
 1
 

Applied Mechanical Eng. 
      First Year                                                                           "Theoretical: 2 hrs./week. 
      CCE 125                                                                           Tutorial: 1hrs./week. 
  
 
 
STATIC  
1- Two and Three Dimensional Force Systems:  
              * Rectangular Components 
                  * Moments and Couples.                                              12 (Hrs)        
                  * Resultant of Force Systems 
2- Equilibrium in Two and Three Dimensions: 
              * Free body Diagram and Reactions.                                  6 (Hrs) 
                * Equilibrium Conditions. 
3- Friction                                                                                           4 (Hrs) 
                 * Static and Kinetic Dry Friction.  
              * Tipping Force. 
 4-Centroid and Center of Gravity                                                      4 (Hrs) 
               * Composite Bodies (Centroid of Plates)  
5- 2nd Moment of Area                                                                      4 (Hrs)                              
 STRENGTH OF MATERIALS 
6- Simple Stresses and Strains                                                          4(Hrs) 
          * Hook's Law.  
           * Poisson's Ratio.  
           * Statically indeterminate Beams. 
7- Shear Force and Bending Moment Diagrams:                             4 (Hrs) 
8-Bending Stresses in Beams:                                                        2 (Hrs)                               
9- Torsion of Circular Sections:                                                        4 (Hrs)  
DYNAMICS  
10- Kinematics of Particles                                                                         8 (Hrs) 
       *        Rectilinear Motion. 
          *           Projectiles. 
          *           Normal and Tangential Components. 
 
11- Kinetics of Particles                                                                    6 (Hrs) 
     *           Newton's 211d Law  
     *        Work and Energy.  
12- Relative Motion                                                                                    4 (Hrs) 
 
 

 



 2
 

FORCE SYSTEMS  

CHAPTER OUTLINE    
1/1 Introduction  
1/2 Force  
SECTION A. Two-Dimensional 
Force Systems 

      1/3 Rectangular Components  
1/4 Moment  
1/5 Couple  
1/6 Resultants  
SECTION B. Three-Dimensional 
Force Systems 
 1/7 Rectangular Components  
1/8 Moment and Couple  
1/9 Resultants  
Chapter Review  

1/1 INTRODUCTION 

In this and the following chapters, we study the effects 
of forces which act on engineering structures and 
mechanisms. The experience gained here will help you in 
the study of mechanics and in other subjects such as stress 
analysis, design of structures and machines, and fluid flow. 
This chapter lays the foundation for a basic understanding 
not only of statics but also of the entire subject of 
mechanics, and you should master this material thoroughly. 

1/2 FORCE 

Before dealing with a group or system of forces, it is 
necessary to examine the properties of a single force in 
some detail. A force has been defined in Chapter 1 as an 
action of one body on another. In dynamics we will see that 
a force is defined as an action which tends to cause 
acceleration of a body. A force is a vector quantity, because 
its effect depends on the direction as well as on the 
magnitude of the action. Thus, 23 
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 Q) R) S) forces may be combined according to the parallelogram law of vector 

addition.   
The action of the cable tension on the bracket in Fig. 2/1a is rep-

resented in the side view, Fig. 2/1b, by the force vector P of magnitude P. 
The effect of this action on the bracket depends on P, the angle 6, and the 
location of the point of application A. Changing anyone of these three 
specifications will alter the effect on the bracket, such as the force in one of 
the bolts which secure the bracket to the base, or the internal force and 
deformation in the material of the bracket at any point. Thus, the complete 
specification of the action of a force must include its magnitude, direction, 
and point of application, and therefore we must treat it as a fixed vector.  

Cable tension 
p  

I 
IA 
I  

External and Internal Effects  
 

We can separate the action of a force on a body into two effects, 
external and internal. For the bracket of Fig. 2/1 the effects ofP external to 
the bracket are the reactive forces (not shown) exerted on the bracket by the 
foundation and bolts because of the action of P. Forces external to a body 
can be either applied forces or reactive forces. The effects of P internal to 
the bracket are the resulting internal forces and deformations distributed 
throughout the material of the bracket. The relation between internal forces 
and internal deformations depends on the material properties of the body 
and is studied in strength of materials, elasticity, and plasticity.  

(b)  

Figure 1/1 

Principle of Transmissibility  
 

When dealing with the mechanics of a rigid body, we ignore de-
formations in the body and concern ourselves with only the net external 
effects of external forces. In such cases, experience shows us that it is not 
necessary to restrict the action of an applied force to a given point. For 
example, the force P acting on the rigid plate in Fig. 2/2 may be applied at 
A or at B or at any other point on its line of action, and the net external 
effects of P on the bracket will not change. The external effects are the 
force exerted on the plate by the bearing support at a and the force exerted 

 the plate by the roller support at C.  on 
This conclusion is summarized by the principle of transmissibility, 

which states that a force may be applied at any point on its given line of 
action without altering the resultant effects of the force external to the rigid 
body on which it acts. Thus, whenever we are interested in only the 
resultant external effects of a force, the force may be treated as a sliding 
vector, and we need specify only the magnitude, direction, and line of 
action of the force, and not its point of application. Because this book 
deals essentially with the mechanics of rigid bodies, we will treat almost all 
forces as sliding vectors for the rigid body on which they act.  

p p
  

Figure 1/2  

Force Classification  
 

Forces are classified as either contact or body forces. A contact force is 
produced by direct physical contact; an example is the force exerted  
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 ) Ton a body by a supporting surface. On the other hand, a body force is 

generated by virtue of the position of a body within a force field such as a 
gravitational, electric, or magnetic field. An example of a body force is 
your weight.  

Forces may be further classified as either concentrated or distributed. 
Every contact force is actually applied over a finite area and is therefore 
really a distributed force. However, when the dimensions of the area are 
very small compared with the other dimensions of the body, we may 
consider the force to be concentrated at a point with negligible loss of 
accuracy. Force can be distributed over an area, as in the case of 
mechanical contact, over a volume when a body force such as weight is 
acting, or over a line as in the case of the weight of a suspended cable.  

The weight of a body is the force of gravitational attraction distributed 
over its volume and may be taken as a concentrated force acting through 
the center of gravity. The position of the center of gravity is frequently 
obvious if the body is symmetric. If the position is not obvious, then a 
separate calculation, explained in Chapter 5, will be necessary to locate the 
center of gravity.  

We can measure a force either by comparison with other known forces, 
using a mechanical balance, or by the calibrated movement of an elastic 
element. All such comparisons or calibrations have as their basis a primary 
standard. The standard unit of force in SI units is the newton (N) and in the 
U.S. customary system is the pound (lb), as defined in Art. 1/5.  

 
(a) 

 

(b
)  

 
(c) 

Adion and Readion  

According to Newton's third law, the action of a force is always 
accompanied by an equal and opposite reaction. It is essential to distin-
guish between the action and the reaction in a pair of forces. To do so, we 
first isolate the body in question and then identify the force exerted on that 
body (not the force exerted by the body). It is very easy to mistakenly use 
the wrong force of the pair unless we distinguish carefully between action 
and reaction.  

 

Concurrent Forces  

Two or more forces are said to be concurrent at a point if their lines 
of action intersect at that point. The forces F 1 and F 2 shown in Fig. 2/3a 
have a common point of application and are concurrent at the point A. 
Thus, they can be added using the parallelogram law in their common plane 
to obtain their sum or resultant R, as shown in Fig. 2/3a. The resultant lies 
in the same plane as F 1 and F 2'  

Suppose the two concurrent forces lie in the same plane but are applied 
at two different points as in Fig. 2/3b. By the principle of transmissibility, 
we may move them along their lines of action and complete their vector 
sum R at the point of concurrency A, as shown in Fig. 2/3b. We can 
replace F1 and F2 with the resultant R without altering the external effects 
on the body upon which they act.  

bf 
f  

(e) 

Figure 1/3 
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We can also use the triangle law to obtain R, but we need to move 
the line of action of one of the forces, as shown in Fig. 2/3c. If we add 
the same two forces, as shown in Fig. 2/3d, we correctly preserve the 
magnitude and direction of R, but we lose the correct line of action, 
because R obtained in this way does not pass through A. Therefore this 
type of combination should be avoided.  

We can express the sum of the two forces mathematically by the 
vector equation  

Vector Components 

In addition to combining forces to obtain their resultant, we often 
need to replace a force by its vector components in directions which are 
convenient for a given application. The vector sum of the components 
must equal the original vector. Thus, the force R in Fig. 2/3a may be 
replaced by, or resolved into, two vector components F 1 and F 2 with the 
specified directions by completing the parallelogram as shown to obtain 
the magnitudes of F 1 and F 2.  

The relationship between a force and its vector components along 
given axes must not be confused with the relationship between a force 
and its perpendicular" projections onto the same axes. Figure 2/3e shows 
the perpendicular projections Fa and F b of the given force R onto axes a 
and b, which are parallel to the vector components F 1 and F 2 of Fig. 
2/3a. Figure 2/3e shows that the components of a vector are not 
necessarily equal to the projections of the vector onto the same axes. 
Furthermore, the vector sum of the projections Fa and F b is not the 
vector R, because the parallelogram law of vector addition must be used 
to form the sum. The components and projections of R are equal only 
when the axes a and b are perpendicular.  

