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In two dimensions we add up the temperature at “each” point and divide by the area; 

here we add up the temperatures and divide by the volume, (4/3)π: 

  

This looks quite messy; since everything in the problem is closely related to a sphere, 

we’ll convert to spherical coordinates.  

 

Change of Variables 

One of the most useful techniques for evaluating integrals is substitution, both “u-

substitution” and trigonometric substitution, in which we change the variable to 

something more convenient. As we have seen, sometimes changing from rectangular 

coordinates to another coordinate system is helpful, and this too changes the variables. 

This is certainly a more complicated change, since instead of changing one variable for 

another we change an entire suite of variables, but as it turns out it is really very similar 

to the kinds of change of variables we already know as substitution.  
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Let’s examine the single variable case again, from a slightly different perspective than 

we have previously used. Suppose we start with the problem 

 

  
shown in the right-hand graph of figure 15.7.1. It is evident that the two curves pictured 

there have the same y-values in the same order, but the horizontal scale has been 

changed. 

Even though the heights are the same, the two integrals  

  
are not the same; clearly the right hand area is larger. One way to understand the prob- 

lem is to note that if both areas are approximated using, say, ten subintervals, that the 

approximating rectangles on the right are wider than their counterparts on the left, as in- 

dicated. In the picture, the width of the rectangle on the left is ∆x = 0.1, between 0.7 and 

0.8. The rectangle on the right is situated between the corresponding values arcsin(0.7) 
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and arcsin(0.8) so that ∆u = arcsin(0.8) − arcsin(0.7). To make the widths match, and 

the areas therefore the same, we can multiply ∆u by a correction factor; in this case the 

correction factor is approximately cos u = cos(arcsin(0.7)), which we compute when we 

convert dx to cos u du. 

Now let’s move to functions of two variables. Suppose we want to convert an integral 

 
to use new variables u and v. In the single variable case, there’s typically just one 

reason to want to change the variable: to make the function “nicer” so that we can find 

an antiderivative. In the two variable case, there is a second potential reason: the two- 

dimensional region over which we need to integrate is somehow unpleasant, and we 

want the region in terms of u and v to be nicer—to be a rectangle, for example. Ideally, 

of course, the new function and the new region will be no worse than the originals, and 

at least one of them will be better; this doesn’t always pan out. 

As before, there are three parts to the conversion: the function itself must be rewritten 

in terms of u and v, dy dx must be converted to du dv, and the old region must be 

converted to the new region. We will develop the necessary techniques by considering 

a particular example, and we will use an example we already know how to do by other 

means. 

Consider  

 
The limits correspond to integrating over the top half of a circular disk, and we recognize 

that the function will simplify in polar coordinates, so we would normally convert to polar  

coordinates: 
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