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In this example there is no particular reason to favor one direction over the other; 

in some cases, one direction might be much easier than the other, so it’s usually worth 

considering the two different possibilities. 

Frequently we will be interested in a region that is not simply a rectangle. Let’s 

compute the volume under the surface x + 2y2 above the region described by 0 ≤ x ≤ 1 

and 0 ≤ y ≤ x2, shown in figure 15.1.4. 

In principle there is nothing more difficult about this problem. If we imagine the three- 

dimensional region under the surface and above the parabolic region as an oddly 

shaped loaf of bread, we can still slice it up, approximate the volume of each slice, and 

add these 

 

 

volumes up. For example, if we slice perpendicular to the x axis at xi, the thickness of a 

slice will be _x and the area of the slice will be  

 

When we add these up and take the limit as ∆x goes to 0, we get the double integral  
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We could just as well slice the solid perpendicular to the y axis, in which case we get 

 

What is the average height of the surface over this region? As before, it is the volume 

divided by the area of the base, but now we need to use integration to compute the area 

of the base, since it is not a simple rectangle. The area is 

  

so the average height is 29/28. 

 

Which appears easier? In the first, the first (inner) integral is easy, because we need an 
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anti-derivative with respect to y, and the entire integrand √     is constant with 

respect to y. Of course, the second integral may be more difficult. In the second, the first 

integral is mildly unpleasant—a trig substitution. So let’s try the first one, since the first 

step is easy, and see where that leaves us. 

 

This is quite easy, since the substitution u = 1 − x2
 works:  

 

This is a good example of how the order of integration can affect the complexity of the 

problem. In this case it is possible to do the other order, but it is a bit messier. In 

some cases one order may lead to a very difficult or impossible integral; it’s usually 

worth considering both possibilities before going very fart 

15.2 Double Integrals in Cylindrical Coordinates 
Suppose we have a surface given in cylindrical coordinates as z = f(r, Ɵ) and we wish to 

find the integral over some region. We could attempt to translate into rectangular 

coordinates and do the integration there, but it is often easier to stay in cylindrical 

coordinates. 

How might we approximate the volume under such a surface in a way that uses 

cylindrical coordinates directly? The basic idea is the same as before: we divide the 

region into many small regions, multiply the area of each small region by the height of 

the surface somewhere in that little region, and add them up. What changes is the 

shape of the small regions; in order to have a nice representation in terms of r and Ɵ, 

we use small pieces of ring-shaped areas, as shown in figure 15.2.1. Each small region 

is roughly rectangular, except that two sides are segments of a circle and the other two 

sides are not quite parallel. 

Near a point (r, Ɵ), the length of either circular arc is about  r ∆Ɵ and the length of each 
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straight side is simply ∆r. When ∆r and ∆Ɵ are very small, the region is nearly a 

rectangle with area  r ∆r ∆Ɵ, and the volume under the surface is approximately  

 

In the limit, this turns into a double integral 

 

 

  

The surface is a portion of the sphere of radius 2 centered at the origin, in fact exactly 

 