A Special Case of Vector Addition 

To obtain the resultant when the two forces F 1 and F 2 are parallel as 
in Fig. 2/4, we use a special case of addition. The two vectors are 
combined by first adding two equal, opposite, and collinear forces F and 
- F of convenient magnitude, which taken together produce no external 
effect on the body. Adding F 1 and F to produce Rv and combining with 
the sum R2 of F 2 and - F yield the resultant R, which is correct in 
magnitude, direction, and line of action. This procedure is also useful for 
graphically combining two forces which have a remote and inconvenient 
point of concurrency because they are almost parallel.  

It is usually helpful to master the analysis of force systems in two 
dimensions before undertaking three-dimensional analysis. Thus the re-
mainder of Chapter 2 is subdivided into these two categories.  

 
R  

Figure 2/4  
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 SECTION A. TWO-DIMENSIONAL FORCE SYSTEMS 

2/3 RECTANGULAR COMPONENTS  

The most common two-dimensional resolution of a force vector is into 
rectangular components. It follows from the parallelogram rule that the 
vector F of Fig. 2/5 may be written as  

(1/1) 
 

where Fx and Fy are vector components of F in the z- and y-directions, 
Each of the two vector components may be written as a scalar times the 
appropriate unit vector. In terms of the unit vectors i and j of Fig. 2/5, F; = 
Fxi and Fy = Fyj, and thus we may write  

Figure 1/5  

(1/2)  
 

where the scalars Fx and Fy are the x and y scalar components of the vector 
F.  

The scalar components can be positive or negative, depending on the 
quadrant into which F points. For the force vector of Fig. 2/5, the x and y 
scalar components are both positive and are related to the magnitude and 
direction of F by  

F = JF 2 + F 2  
 x  y  

F (} = 
tan"! 2 Fx  

Fx = F cos ()  
(1/3) 

Fy = F sin (}  

Conventions for Describing Vector Components 

We express the magnitude of a vector with lightface italic type in print; 
that is, IFI is indicated by F, a quantity which is always nonnegative. 
However, the scalar components, also denoted by lightface italic type, will 
include sign information. See Sample Problems 2/1 and 2/3 for numerical 
examples which involve both positive and negative scalar components.  

When both a force and its vector components appear in a diagram, it is 
desirable to show the vector components of the force with dashed lines, as 
in Fig. 2/5, and show the force with a solid line, or vice versa. With either 
of these conventions it will always be clear that a force and its components 
are being represented, and not three separate forces, as would be implied 
by three solid-line vectors.  

Actual problems do not come with reference axes, so their assignment 
is a matter of arbitrary convenience, and the choice is frequently up to the 
student. The logical choice is usually indicated by the way in which the 
geometry of the problem is specified. When the principal dimensions of a 
body are given in the horizontal and vertical directions,  
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for example, you would typically assign reference axes In these directions. 

 

Determining the Components of a Force 

Dimensions are not always given in horizontal and vertical directions, 
angles need not be measured counterclockwise from the x-axis, and the 
origin of coordinates need not be on the line of action of a force. 
Therefore, it is essential that we be able to determine the correct com-
ponents of a force no matter how the axes are oriented or how the angles 
are measured. Figure 2/6 suggests a few typical examples of vector res-
olution in two dimensions.  

Memorization of Eqs. 2/3 is not a substitute for understanding the 
parallelogram law and for correctly projecting a vector onto a reference 
axis. A neatly drawn sketch always helps to clarify the geometry and avoid 
error.  

Rectangular components are convenient for finding the sum or re-
sultant R of two forces which are concurrent. Consider two forces F 1 and 
F 2 which are originally concurrent at a point O. Figure 2/7 shows the line 
of action of F 2 shifted from 0 to the tip of F 1 according to the triangle rule 
of Fig. 2/3. In adding the force vectors F 1 and F 2. we may write  

Fx = F sin fJ 

Fy = F cos fJ  

 

Fx=-FcosfJ 

Fy=-F sin fJ  

 
Fx = F sin Or - fJ) Fy = 
- F cos (ll" - fJ)  

 
or  

 
 

from which we conclude that  

s; = Fix + F2x Ry 

= r, + F2  
 y  y 

(1/4) 

 

The term IFx means "the algebraic sum of the x scalar components". For 
the example shown in Fig. 2/7, note that the scalar component F2 would be 
negative.  

y  

 

Fx = F cos(fJ - a) 

Fy = F sin(fJ - a)  

Figure 1/6  

Figure 1/7  
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Sample Problem 1/1  

The forces F 1, F 2, and F 3, all of which act on point A of the bracket, are 
specified in three different ways. Determine the x and y scalar components of 
each of the three forces.  

Solution. The scalar components of F l' from Fig. a, are  

Ans. F1% = 600 cos 35° = 491 N Fly 

= 600 sin 35° = 344 N  Ans. 

The scalar components of F 2, from Fig. b, are  

F2 = -500(~) = -400 N  
. <  

F2 = 500(!) = 300 N  
y  

Ans . 

Ans. 

Note that the angle which orients F 2 to the x-axis is never calculated. The cosine 
and sine of the angle are available by inspection of the 3-4-5 triangle. Also note 
that the x scalar component of F 2 is negative by inspection.  

The scalar components of F 3 can be obtained by first computing the angle Ct 

of Fig. c.  

 
Ct = tan"! [0.2J = 26.6° 0.4  

CD  Then F3% = Fs sin Ct = 800 sin 26.6" = 358 N  Ans. 

 Fay = -Fa cos Ct = -800 cos 26.6° = -716 N  Ans. 

 
Alternatively, the scalar components ofFs can be obtained by writing Fa as a 

magnitude times a unit vector nAB in the direction of the line segment AB. Thus,  

Helpful Hints  
 

CD You should carefully examine the 
geometry of each component-deter-
mination problem and not rely on 
the blind use of such formulas as F.~ 
= F cos 0 and Fy = F sin O.  

  - F AB - 8  [  0.2i - O.4j  J  
F 

 
F 

a = anAB - a -- - 00 -_-_-_-_-_-_-_-_-_-_-_-_  
AB J(0.2)2+ (-0.4)2  

= 800[0.447i - O.894j]  

= 58i - 716j N  3
The required scalar components are then  (1) A unit vector can be formed by 

dividing any vector, such as the 
geometric position vector AiJ, by its 
length or magnitude. Here we use 
the overarrow to denote the vector 
which runs from A to B and the 
overbar to denote the distance 
between A and B.  

Ans. 
FS% = 358 N Fay 

= -716 N  
Ans. 

which agree with our previous results.  
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 U) 

Combine the two forces P and T, which act on the fixed structure at B, into a 
single equivalent force R.  

G raphical solution. The parallelogram for the vector addition of forces T and  
Q) P is constructed as shown in Fig. a. The scale used here is 1 in. = 800 lb; a scale of 1 

in. = 200 lb would be more suitable for regular-size paper and would give greater 
accuracy. Note that the angle a must be determined prior to construction of the 
parallelogram. From the given figure  

 BD  6 sin 60°  
  = 6  
 AD  + cos  

tan a = = 3  600 = 0.866  Ct = 
40.9° 

Measurement of the length R and direction 8 of the resultant force R yields the 
approximate results  

8 = 49°  R = 5251b  Ans. 

 
Geometric solution. The triangle for the vector addition of T and P is shown (1) in 

Fig. b. The angle a is calculated as above. The law of cosines gives  

R2 = (600)2 + (800)2 - 2(600)(800) cos 40.9" = 274,300  

R = 524Ib  Ans. 

From the law of sines, we may determine the angle 8 which orients R. Thus,  

600  524 
sin ()  sin 40.9° Ans. sin 8 = 0.750  8 = 48.6° 

Algebraic solution. By using the x-y coordinate system on the given figure, we may 
write  

Rx = 'LFx = 800 - 600 cos 40.9" = 3461b Ry = 

'LFy = -600 sin 40.9" = -393Ib  

The magnitude and direction of the resultant force R as shown in Fig. c are then  

R = JRx
2+ R} = )(346)2+ (-393)2 = 524Ib  

 IRyl  393  
8 = tan-1 - = 

1 - = 48.6°  tan-
 IRxl  346  

Ans. 

Ans. 

The resultant R may also be written in vector notation as  

R = Rxi + Ryj = 346i - 393j lb  Ans. 
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Sample Problem 1/3  

The 500-N force F is applied to the vertical pole as shown. (1) Write F in terms of 
the unit vectors i and j and identify both its vector and scalar components. (2) Determine 
the scalar components of the force vector F along the x'and y'-axes. (3) Determine the 
scalar components of F along the z- and y' -axes.  

b

Solution. Part (I). From Fig. a we may write F as  

F = (F cos eli - (F sin e)j  

= (500 cos 60°)i - (500 sin 600)j = 

(250i - 433j) N  Ans. 

