degree 
when its volume is constant 
The heat H added is 
𝑚𝑚 = 𝑚𝑚𝛿𝛿𝑣𝑣(𝑇𝑇2 − 𝑇𝑇1) 
Specific heat at constant pressure 
 

 
 
 
 
 
 
  
 
 
P= Constant 
V= variable 
As the quantity of heat added is increased, the pressure and temperature are 
increased. 
Increase of volume tends to tolerate the tendency of pressure to increase. 
CP is the amount of heat required to raise the temperature of the gas 1 degree 
when its preassure is constant 
Heat is utilized for two purposes: 

1- To raise the temperature 
𝑚𝑚1 = 𝑚𝑚𝛿𝛿𝑣𝑣(𝑇𝑇2 − 𝑇𝑇1) 

2- To do some mechanical work 
𝑚𝑚2 = 𝑃𝑃(𝑣𝑣2 − 𝑣𝑣1)𝑝𝑝𝑑𝑑𝑚𝑚𝑑𝑑𝛿𝛿ℎ𝑚𝑚𝑑𝑑𝑝𝑝𝛿𝛿𝑚𝑚𝑣𝑣 𝑣𝑣𝑑𝑑𝑝𝑝𝑣𝑣𝑚𝑚 
Where: 𝑣𝑣2,𝑣𝑣1 = 𝑓𝑓𝑝𝑝𝑑𝑑𝑚𝑚𝑣𝑣 𝑚𝑚𝑑𝑑𝑑𝑑 𝑝𝑝𝑑𝑑𝑣𝑣𝑝𝑝𝑚𝑚𝑣𝑣 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑚𝑚𝑑𝑑 

𝑚𝑚2 =
𝑃𝑃(𝑣𝑣2 − 𝑣𝑣1)

𝐽𝐽
   𝑝𝑝𝑑𝑑ℎ𝑑𝑑𝑚𝑚𝑣𝑣 𝑣𝑣𝑑𝑑𝑝𝑝𝑣𝑣𝑚𝑚 

We know that H=cp*mass*temperature difference, thus: 
𝑚𝑚 = 𝑚𝑚𝛿𝛿𝑃𝑃(𝑇𝑇2 − 𝑇𝑇1) 
Ex: 3 kg of an ideal gas is heated from 30 to 80 C. find the quantity of heat 
added if heating isi)at constantvolume, (ii) at constant pressure. 
Cv=0.72: CP= 1 

𝑚𝑚1 = 𝑚𝑚𝛿𝛿𝑣𝑣(𝑇𝑇2 − 𝑇𝑇1) = 3 ∗ 0.72 ∗ (80 − 50) = 108𝑘𝑘𝐽𝐽 
𝑚𝑚2 = 𝑚𝑚𝛿𝛿𝑝𝑝(𝑇𝑇2 − 𝑇𝑇1) = 3 ∗ 1 ∗ (80− 50) = 150𝑘𝑘𝐽𝐽 
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Relation between specific heats 
𝑚𝑚 = 𝑚𝑚𝛿𝛿𝑃𝑃(𝑇𝑇2 − 𝑇𝑇1) = 𝑚𝑚𝛿𝛿𝑣𝑣(𝑇𝑇2 − 𝑇𝑇1) + 𝑃𝑃(𝑣𝑣2 − 𝑣𝑣1) … . . (1) 
From gas law: pv=mRT 
For gas heated at constant pressure  
Pv1=mRT1 
Pv2=mRT2 
thus: 
𝑃𝑃(𝑣𝑣2 − 𝑣𝑣1) = 𝑚𝑚𝑅𝑅(𝑇𝑇2 − 𝑇𝑇1) … … (2) 
Substitute eq.2 into eq. 1 
𝑚𝑚𝛿𝛿𝑃𝑃(𝑇𝑇2 − 𝑇𝑇1) = 𝑚𝑚𝛿𝛿𝑣𝑣(𝑇𝑇2 − 𝑇𝑇1) + 𝑚𝑚𝑅𝑅(𝑇𝑇2 − 𝑇𝑇1) 
𝛿𝛿𝑃𝑃 = 𝛿𝛿𝑣𝑣 + 𝑅𝑅 
R=𝛿𝛿𝑃𝑃 − 𝛿𝛿𝑣𝑣 
R is the difference between specific heats, since R is +ve , thus 
cP is always greater thancv 
R=287J/{kg K} 
Ratio of specific heats γ or adiabatic index 
𝜸𝜸 =