The scalar components are F" = 250 N and Fy = -433 N. The vector components are F .• = 
250i Nand Fy = -433j N.  
 

Part (2). From Fig. b we may write F as F = 500i' N, so that the required scalar 
components are  

Ans. F,,' = 500 N  

Part (3). The components of F in the x- and y'-directions are nonrectangular 
and are obtained by completing the parallelogram as shown in Fig. c. The 
magnitudes of the components may be calculated by the law of sines. Thus,  

CD IF" I = 1000 N  
 

 IFy·1  _ 500  
sin 60° - sin 30°  

The required scalar components are then  

-866 N F" = 1000 
N  

Sample Problem 2/4  

Forces F1 and F2 act on the bracket as shown. Determine the projection Fb of their 
resultant R onto the b-axis.  

Solution. The parallelogram addition ofF1 and F2 is shown in the figure. Using the 
law of cosines gives us  

R2 = (80)2 + (00)2 - 2(80)000) cos 130"  R = 163.4 N  

The figure also shows the orthogonal projection Fb ofR onto the b-axis. Its length is  

Fb = 80 + 100 cos 50° = 144.3 N  Ans. 

Note that the components of a vector are in general not equal to the projections of the 
vector onto the same axes. If the a-axis had been perpendicular to the b-axis, then the 
projections and components of R would have been equal.  
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 X) 

1/4 MOMENT  
 

In addition to the tendency to move a body in the direction of its 
application, a force can also tend to rotate a body about an axis. The axis 
may be any line which neither intersects nor is parallel to the line of action 
of the force. This rotational tendency is known as the moment M of the 
force. Moment is also referred to as torque.  

As a familiar example of the concept of moment, consider the pipe 
wrench of Fig. 2/8a. One effect of the force applied perpendicular to the 
handle of the wrench is the tendency to rotate the pipe about its vertical 
axis. The magnitude of this tendency depends on both the magnitude F of 
the force and the effective length d of the wrench handle. Common 
experience shows that a pull which is not perpendicular to the wrench 
handle is less effective than the right-angle pull shown.  

(a
J  

F
 

Moment about a Point  
 

Figure 2/8b shows a two-dimensional body acted on by a force F in its 
plane. The magnitude of the moment or tendency of the force to rotate the 
body about the axis 0-0 perpendicular to the plane of the body is 
proportional both to the magnitude of the force and to the moment arm d, 
which is the perpendicular distance from the axis to the line of action of the 
force. Therefore, the magnitude of the moment is defined as  

 
(2/5
) 

The moment is a vector M perpendicular to the plane of the body. The 
sense of M depends on the direction in which F tends to rotate the body. 
The right-hand rule, Fig. 2/&, is used to identify this sense. We represent 
the moment of F about 0-0 as a vector pointing in the direction of the
thumb, with the fingers curled in the direction of the rotational tendency.  

The moment M obeys all the rules of vector combination and may be 
considered a sliding vector with a line of action coinciding with the 
moment axis. The basic units of moment in SI units are newton-meters 
(N'm), and in the U.S. customary system are pound-feet (Ib-ft).  

When dealing with forces which all act in a given plane, we custom-
arily speak of the moment about a point. By this we mean the moment with 
respect to an axis normal to the plane and passing through the point. Thus, 
the moment of force F about point A in Fig. 2/8d has the magnitude M = Fd 
and is counterclockwise.  

Moment directions may be accounted for by using a stated sign con-
vention, such as a plus sign (+) for counterclockwise moments and a minus 
sign (-) for clockwise moments, or vice versa. Sign consistency within a 
given problem is essential. For the sign convention of Fig. 2/8d, the 
moment of F about point A (or about the z-axis passing through point A) is 
positive. The curved arrow of the figure is a convenient way to represent 
moments in two-dimensional analysis.  (d) 

Figure 1/8  
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The Cr055 Product 

In some two-dimensional and many of the three-dimensional problems 
to follow, it is convenient to use a vector approach for moment 
calculations. The moment of F about point A of Fig. 2/8b may be rep-
resented by the cross-product expression  

(1/6) 

where r is a position vector which runs from the moment reference point A 
to any point on the line of action of F. The magnitude of this expression is 
given by*  

M = Fr sin Q' = Fd  (1/7) 

which agrees with the moment magnitude as given by Eq. 2/5. Note that the 
moment arm d = r sin Q' does not depend on the particular point on the line of 
action of F to which the vector r is directed. We establish the direction and 
sense of M by applying the right-hand rule to the sequence r x F. If the 
fingers of the right hand are curled in the direction of rotation from the 
positive sense of r to the positive sense of F, then the thumb points in the 
positive sense of M.  

We must maintain the sequence r x F, because the sequence F x r 
would produce a vector with a sense opposite to that of the correct mo-
ment. As was the case with the scalar approach, the moment M may be
thought of as the moment about point A or as the moment about the line 0-
0 which passes through point A and is perpendicular to the plane 
containing the vectors r and F. When we evaluate the moment of a force 
about a given point, the choice between using the vector cross product or 
the scalar expression depends on how the geometry of the problem is 
specified. If we know or can easily determine the perpendicular distance 
between the line of action of the force and the moment center, then the 
scalar approach is generally simpler. If, however, F and r are not per-
pendicular and are easily expressible in vector notation, then the cross-
product expression is often preferable.  

In Section B of this chapter, we will see how the vector formulation of 
the moment of a force is especially useful for determining the moment of a 
force about a point in three-dimensional situations.  

Varignon's Theorem 

One of the most useful principles of mechanics is Varignon '8 theorem, 
which states that the moment of a force about any point is equal to the sum 
of the moments of the components of the force about the same point.  

*See item 7 in Art. C/7 of Appendix C for additional information concerning the cro 5 product.  
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 ) YTo prove this theorem, consider the force R acting in the plane of the 

body shown in Fig. 2/9a. The forces P and Q represent any two 
nonrectangular components of R. The moment of R about point 0 is  

Mo=rxR  

Because R = P + Q, we may write  

r x R = r x (P + Q)  

Using the distributive law for cross products, we have 

Mo=rxR=rxP+rxQ  (1/8) 

which says that the moment of R about 0 equals the sum of the moments 
about 0 of its components P and Q. This proves the theorem.  

Varignon's theorem need not be restricted to the case of two com-
ponents, but it applies equally well to three or more. Thus we could have 
used any number of concurrent components of R in the foregoing proof."  

Figure 2/9b illustrates the usefulness of Va.rignon's theorem. The 
moment of R about point 0 is Rd. However, if d is more difficult to 
determine than p and q, we can resolve R into the components P and Q, and 
compute the moment as  

Mo = Rd = -pP + qQ  

w here we take the clockwise moment sense to be positive. 
Sample Problem 2/5 shows how Varignon's theorem can help us to 

calculate moments.   

(a) (b) 

Figure 1/9 

·As originally stated, Varignon's theorem was limited to the case of two concurrent components of a 
given force. See The Science of Mechanics, by Ernst Mach, originally published in 1883.  
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 Z) AA) Sample Problem 1/5  

 
o 

Calculate the magnitude of the moment about the base point 0 of the 600-N 
force in five different ways.  

Solution. (n The moment arm to the 600-N force is  

d = 4 cos 40° + 2 sin 40° = 4.35 m  

CD By M = Fd the moment is clockwise and has the magnitude  2m 

 o

Mo = 600(4.35) = 2610 Nvm  Ans. 

(In Replace the force by its rectangular 
components at A  

F2 = 600 sin 40° = 386 N  F1 = 600 cos 40° = 460 N,  

By Varignon's theorem, the moment becomes  
F1 = 600 cos 40°  2m 

Mo = 460(4) + 386(2) = 2610 N· m  Ans. 

(lIn By the principle of transmissibility, move the 600-N 
force along its  

line of action to point B, which eliminates the moment of the component F 2' The  4 
m  
moment arm of F 1 becomes  d1 = 4 + 2 tan 40° = 5.68 m  

a
and the moment is  

y  
I   
I L_-x  

Mo = 460(5.68) = 2610 N· m  Ans. 

(])  (IV) Moving the force to point C eliminates the moment of the component  
Fl' The moment arm of F 2 becomes  

d2 = 2 + 4 cot 40° = 6.77 m  

and the moment is  

MO = 386(6.77) = 2610 
Nr m  

(V) By the vector expression for a moment, and by using the coordinate system 
indicated on the figure together with the procedures for evaluating cross  

products, we have  Helpful Hints  

aAns. 

CD The required geometry here and in 
similar problems should not cause dif-
iculty if the sketch is carefully drawn. f

 
 This procedure is frequently the 

hortest approach.  s 
(]) The fact that points Band C are not on 

the body proper should not cause 
concern, as the mathematical calcula-
tion of the moment ofa force does not 
equire that the force be on the body.  r 

@ Alternative choices for the position 
vector rare r = d1j = 5.68j m and r = d2i 
= 6.77i m.  

MO = r x F = (2i + 4j) x 600(i cos 40° - j sin 40°) = -2610k 
Nvm  

The minus sign indicates that the vector is in the negative z-direction. The magnitude 
of the vector expression is  

Ans. MO = 2610 Nr rn  
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 2/5 COUPLE  

The moment produced by two equal, opposite, and noncollinear forces 
is called a couple. Couples have certain unique properties and have 
important applications in mechanics.  

Consider the action of two equal and opposite forces F and - F a 
distance d apart, as shown in Fig. 2/10a. These two forces cannot be 
combined into a single force because their sum in every direction is zero. 
Their only effect is to produce a tendency of rotation. The combined 
moment of the two forces about an axis normal to their plane and passing 
through any point such as 0 in their plane is the couple M. This couple has 
a magnitude  

Figure 1/10  

M  F(a + d) - Fa  

M  Fd  
or 

Its direction is counterclockwise when viewed from above for the case 
illustrated. Note especially that the magnitude of the couple is independent 
of the distance a which locates the forces with respect to the moment center 
O. It follows that the moment of a couple has the same value for all 
moment centers.  

Vedor Algebra Method  

We may also express the moment of a couple by using vector algebra. 

With the cross-product notation of Eq. 2/6 the combined moment about 
point 0 of the forces forming the couple of Fig. 2/10b is  

M = r A x F + rB x (- F) = (fA - fB) x F  

where fA and fB are position vectors which run from point 0 to arbitrary 
points A and B on the lines of action of F and - F, respectively. Because rA -

fB = r, we can express M as  

M=rxF 

Here again, the moment expression contains no reference to the moment 
center 0 and, therefore, is the same for all moment centers. Thus, we may 
represent M by a free vector, as shown in Fig. 2/10c, where the direction of 
M is normal to the plane of the couple and the sense of M is established by 
the right-hand rule.  

Because the couple vector M is always perpendicular to the plane of 
the forces which constitute the couple in two-dimensional analysis we can 
represent the sense of a couple vector as clockwise or counterclockwise by 
one of the conventions shown in Fig. 2/lOd. Later, when we deal with 
couple vectors in three-dimensional problems, we will make full use of 
vector notation to represent them, and the mathematics will automatically 
account for their sense.  

Equivalent Couples  

Changing the values of F and d does not change a given couple as long 
as the product Fd remains the same. Likewise, a couple is not affected if 
the forces act in a different but parallel plane. Figure 2/11  
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Figure 1/11  

shows four different configurations of the same couple M. In each of the 
four cases, the couples are equivalent and are described by the same free 
vector which represents the identical tendencies to rotate the bodies.  

Force-Couple Systems  

The effect of a force acting on a body is the tendency to push or pull 
the body in the direction of the force, and to rotate the body about any fixed 
axis which does not intersect the line of the force. We can represent this 
dual effect more easily by replacing the given force by an equal parallel 
force and a couple to compensate for the change in the moment of the force. 

The replacement of a force by a force and a couple is illustrated in Fig. 
2/12, where the given force F acting at point A is replaced by an equal force 
F at some point B and the counterclockwise couple M = Fd. The transfer is 
seen in the middle figure, where the equal and opposite forces F and -Fare added 
at point B without introducing any net external effects on the body. We now see 
that the original force at A and the equal and opposite one at B constitute the 
couple M = Fd, which is counterclockwise for the sample chosen, as shown in 
the right-hand part of the figure. Thus, we have replaced the original force at A 
by the same force acting at a different point B and a couple, without altering the 
external effects ofthe original force on the body. The combination of the force 
and couple in the right-hand part of Fig. 2/12 is referred to as a force-couple 
system.  

By reversing this process we can combine a given couple and a force 
which lies in the plane of the couple (normal to the couple vector) to 
produce a single, equivalent force. Replacement of a force by an equivalent 
force-couple system, and the reverse procedure, have many applications in 
mechanics and should be mastered.  

 

 
  

Figure 1/12  
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 BB) Sample Problem 1/6  

The rigid structural member is subjected to a couple consisting of the two 100-N 
forces. Replace this couple by an equivalent couple consisting of the two forces P and 
- P, each of which has a magnitude of 400 N. Determine the proper angle e.  

Solution. The original couple is counterclockwise when the plane of the forces is viewed 
from above, and its magnitude is  

M = 100(0.1) = 10N'm  [M = Fd]  

The forces P and - P produce a counterclockwise couple  

M = 400(0.040) cos e  
CD Equating the two expressions gives  

10 = 400(0.040) cos e 
10  

() = cos"! - = 
51.3° 16 

lOON  

Dimensions in millimeters 
Ans. 

P = 400 
N  

Helpful Hint  
 

CD Since the two equal couples are parallel free vectors, the only dimensions which 
are relevant are those which give the perpendicular distances between the forces 
of the couples.  

P=400N  

Sample Problem 1/7  
80 lb 

80 lb  80lb 

Replace the horizontal 80-lb force acting on the lever by an equivalent system 
consisting of a force at 0 and a couple.  

Solution. We apply two equal and opposite 80-lb forces at 0 and identify the 
counterclockwise couple  

[M = Fd]  M = 80(9 sin 60°) = 624 lb-in.  Ans. 
 

CD Thus, the original force is equivalent to the 80-lb force at 0 and the 624-lb-in. couple as 
shown in the third of the three equivalent figures.  

Helpful Hint  
 

CD The reverse of this problem is often encountered, namely, the replacement of a 
force and a couple by a single force. Proceeding in reverse is the same as 
replacing the couple by two forces, one of which is equal and opposite to the 80-lb 
force at O. The moment arm to the second force would be MIF = 624/80 = 7.79 
in., which is 9 sin 60°, thus determining the line of action of the single resultant 
force of 80 lb.  
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 1/6 RESULTANTS  
  

The properties of force, moment, and couple were developed in the 
previous four articles. Now we are ready to describe the resultant action of a 
group or system of forces. Most problems in mechanics deal with a system 
of forces, and it is usually necessary to reduce the system to its simplest 
form to describe its action. The resultant of a system of forces is the sim-
plest force combination which can replace the original forces without al-
tering the external effect on the rigid body to which the forces are applied.  

Equilibrium of a body is the condition in which the resultant of all forces 
acting on the body is zero. This condition is studied in statics. When the resultant 
of all forces on a body is not zero, the acceleration of the body is obtained by 
equating the force resultant to the product of the mass and acceleration of the 
body. This condition is studied in dynamics. Thus, the determination of 
resultants is basic to both statics and dynamics.  

The most common type of force system occurs when the forces all act 
in a single plane, say, the x-y plane, as illustrated by the system of three 
forces F1, F2, and F3 in Fig. 2/13a. We obtain the magnitude and direction of 
the resultant force R by forming the force polygon shown in part b of the 
figure, where the forces are added head-to-tail in any sequence. Thus, for 
any system of coplanar forces we may write  

 

Graphically, the correct line of action of R may be obtained by pre-
serving the correct lines of action of the forces and adding them by the 
parallelogram law. We see this in part a of the figure for the case of three 
forces where the sum R1 of F 2 and F 3 is added to F 1 to obtain R. The 
principle of transmissibility has been used in this process.  

(c) 

y 
I 
I  

 

Algebraic Method  

We can use algebra to obtain the resultant force and its line of action as 
follows:  

--x  

1. Choose a convenient reference point and move all forces to that point. 
This process is depicted for a three-force system in Figs. 2/14a and b, 
where Mv M2, and M3 are the couples resulting from the transfer of forces F l' F 2, 

and F 3 from their respective original lines of action to lines of action through 
point O.  

2. Add all forces at 0 to form the resultant force R, and add all couples to 
form the resultant couple Mo. We now have the single forcecouple 
system, as shown in Fig. 2/14c.  

3. In Fig. 2/14d, find the line of action of R by requiring R to have a 
moment of Mo about point O. Note that the force systems of Figs. 2/14a 
and 2/14d are equivalent, and that 'i(Fd) in Fig. 2/14a is equal to Rd in 
Fig. 2/14d.  

(b) 

Figure 1/13  
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(a)  (b

) 

 

(d
) 

(e)  

Figure 1/14  

Principle of Moments  

This process is summarized in equation form by  

R = LF  

Mo = LM = L(Fd) Rd = 

Mo  

(2/10) 

The first two ofEqs. 2/10 reduce a given system offorces to a force-couple 
system at an arbitrarily chosen but convenient point O. The last equation 
specifies the distance d from point 0 to the line of action ofR, and states 
that the moment of the resultant force about any point 0 equals the sum of 
the moments of the original forces of the system about the same point. This 
extends Varignon's theorem to the case of nonconcurrent force systems; we 
call this extension the principle of moments.  

For a concurrent system of forces where the lines of action of all forces 
pass through a common point 0, the moment sum LMo about that point is 
zero. Thus, the line of action of the resultant R = LF. determined by the first 
of Eqs. 2/10, passes through point O. For a parallel force system, select a 
coordinate axis in the direction of the forces. If the resultant force R for a 
given force system is zero, the resultant of the system need not be zero 
because the resultant may be a couple. The three forces in Fig. 2/15, for 
instance, have a zero resultant force but have a resultant clockwise couple 
M = Fad.  