𝛿𝛿𝑃𝑃
𝛿𝛿𝑣𝑣

 

This ratio γ is always greater than 1 
Ex: Find R and γ for methane where cp and cv are 2.17 and 1.65 respectively 
R=𝛿𝛿𝑃𝑃 − 𝛿𝛿𝑣𝑣=2.17-1.65=0.52kJ/{kg.K} 

𝛾𝛾 =
𝛿𝛿𝑃𝑃
𝛿𝛿𝑣𝑣

= 2.
17
1 . 65 = 1.32 

Isothermal process 
A process, in which the temperature of the working substance i.e. gas remains 
the same during its expansion or compression, is called an isothermal process. 
Thus, in this process: 

1- There is no change in temperature 
2- There is no change in internal energy 

The isothermal process is governed by Boyles law Pv=constant 
 Since in this process there is no change in 
internal energy of the system, thus it is 
obvious that the heat absorbed by the system 
is equal 
 to the work done during an isothermal 
expansion 
𝑊𝑊 = 𝑚𝑚 = 2.3𝑃𝑃1𝑣𝑣1𝑣𝑣𝑣𝑣𝑘𝑘𝛾𝛾 
Where : 
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𝛾𝛾 =

𝑣𝑣2
𝑣𝑣1

 

Ex: 0.4m3 of air under 500 kPas pressure and 80 C. It is expanded in a cylinder at 
constant temperature to a pressure of 100 kPas. 
Determine the work done by the air.  
Solution: 
𝑃𝑃1𝑣𝑣1 = 𝑃𝑃2𝑣𝑣2 
500 ∗ 0.4 = 100 ∗ 𝑣𝑣2 

𝑣𝑣2 = 500 ∗
0.4
100 = 2𝑚𝑚3 

𝛾𝛾 =
𝑣𝑣2
𝑣𝑣1

=
2

0.4 = 5 

𝑊𝑊 = 𝑚𝑚 = 2.3𝑃𝑃1𝑣𝑣1𝑣𝑣𝑣𝑣𝑘𝑘𝛾𝛾 
𝑊𝑊 = 𝑚𝑚 = 2.3 ∗ 500 ∗ 0.4𝑣𝑣𝑣𝑣𝑘𝑘5 = 321.5𝑘𝑘𝐽𝐽 
Adiabatic process 
A process, in which the working substance i.e. gas 
neither receives nor gives out any heat during its 
expansion or compression, is called an adiabatic 
process. Thus, in this process: 

1- No heat leaves or enter the gas 
2- The temperature of the gas changes, as the work 

done is on the cost of the internal energy 
3- The change in internal energy is equal to the 

work done 
𝑃𝑃𝑣𝑣𝛾𝛾 = 𝛿𝛿𝑣𝑣𝑑𝑑𝑚𝑚𝑣𝑣𝑚𝑚𝑑𝑑𝑣𝑣 
𝑃𝑃1𝑣𝑣1

𝛾𝛾 = 𝑃𝑃2𝑣𝑣2
𝛾𝛾 =  𝛿𝛿𝑣𝑣𝑑𝑑𝑚𝑚𝑣𝑣𝑚𝑚𝑑𝑑𝑣𝑣 

𝑃𝑃1
𝑃𝑃2

= (𝑣𝑣2
𝑣𝑣1

 )𝛾𝛾 

Notes: other forms of adiabatic equations 
𝑇𝑇𝑣𝑣𝛾𝛾 = 𝛿𝛿𝑣𝑣𝑑𝑑𝑚𝑚𝑣𝑣𝑚𝑚𝑑𝑑𝑣𝑣 
𝑇𝑇1𝑣𝑣1

𝛾𝛾 = 𝑇𝑇2𝑣𝑣2
𝛾𝛾 =  𝛿𝛿𝑣𝑣𝑑𝑑𝑚𝑚𝑣𝑣𝑚𝑚𝑑𝑑𝑣𝑣 

𝑇𝑇1
𝑇𝑇2

= (
𝑣𝑣2
𝑣𝑣1

 )𝛾𝛾−1 
𝑇𝑇𝛾𝛾

𝑃𝑃𝛾𝛾−1 = 𝛿𝛿𝑣𝑣𝑑𝑑𝑚𝑚𝑣𝑣𝑚𝑚𝑑𝑑𝑣𝑣 

𝑇𝑇1
𝛾𝛾

𝑃𝑃1
𝛾𝛾−1 =

𝑇𝑇2
𝛾𝛾

𝑃𝑃2
𝛾𝛾−1 = 𝛿𝛿𝑣𝑣𝑑𝑑𝑚𝑚𝑣𝑣𝑚𝑚𝑑𝑑𝑣𝑣 

𝑇𝑇1
𝑇𝑇2

= (
𝑃𝑃1
𝑃𝑃2

)
𝛾𝛾−1
𝛾𝛾  
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The work done during an adiabatic expansion is: 

𝑊𝑊 =
𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2

𝛾𝛾 − 1 = 𝑅𝑅
𝑇𝑇1 − 𝑇𝑇2
𝛾𝛾 − 1  

Ex: 10m3 of air at 30 C and 21 kPa absolute is compressed adiabatically to 2m3. 
Find final pressure if γ is 1.4 
Solution 
𝑃𝑃1
𝑃𝑃2

= (
𝑣𝑣2
𝑣𝑣1

 )𝛾𝛾 
21
𝑃𝑃2

= (
2

10 )1.4 

P2=200kPas 
Ex: find the final temperature of air at 0 C when it is suddenly compressed to 
tenth of its initial volume. Take γ=1.42  
𝐿𝐿1
𝐿𝐿2

= (𝑃𝑃1
𝑃𝑃2

)
𝛾𝛾−1
𝛾𝛾 :     273

𝐿𝐿2
= { 𝑃𝑃1

10𝑃𝑃1
}(1.42−1)/1.42 

T2=539.5K=266.5C 
Ex: one liter of gas at 100 C is suddenly expanded to 2 litersccording to the law 
Pv1.35=C. find the final temperature and the temperature change. 
𝐿𝐿1
𝐿𝐿2

= (𝑣𝑣2
𝑣𝑣1

 )𝛾𝛾−1:     373
𝐿𝐿2

= (2
1
 )1.35−1 = 20.35 = 1.275 

T2=373/1.275=292.5K=19.5C 
Temperature change =T1 –T2=100-19.5=80.5C 
 find the final temperature of air at 0 C when it is suddenly compressed to tenth 
of its initial volume. Take γ=1.42  
𝐿𝐿1
𝐿𝐿2

= (𝑃𝑃1
𝑃𝑃2

)
𝛾𝛾−1
𝛾𝛾 :     273

𝐿𝐿2
= { 𝑃𝑃1

10𝑃𝑃1
}(1.42−1)/1.42 

T2=539.5K=266.5C 
Energy equation for compressible flow 

 
 
 
 

 
 
 
 
 
  
Consider a tapering pipe, through which gas flows as shown in the figure.  

A 

A 

A1 

A1 

B 

U2 U1 

B 

B1 

dl1 dl2 

B1 
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Let: 
P1=pressure at section 1 
T1=temperature at section 1 
u1=velocity at section 1 
a1=area at section 1 
P2, T2, u2, a2 are the corresponding values at section 2 
Consider 1 kg of gas between two sections AA and BB moves towards A1A1and 
B1B1through very small length dL1 and dL2. This movement of gas between AA 
and BB is equivalent to the movement of gas between AA and A1A1 to BB and 
B1B1 , the remaining gas between A1A1 and BB remains unaffected. 
Work done by pressure at section 1 is: 
𝑤𝑤1 = 𝑝𝑝1𝑚𝑚1𝑑𝑑𝑣𝑣1 = 𝑝𝑝1𝑣𝑣1  
Where v is the volume 
Work done by pressure at section 2 is: 
𝑤𝑤2 = 𝑝𝑝2𝑚𝑚2𝑑𝑑𝑣𝑣2 = 𝑝𝑝2𝑣𝑣2  
Use bernoullie equation , equating the total energy above the absolute zero 
temperature in heat units, i.e.: 
Work done on gas+ heat absorbed by gas =  
gain in internal energy + gain in kinetic energy 
𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2 + 𝑄𝑄 = 𝐸𝐸2 − 𝐸𝐸1 +

𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘 … . . (1) 

Or 

𝑃𝑃1𝑣𝑣1 + 𝐸𝐸1 + 
𝑣𝑣12

2𝑘𝑘+𝑄𝑄 = 𝑃𝑃2𝑣𝑣2 + 𝐸𝐸2 +
𝑣𝑣22

2𝑘𝑘 

This is the general equation for steady gas flow through pipes 
Isothermal process 
𝑃𝑃1𝑣𝑣1 = 𝑃𝑃2𝑣𝑣2 
There is no change in internal energy 
𝐸𝐸1 = 𝐸𝐸2 
Thus 
 
𝑣𝑣12

2𝑘𝑘 + 𝑄𝑄 =
𝑣𝑣22

2𝑘𝑘  𝑣𝑣𝛾𝛾 

𝑄𝑄 =  
𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘  

Where Q is the quantity of heat absorbed 
Heat absorbed= work done 
𝒔𝒔𝟐𝟐𝟐𝟐 − 𝒔𝒔𝟏𝟏𝟐𝟐

𝟐𝟐𝟏𝟏
= 𝟐𝟐.𝟑𝟑𝒕𝒕𝟏𝟏𝒗𝒗𝟏𝟏𝒔𝒔𝟐𝟐𝟏𝟏

𝒗𝒗𝟐𝟐
𝒗𝒗𝟏𝟏

= 𝟐𝟐.𝟑𝟑𝒕𝒕𝟏𝟏𝒗𝒗𝟏𝟏𝒔𝒔𝟐𝟐𝟏𝟏
𝒕𝒕𝟏𝟏
𝒕𝒕𝟐𝟐

 

- 163 - 
 



 
Fluid Mechanics                                                  Profesor dr.   Muzher Mahdi Ibraheem 
Petroleum  Processing Engineering Department,       under  Graduate  Study 
Adiabatic process 
Since no heat inters or leaves, Q=0 
Change in internal energy = mechanical work 
Thus: 

+𝑄𝑄 = 𝐸𝐸1 − 𝐸𝐸2 = +
𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2

𝛾𝛾 − 1  

Substituting this into the general equation 1 we get: 

𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2 = −
𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2

𝛾𝛾 − 1 +
𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘  

Or 
𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘 = 𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2 +
𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2

𝛾𝛾 − 1  

𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘 = {𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2}{1 +
1

𝛾𝛾 − 1 } 

𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘 = (𝑃𝑃1𝑣𝑣1 − 𝑃𝑃2𝑣𝑣2){
𝛾𝛾

𝛾𝛾 − 1 } 

𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘 = 𝑃𝑃1𝑣𝑣1 ∗ �
𝛾𝛾

𝛾𝛾 − 1
 � [1 −

𝑃𝑃2𝑣𝑣2
𝑃𝑃1𝑣𝑣1

 ] 

𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘 = 𝑃𝑃1𝑣𝑣1 ∗ �
𝛾𝛾

𝛾𝛾 − 1 � [1 − {
𝑝𝑝2
𝑝𝑝1

}(𝛾𝛾−1)/𝛾𝛾 ] 

𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘 = 𝑅𝑅𝑇𝑇1 ∗ �
𝛾𝛾

𝛾𝛾 − 1
 � [1 − {

𝑝𝑝2
𝑝𝑝1

}(𝛾𝛾−1)/𝛾𝛾 ] 

Ex: Nitrogen flows through a duct. At section 1 , the velocity of gas is 40m/sec, 
where the pressure is 80 kPas and temperature is 37C. Find the velocity of gas 
where the pressure is 130 kPa and the flow is adiabatic. Take R as 297J/(kg.K) 
and γ=1.4 
Solution 
T1=37*273=310K 
𝑣𝑣22 − 𝑣𝑣12

2𝑘𝑘 = 𝑃𝑃1𝑣𝑣1 ∗ �
𝛾𝛾

𝛾𝛾 − 1 � [1 − {
𝑝𝑝2
𝑝𝑝1

}(𝛾𝛾−1)/𝛾𝛾 ] 

𝑣𝑣22 − 402

2 ∗ 9.81 = 0.297 ∗ 310 ∗ �
1.4

1.4− 1 � [1 − {
130
80 }(1.4−1)/1.4 ] 

u2= 25.5m/sec 
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