 

Figure 2/15  
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 CC) EE) Sample Problem 1/8  

Determine the resultant of the four forces and one couple which act on the 
plate shown.  

 
Solution. Point 0 is selected as a convenient reference point for the forcecouple 
system that is to represent the given system.  

[Rx = :EFxJ 

[Ry = :EFyJ  

[R = JR

Rx = 40 + 80 cos 30° - 60 cos 45° = 66.9 N R; = 50 

+ 80 sin 30° +60 cos 45° = 132.4 N  

 R = )(66.9)2+ (132.4)2 = 148.3 N  Ans. 

132.4  
8 = tan"! 66.9 = 63.2°  

2 + R 2]  
 x  Y  

[8 = tan-1 ~:] 

CD [Mo = :E(Fd)]  

Ans. 

MO = 140 - 50(5) + 60 cos 45°(4) - 60 sin 45°(7) = -

237 Nr rn  
 
The force-couple system consisting of R and Mo is shown in Fig. a.  

We now determine the final line of action of R such that R alone represents 
the original system.  

 
d = 1.600 [Rd = jMolJ  148.3d = 237  

m  
Hence, the resultant R may be applied at any point on the line which makes a 
63.2° angle with the x-axis and is tangent at point A to a circle of 1.6-m radius 
with center 0, as shown in part b of the figure. We apply the equation Rd = Mo in 
an absolute-value sense (ignoring any sign of Mo) and let the physics of the situation, as 
depicted in Fig. a, dictate the final placement of R. Had Mo been counterclockwise, 
he correct line of action of R would have been the tangent at point B.  t 

The resultant R may also be located by determining its intercept distance b 
to point C on the x-axis, Fig. c. With s, and Ry acting through point C, only s, 
exerts a moment about 0 so that  

 

 
b = 237 = 1.792 m 

132.4  

 
and 

 
Alternatively, the y-intercept could have been obtained by noting that the mo-
ment about 0 would be due to Rx only.  

A more formal approach in determining the final line of action of R is to use 
the vector expression  

rXR=Mo  

where r = xi + yj is a position vector running from point 0 to any point on the line 
of action of R. Substituting the vector expressions for r, R, and Mo and carrying 
out the cross product result in  

(xi + yj) x (66.9i + 132.4j) 

(l32.4x - 66.91)k  

 
-237k 

-237k 
 
Thus, the desired line of action, Fig. c, is given by  

132.4x - 66.91 = -237  
 
-1. 792 m, which agrees with our earlier cal- 

DD)A
ns. 

 
(1) By setting y = 0, we obtain x 

culation of the distance b.  
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SECTION B. THREE-DIMENSIONAL FORCE SYSTEMS  

1/7 RECTANGULAR COMPONENTS  

Many problems in mechanics require analysis in three dimensions, and 
for such problems it is often necessary to resolve a force into its three 
mutually perpendicular components. The force F acting at point o in Fig. 
2/16 has the rectangular components r; Fy, r; where  

The unit vectors i, j, and k are in the X-,Y-, and z-directions, respectively. 
Using the direction cosines of F, which are l = cos ex, m = cos 8J" and 
n = cos {}z, where [2 + m2 + n2 = 1, we may write the 
force as  

( F = F(li + mj + nk) )  (1/12)  
Figure 1/16  

We may regard the right-side expression of Eq. 2/12 as the force 
magnitude F times a unit vector llF which characterizes the direction of F, or 

(1/12a)  

R 

It is clear from Eqs. 2/12 and 2/12a that llF = li + mj + nk, which shows that 
the scalar components of the unit vector llF are the direction cosines of the 
line of action of F.  

In solving three-dimensional problems, one must usually find the x, Y, 
and z scalar components of a force. In most cases, the direction of a force is 
described (a) by two points on the line of action of the force or (b) by two 
angles which orient the line of action.  

(a) Specification by two points on the line of action of the force.   
If the coordinates of points A and B of Fig. 2/17 are known, the force F 
may be written as  

Figure 1/17  
 
Thus the x, Y, and z scalar components of F are the scalar coefficients of the 
unit vectors i, J. and k, respectively.  
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(b) Specification by two angles which orient the line of action of the 
force. Consider the geometry of Fig. 2/18. We assume that the angles e and ¢ 
are known. First resolve F into horizontal and vertical components.  

 

Fxy = F cos ¢ Fz = F sin ¢  

Then resolve the horizontal component Fxy into x- and y-components. 

Fx = Fxy cos 8 = F cos ¢ cos e Fy = 
Fxy sin e = F cos ¢ sin e  

The quantities Fx, Fy, and E; are the desired scalar components of F. 
The choice of orientation of the coordinate system is arbitrary, with 

convenience being the primary consideration. However, we must use a right-
handed set of axes in our three-dimensional work to be consistent with the 
right-hand-rule definition of the cross product. When we rotate from the x- to 
the y-axis through the 90Q angle, the positive direction for the z-axis in a 
right-handed system is that of the advancement of a righthanded screw 
rotated in the same sense. This is equivalent to the righthand rule.  

Dot Product  

We can express the rectangular components of a force F (or any other 
vector) with the aid of the vector operation known as the dot or scalar 
product (see item 6 in Art. C/7 of Appendix C). The dot product of two 
vectors P and Q, Fig. 2/19a, is defined as the product of their magnitudes 
times the cosine of the angle a between them. It is written as  

p.Q = PQ cos a  

We can view this product either as the orthogonal projection P cos a of P in 
the direction of Q multiplied by Q, or as the orthogonal projection Q cos a of 
Q in the direction of P multiplied by P. In either case the dot product of the 
two vectors is a scalar quantity. Thus, for instance, we can express the scalar 
component Fx = F cos ex of the force F in Fig. 2/16 as Fx= F· i, where i is 
the unit vector in the x-direction.  

Figure 2/18  

 

Figure 1/19  
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 In more general terms, if n is a unit vector in a specified direction, the 

projection of F in the n-direction, Fig. 2/19b, has the magnitude Fit = F· 
n. If we want to express the projection in the n-
direction as a vector quantity, then we multiply 
its scalar component, expressed by Fv n, by the unit 
vector n to give Fn = (F·n)n. We may write this as F n. = F· nn without 
ambiguity because the term nn is not defined, and so the complete 
expression cannot be misinterpreted as F· (nn).  

If the direction cosines of n are a, {3, and 'Y, then we may write n in 
vector component form like any other vector as  

n = ai + {3j + 'Yk  

where in this case its magnitude is unity. If the direction cosines of F with 
respect to reference axes x-y-z are I, m, and n, then the projection of F in the 
n-direction becomes  

Fit = Fvn = F(Ii + mj + nkHai + (3j + vk) = Filo + m{3 + n 'Y)  

because  
i·i = j'j = k·k = 1  

and  
i·j = j·i = i·k = k·i = j·k = k-j = 0  

The latter two sets of equations are true because i, j, and k have unit length 
and are mutually perpendicular.  

Angle between Two Vectors  

If the angle between the force F and the direction specified by the unit 
vector n is (J, then from the dot-product definition we have F· n = Fn cos (J = 

F cos (J, where [n] = n = 1. Thus, the angle between F and n is given by  

F'n 
(J = cos-1_-  

F 
(2/13
)  

In general, the angle between any two vectors P and Q is  

-1 

P'Q 
(J = cos 
 P
Q

If a force F is perpendicular to a line whose direction is specified by the unit 
vector n, then cos (J = 0, and F'n = O. Note that this relationship does not 
mean that either F or n is zero, as would be the case with scalar 
multiplication where (A)(B) = 0 requires that either A or B (or both) be zero.  

The dot-product relationship applies to nonintersecting vectors as well 
as to intersecting vectors. Thus, the dot product of the nonintersecting 
vectors P and Q in Fig. 2/20 is Q times the projection of pi on Q, or P'Q cos 
a = PQ cos a because P' and P are the same when treated as free vectors.  

(2/13a) 

 

Figure 1/20 
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 II) Sample Problem 1/9  

A force F with a magnitude of 100 N is applied at the origin D of the axes x-y-z as 
shown. The line of action of F passes through a point A whose coordinates are 3 m, 4 m, 
and 5 m. Determine (a) the x, y, and z scalar components of F, (b) the projection Fxy of F 
on the x-y plane, and (c) the projection FOB of F along the line DB.  

Solution. Part (a). We begin by writing the force vector F as its magnitude F 
times a unit vector nOA'  

F = FnOA = F OA= 100 [ 3i + 4j + 5kJ  
 DA  Ja2+ 42 + 52  

= 100[0.424i + 0.566j + 0.707k]  

= 42.4i + 56.6j + 70.7k N  

The desired scalar components are thus  

CD r, = 42.4 

N  

Fy = 56.6 N  r, = 70.7 
N  

Ans. 

 

Ans. 

Ans. 

Part (b). The cosine of the angle 9xy between F and the x-y plane is Jaz+ 
42  

cos 9xy = -~ -_ -_ -_ -_ -_ -_ -_ -_ -_ = 0.707  
Js2 + 42 + 52  

sothatF;ry = Fcos8xy = 100(0.707) = 70.7N  

Part (c). The unit vector nOB along DB is  

 DB  6i + 6j + 2k  
nOB = = = -_ -_ -_ -_ -_ -_ -_ -_ -_ 0.688i + 0.688j + 
0.229k  
 DB  J62+ 62 + 22  

The scalar projection of F on DB is  
 

Q) FOB = F'nOB = (42.4i + 56.6j + 70.7k)·(0.688i + 0.688j 
+ 0.229k) = (42.4)(0.688) + (56.6)(0.688) + 
(70.7)(0.229)  

= 84.4 N  
If we wish to express the projection as a vector, we write  

FOB = F'nOBnOB  

= 84.4(0.688i + a.68Sj + 
0.229k)  

= 58.li + 58.lj + 19.35k N  
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 1/8 MOMENT AND COUPLE  

In two-dimensional analyses it is often convenient to determine a 
moment magnitude by scalar multiplication using the moment-arm rule. In 
three dimensions, however, the determination of the perpendicular 
distance between a point or line and the line of action of the force can be a 
tedious computation. A vector approach with cross-product multiplication 
then becomes advantageous.  

Moments in Three Dimensions 

Consider a force F with a given line of action acting on a body, Fig. 
2/21a, and any point 0 not on this line. Point 0 and the line of F establish a 
plane A. The moment Mo of F about an axis through 0 normal to the plane 
has the magnitude Mo = Fd, where d is the perpendicular distance from 0 to 
the line ofF. This moment is also referred to as the moment of F about the 
point O.  

The vector Mo is normal to the plane and is directed along the axis 
through O. We can describe both the magnitude and the direction ofMo by 
the vector cross-product relation introduced in Art. 2/4. (Refer to item 7 in 
Art. C/7 of Appendix C.) The vector r runs from 0 to any point on the line 
of action of F. As described in Art. 2/4, the cross product of rand F is 
written r x F and has the magnitude (r sin Ct)F, which is the same as Fd, the 
magnitude of Mo.  

The correct direction and sense of the moment are established by the 
right-hand rule, described previously in Arts. 2/4 and 2/5. Thus, with rand 
F treated as fi-ee vectors emanating from 0, Fig. 2/21b, the thumb points in 
the direction of Mo if the fingers of the right hand curl in the direction of 
rotation from r to F through the angle Ct. Therefore, we may write the
moment of F about the axis through 0 as  

(a) 

c1;o 
F
  

 

 
r
  

(2/14) 

The order r x F of the vectors must be maintained because F x r would 
produce a vector with a sense opposite to that of Mo; that is, F x r = -Mo.  

(b
) 

Figure 1/21  Evaluating the Cross Produd  

The cross-product expression for Mo may be written in the deter-
minant form  

i j k  

(2/15
) 

 

(Refer to item 7 in Art. C/7 of Appendix C if you are not already familiar 
with the determinant representation of the cross product.) Note the sym-
metry and order of the terms, and note that a right-handed coordinate 
system must be used. Expansion of the determinant gives  
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 JJ) To gain more confidence in the cross-product relationship, examine the 

three components of the moment of a force about a point as obtained from 
Fig. 2/22. This figure shows the three components of a force F acting at a 
point A located relative to 0 by the vector r. The scalar magnitudes of the 
moments of these forces about the positive X-, y-, and z-axes through 0 can 
be obtained from the moment-arm rule, and are  

 
z 
I  

~u, I     
I
 
I
 
I
  
I  

o  

which agree with the respective terms in the determinant expansion for the 
cross product r x F.  

Figure 1/22  

 

Moment about an Arbitrary Axis 
 

We can now obtain an expression for the moment MA of F about any 

axis A through 0, as shown in Fig. 2/23. If n is a unit vector in the A-
direction, then we can use the dot-product expression for the component of 
a vector as described in Art. 2/7 to obtain Mo' n, the component of Mo in 
the direction of A. This scalar is the magnitude of the moment  

F  MA of F about A.  
To obtain the vector expression for the moment MA of F about A, 

multiply the magnitude by the directional unit vector n to obtain  

( MA = (r x F· n)n ) (2/16) 

where r x F replaces Mo. The expression r x F· n is known as a triple scalar 
product (see item 8 in Art. C/7, Appendix C). It need not be written (r x F)· 
n because a cross product cannot be formed by a vector and a scalar. Thus, 
the association r x (Fvn) would have no meaning.  

The triple scalar product may be represented by the determinant  

Figure 1/n  

(2/17) 

where a, [3, 'Yare the direction cosines of the unit vector n.  

Varignon's Theorem in Three Dimensions  

In Art. 2/4 we introduced Varignon's theorem in two dimensions.  

The theorem is easily extended to three dimensions. Figure 2/24 shows a 
system of concurrent forces F l' F2, F3, .... The sum of the moments about 0 
of these forces is  

 r x F 1 + r x F 2 + r x F 3 + ... = r x (F 1 + F 2 + F 3 + ... ) = r x 

LF  Figure 1/24  
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 where we have used the distributive law for cross products. Using the 

symbol Mo to represent the sum of the moments on the left side of the 
above equation, we have  

( Mo = 2:(r x F) = r x R)  (2/18) 

This equation states that the sum of the moments of a system of concurrent 
forces about a given point equals the moment of their sum about the same 
point. As mentioned in Art. 2/4, this principle has many applications in 
mechanics.  

Couples in Three Dimensions  

The concept of the couple was introduced in Art. 2/5 and is easily 
extended to three dimensions. Figure 2/25 shows two equal and opposite 
forces F and - F acting on a body. The vector r runs from any point B on 
the line of action of - F to any point A on the line of action of F. Points A 
and B are located by position vectors rA and rB from any point O. The 
combined moment of the two forces about 0 is  

However, rA - rB = r, so that all reference to the moment center 0 disappears, 
and the moment of the couple becomes  

 
(2/19) 

Thus, the moment of a couple is the same about all points. The magnitude 
of M is M = Fd, where d is the perpendicular distance between the lines of 
action of the two forces, as described in Art. 2/5.  

The moment of a couple is a free vector, whereas the moment of a 
force about a point (which is also the moment about a defined axis through 
the point) is a sliding vector whose direction is along the axis through the 
point. As in the case of two dimensions, a couple tends to produce a pure 
rotation of the body about an axis normal to the plane of the forces which 
constitute the couple.  

Figure 1/25  
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Figure 1/26  

Couple vectors obey all of the rules which govern vector quantities. 
Thus, in Fig. 2/26 the couple vector M1 due to F 1 and - F 1 may be added as 
shown to the couple vector M2 due to F 2 and - F 2 to produce the couple 
M, which, in turn, can be produced by F and -F.  

In Art. 2/5 we learned how to replace a force by its equivalent force-
couple system. You should also be able to carry out this replacement in 
three dimensions. The procedure is represented in Fig. 2/27, where the 
force F acting on a rigid body at point A is replaced by an equal force at 
point B and the couple M = r x F. By adding the equal and opposite forces 
F and -F at B, we obtain the couple composed of -F and the original F. 
Thus, we see that the couple vector is simply the moment of the original 
force about the point to which the force is being moved. We emphasize that 
r is a vector which runs from B to any point on the line of action of the 
original force passing through A.  

M=rxF 

 

Figure 1/27  
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 KK) LL) MM) Sample Problem 1/10  

o

A tension T of magnitude 10 kN is applied to the cable attached to the top A of the 
rigid mast and secured to the ground at B. Determine the moment Mz of T about the z-axis 
passing through the base O.  

Solution (a). The required moment may be obtained by finding the component along 
the a-axis of the moment Mo of T about point O. The vector Mo is normal to the 
plane defined by T and point 0, as shown in the accompanying figure. In the use of 

q. 2/14 to find Mo, the vector r is any vector from point 0 to the  E 
CD line of action ofT. The simplest choice is the vector from 0 to A, which is written as r = lSj 

m. The vector expression for T is  

 T = TnAB = 10 [  12i - 15j + 9k  ]  

)(12)2+ (-lS)2 + (9)2  

= 10(0.S66i - 0.707j + 0.424k) kN  

Helpful Hints  
 

CD We could also use the vector from 0 to B 
for r and obtain the same result, but 
using vector OA is simpler.  

From Eq. 2/14,  
 

[Mo = r x F) Mo = 15j X 10(0.S66i - 0.707j + 0.424k) = 150( -0.S66k + 
0.424i) kN· m  (1) It is always helpful to accompany your 

vector operations with a sketch of the 
vectors so as to retain a clear picture of 
the geometry of the problem.  
 

G) Sketch the x-y view of the problem and 
show d.  

The value Mz of the desired moment is the scalar component of Mo in the zdirection or Mz = Mo' 
k. Therefore,  

 Mz = lS0(-0.S66k + 0.424i)·k = -84.9 kN'm  Ans. 
 

(1) The minus sign indicates that the vector Mz is in the negative a-direction. Expressed as a 
vector, the moment is Mz = -84.9k kN . m.  

Solution (b). The force of magnitude T is resolved into components Tz and T xy in 
the x-y plane. Since Tz is parallel to the a-axis, it can exert no moment about  

G) this axis. The moment Mz is, then, due only to Txy and is u, = T xyd, where d is the 
perpendicular distance from T xy to O. The cosine of the angle between T  

and Txy is hs2
+ 122/ hs2

+ 122 + 92 = 0.906, and therefore,  

T xy = 10(0.906) = 9.06 kN  
 
The moment arm d equals OA multiplied by the sine of the angle between T xy and OA, or 

 
d = IS __ 12 __ = 9.37 m j~1-22~+-1-5-2 

Hence, the moment of T about the z-axis has the magnitude 

M; = 9.06(9.37) = 84.9 kN· m  Ans. 

and is clockwise when viewed in the x-y plane.  

Solution (c). The component T xy is further resolved into its components Tx and TY' It 
is clear that Ty exerts no moment about the a-axis since it passes through it, so that the required 
moment is due to Tx alone. The direction cosine ofT with respect to the x-axis is 12/ J92+ 122 + lS2 = 

0.566 so that Tx = 10(0.566) = 5.66 kN. Thus,  

Mz = S.66(15) = 84.9 kN· m Ans. 
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 NN) OO) PP) QQ) Sample Problem 1/11  

Determine the magnitude and direction of the couple M which will replace 
the two given couples and still produce the same external effect on the block. 
Specify the two forces F and - F, applied in the two faces of the block parallel to 
the y-z plane, which may replace the four given forces. The 30-N forces act 
parallel to the y-z plane.  

x <,  
<,  

<, 

50mm 

 
Solution. The couple due to the 30-N forces has the magnitudeM 1 = 30(0.06) = 
1.80 N . m. The direction ofM1 is normal to the plane defined by the two forces, 
and the sense, shown in the figure, is established by the right-hand convention. 
The couple due to the 25-N forces has the magnitude M2 = 25(0.10) = 2.50 N· m 
with the direction and sense shown in the same figure. The two couple 
vectors combine to give the components  

I 
z
  

M2 = 2.5 -rn  
<, 

<,  

'- M 
,,~ 

e /'  I  

"  I  ---+--y 
I  

My = 1.80 sin 60' = 1.559 N . m  

Mz = -2.50 + 1.80 cos 60' = -1.600 N· m 

M= J(1,559)2+ (-1.600? = 2.23N·m  

(} = tan"! 1.559 = tan-I 0.974 = 443'  
 1.600  . 

CD Thus,  Ans. 

with Ans. 

M] = 1.8 N'm  The forces F and - F lie in a plane normal to the couple M, and their mo-
ment arm as seen from the right-hand figure is 100 mm. Thus, each force has the 
magnitude  

z 

Helpful Hint 
 

CD Bear in mind that the couple vectors 
are free vectors and therefore have 
no unique lines of action.  

2.23  
F = 0.10 = 22.3 N  Ans. [M = Fd]  

and the direction (} = 44.3'.  

Sample Problem 1/12  
z 
I 
I A force of 40 lb is applied at A to the handle of the control lever which is 

attached to the fixed shaft OB. In determining the effect of the force on the shaft 
at a cross section such as that at 0, we may replace the force by an equivalent 
force at 0 and a couple. Describe this couple as a vector M.  

40tb 

Solution. The couple may be expressed in vector notation as M = r x F, where r = 
OA = 8j + 5k in. and F = -40i lb. Thus,  

M = (8j + 5k) X (-40i) = -200j + 320k lb-in,  
 
Alternatively we see that moving the 40-lb force through a distance d J52

+ 82 = 
9.43 in. to a parallel position through 0 requires the addition of a couple M 
whose magnitude is  

M = Fd = 40(9.43) = 377 lb-in.  Ans. 
 
The couple vector is perpendicular to the plane in which the force is shifted, and 
its sense is that of the moment of the given force about O. The direction of M in 
the y-z plane is given by  

e = tan"! ~ = 32.0'  Ans. 
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1/9 RESULTANTS  
 

In Art. 2/6 we defined the resultant as the simplest force combination 
which can replace a given system of forces without altering the external 
effect on the rigid body on which the forces act. We found the magnitude 
and direction of the resultant force for the two-dimensional force system by 
a vector summation of forces, Eq. 2/9, and we located the line of action of 
the resultant force by applying the principle of moments, Eq. 2/10. These 
same principles can be extended to three dimensions.  

In the previous article we showed that a force could be moved to a 
parallel position by adding a corresponding couple. Thus, for the system of 
forces F 1> F 2, F a ... acting on a rigid body in Fig. 2/28a, we may move 
each of them in turn to the arbitrary point 0, provided we also introduce a 
couple for each force transferred. Thus, for example, we may move force F 
1 to 0, provided we introduce the couple M] = r] x F], where rl is a vector 
from 0 to any point on the line of action of Fl' When all forces are shifted 
to 0 in this manner, we have a system of concurrent forces at 0 and a 
system of couple vectors, as represented in part b of the figure. The 
concurrent forces may then be added vectorially to produce a resultant force 
R, and the couples may also be added to produce a resultant couple M Fig. 
2/28c. The general force system, then, is reduced to  

R = F1 + F2 + Fs + .............. = LF  

M = M1 + M2 + Ms + ............ = Ler x F) 
e2/20) 

The couple vectors are shown through point 0, but because they are free 
vectors, they may be represented in any parallel positions. The magnitudes 
of the resultants and their components are  

 u; = LFx  Ry = LFy  Rz = "LFz

R = JeLFx)2+ eLFy)2 + eLFz)2  

M" = L(r x F),  My = Ler x F)y  ~ = "L(r x F), 

M = JM 2 + M 2 + M 2  
 x  y  z  

(2/21) 
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The point 0 selected as the point of concurrency for the forces is 
arbitrary, and the magnitude and direction of M depend on the particular 
point 0 selected. The magnitude and direction of R, however, are the same 
no matter which point is selected.  

In general, any system of forces may be replaced by its resultant force R 
and the resultant couple M. In dynamics we usually select the mass center as 
the reference point. The change in the linear motion of the body is 
determined by the resultant force, and the change in the angular motion of 
the body is determined by the resultant couple. In statics, the body is in 
complete equilibrium when the resultant force R is zero and the resultant 
couple M is also zero. Thus, the determination of resultants is essential in 
both statics and dynamics.  

We now examine the resultants for several special force systems.  

Concurrent Forces. When forces are concurrent at a point, only the first of 
Eqs. 2/20 needs to be used because there are no moments about the point of 
concurrency.  

Parallel Forces. For a system of parallel forces not all in the same plane, 
the magnitude of the parallel resultant force R is simply the magnitude of the 
algebraic sum of the given forces. The position of its line of action is obtained 
from the principle of moments by requiring that r x R = Mo. Here r is a position 
vector extending from the forcecouple reference point 0 to the final line of 
action of R, and Mo is the sum of the moments of the individual forces about O. 
See Sample Problem 2/14 for an example of parallel-force systems.  

Coplanar Forces. Article 2/6 was devoted to this force system. Wrench 
Resultant. When the resultant couple vector M is parallel to the resultant force 
R, as shown in Fig. 2/29, the resultant is called a wrench. By definition a wrench 
is positive if the couple and force vectors point in the same direction and 
negative if they point in opposite directions. A common example of a positive 
wrench is found with the application of a screwdriver, to drive a right-handed 
screw. Any general force system may be represented by a wrench applied along 
a unique line of action. This reduction is illustrated in Fig. 2/30, where part a of 
the figure represents, for the general force system, the resultant force R acting at 
some point 0 and the corresponding resultant couple M. Although M is a free 
vector, for convenience we represent it as acting through O.  

In part b of the figure, M is resolved into components M1 along the 
direction of Rand M2 normal to R. In part c of the figure, the couple  

 

Positive wrench Negative wrench  

Figure 2/29 
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SS) 

 

 
 

Figure 2/30  

M2 is replaced by its equivalent of two forces Rand - R separated by a 
distance d = M2/R with -R applied at 0 to cancel the original R. This step 
leaves the resultant R, which acts along a new and unique line of action, 
and the parallel couple Ml> which is a free vector, as shown in part d of the 
figure. Thus, the resultants of the original general force system have been 
transformed into a wrench (positive in this illustration) with its unique axis 
defined by the new position of R.  

We see from Fig. 2/30 that the axis of the wrench resultant lies in a 
plane through 0 normal to the plane defined by Rand M. The wrench is the 
simplest form in which the resultant of a general force system may be 
expressed. This form of the resultant, however, has limited application, 
because it is usually more convenient to use as the reference point some 
point 0 such as the mass center of the body or another convenient origin of 
coordinates not on the wrench axis.  
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 TT) UU) Sample Problem 1/13  

Determine the resultant of the force and couple system which acts on the 
rectangular solid.  

 
Solution. We choose point 0 as a convenient reference point for the initial step of 
reducing the given forces to a force-couple system. The resultant force is  

CD  R = 2:F = (80 - 80H + (100 - 100)j + (50 - 50)k = 0 lb  
 
The sum of the moments about 0 is  

(2)  Mo = [50(l6) - 700Ji + [80(12) - 9601j + [100(l0) - 1000]k lb-in,  
= 100i lb-in,  

 
Hence, the resultant consists of a couple, which of course may be applied at any point 
on the body or the body extended.  

<, 
<,  

"-y 

Helpful Hints  
 

CD Since the force summation is zero, we conclude that the resuliant, if it exists, must 
be a couple.  

 
(2) The moments associated with the force pairs are easily obtained by using the M = Fd rule 

and assigning the unit-vector direction by inspection. In many three-dimensional 
problems, this may be simpler than the M = r x F approach.  

Sample Problem 1/14  
50N  

Determine the resultant of the system of parallel forces which act on the plate. 
Solve with a vector approach.  

 
Solution. Transfer of all forces to point 0 results in the force-couple system  

R = 2:F = (200 + 500 - 300 - 50)j = 350j N  
 

Mo = [50(0.35) - 300(O.35)]i + [-50(0.50) - 200(O.50)]k = -87.5i - 125k N· 

m  

 
The placement of R so that it alone represents the above force-couple system is 
determined by the principle of moments in vector form  

rXR=Mo  

 (xi + yj + zk) x 350j  -87.5i  125k  

 350xk - 350zi  -87.5i - 125k  

 
From the one vector equation we may obtain the two scalar equations  

350x = -125  
 
an
d  Hence, x = -0.357 m and z = 0.250 m are the coordinates through which the 

line of action of R must pass. The value of y may, of course, be any value, 
as CD permitted by the principle of transmissibility. Thus, as expected, the variable y 
drops out of the above vector analysis.  

 
-350z = -87.5  

Helpful Hint 
 

CD You should also carry out a scalar so-
lution to this problem.  
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 VV) Sample Problem 1/15  

Replace the two forces and the negative wrench by a single force R applied at A 
and the corresponding couple M.  

Solution. The resultant force has the components  

Rx = 500 sin 40° + 700 sin 60· = 928 N Ry = 

600 + 500 cos 40° cos 45° = 871 N  

R, = 700 cos 60° + 500 cos 40° sin 45° = 621 N R = 

928i + 871j + 621k N  

R = )(928)2+ (871)2 + (621)2 = 1416 N  

[Rx = ITx] 

[Ry = LFyl 

[Rz = 

  LFz]Thus, 

Ans. and  

The couple to be added as a result of moving the 500-N force is  

CD [M = r x F] M500 = (0.08i + 0.12j + 0.05k) x 500(i sin 40° + j cos 40° 
cos 45° + k cos 40° sin 45°)  

where r is the vector from A to B.  

The term-by-term, or determinant, expansion gives  

M500 = 18.95i - 5.59j - 16.90k N· m  
 

@ The moment of the 600-N force about A is written by inspection of its z- and z-

components, which gives  

Helpful Hints  
 

CD Suggestion: Check the cross-product 
results by evaluating the moments about 
A of the components of the 500-N force 
directly from the sketch.  

~OO = (600)(0.060)i + (600)(0.040)k = 36.0i + 24.0k N· m  

The moment of the 700-N force about A is easily obtained from the moments of the x-

and z-components of the force. The result becomes  
@ For the 600-N and 700-N forces it is 

easier to obtain the components of 
their moments about the coordinate 
directions through A by inspection of 
the figure than it is to et up the cross-
product relations.  

M700 = (700 cos 600)(0.030)i - [(700 sin 60°)(0.060) 

+ (700 cos 600)(0.100)]j - (700 sin 600)(0.030)k = 

10.5i - 71.4j - IS. 19k N . m  

@ Also, the couple of the given wrench may be written  
 

M' = 25.0( -i sin 40° - j cos 40· cos 45° - k cos 40° sin 45°) = -16.0n - 13.54j - 

13.54k N . m  

@ The 25-N· m couple vector of the wrench 
points in the direction opposite to that of 
the 500-N force, and we must resolve it 
into its X-, yo, and a-components La be 
added to the other couple-vector 
components.  

Therefore, the resultant couple on adding together the I-, j-, and k-terms of the four 
M's is  

@)  M = 49.4i - 90.5j - 24.6k N . m  

@) Although the resultant couple vector M 
in the sketch of the resultants is shown 
through A, we recognize that a couple 
vector is a free vector and therefore has 
no specified line of action.  

M = )(49.4)2+ (90.5)2 + (24.6)2 = 106.0 

Nr m  

Ans. and 
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 Sample Problem 1/16  

z 
I 
I 

4
" 

<,  ..... 
x  

Determine the wrench resultant of the three forces acting on the bracket.  
Calculate the coordinates of the point P in the x-y plane through which the resultant 
force of the wrench acts. Also find the magn.itude of the couple M of the wrench.  

Solution. The direction cosines of the couple M of the wrench must be the same CD 
as those of the resultant force R, assuming that the wrench is positive. The resultant force 
is  40lb 

R = )(20)2+ (40)2 + (40)2 = 60lb  R = 20i + 40j + 40k Ib  

and its direction cosines are  

cos Ox = 20/60 = 1/3 cos Oy = 40/60 = 2/3 cos Oz = 40/60 = 2/3  

The moment of the wrench couple must equal the sum of the moments of the 
given forces about point P through which R passes. The moments about P of the three 
forces are  

(M)R. = 20yk Ib-in.  

(M)Ry = -40(3)i - 40xk lb-in.  

(M)R. = 40(4 - y)i - 40(5 - x)j lb-in, and 

the total moment is  
Helpful Hint 

CD We assume initially that the wrench is 
positive. If M turns out to be negative, 
then the direction of the couple vector 
is oppo ite to that of the resultant 
force.  

M = (40 - 40y)i + (-200 + 40x)j + (-40x + 2Oy)k lb-in.  

The direction cosines of Mare  

cos Ox = (40 - 4Oy)/M cos Oy 

= (-200 + 40x)/M cos fJz = (-

40x + 2Oy)/M  

where M is the magnitude of M. Equating the direction cosines of Rand M gives  

M 
40 - 40y = '3  

2M 
=-  

3  
-200 + 40x  

 .  2M  
-4Ox + 20y = 3  

Solution of the three equations gives  

x = 3 in.  Ans. y = 2 in.  M = -120 lb-in,  

We see that M turned out to be negative, which means that the couple vector is 
pointing in the direction opposite to R, which makes the wrench negative.  
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EQUILIBRIUM 

CHAPTER OUTLINE  

2/1 Introduction  

SECTION A. Equilibrium in Two Dimensions  

2/2 System Isolation and the Free-Body 

Diagram  

2/3 Equilibrium Conditions  

SECTION B. Equilibrium in Three Dimensions 
2/4 Equilibrium Conditions  

  

2/1 INTRODUCTION  

Statics deals primarily with the description of the force conditions 
necessary and sufficient to maintain the equilibrium of engineering 
structures. This chapter on equilibrium, therefore, constitutes the most 
important part of statics, and the procedures developed here form the basis 
for solving problems in both statics and dynamics. We will make continual 
use of the concepts developed in Chapter 2 involving forces, moments, 
couples, and resultants as we apply the principles of equilibrium.  

When a body is in equilibrium, the resultant of all forces acting on it is 
zero. Thus, the resultant force R and the resultant couple Mare both zero, 
and we have the equilibrium equations  

M = 2:M = 0)  (R=LF=O (2/1) 

These requirements are both necessary and sufficient conditions for 
equilibrium.  

All physical bodies are three-dimensional, but we can treat many of 
them as two-dimensional when the forces to which they are subjected act in 
a single plane or can be projected onto a single plane. When this 
simplification is not possible, the problem must be treated as three-  
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dimensional. We will follow the arrangement used in Chapter 2, and 
discuss in Section A the equilibrium of bodies subjected to two-dimen-
sional force systems and in Section B the equilibrium of bodies subjected 
to three-dimensional force systems.  

SECTION A. EQUiliBRIUM IN TWO DIMENSIONS 

2/2 SYSTEM ISOLATION  

AND THE FREE-BODY DIAGRAM  

Before we apply Eqs. 3/1, we must define unambiguously the par-
ticular body or mechanical system to be analyzed and represent clearly and 
completely all forces acting on the body. Omission of a force which acts on 
the body in question, or inclusion of a force which does not act on the 
body, will give erroneous results.  

A mechanical system is defined as a body or group of bodies which 
can be conceptually isolated from all other bodies. A system may be a 
single body or a combination of connected bodies. The bodies may be rigid 
or nonrigid. The system may also be an identifiable fluid mass either liquid 
or gas, or a combination of fluids and solids. In statics we study primarily 
forces which act on rigid bodies at rest, although we also study forces 
acting on fluids in equilibrium.  

Once we decide which body or combination of bodies to analyze, we 
then treat this body or combination as a single body isolated from all 
surrounding bodies. This isolation is accomplished by means of the free-
body diagram, which is a diagrammatic representation of the isolated 
system treated as a single body. The diagram shows all forces applied to the 
system by mechanical contact with other bodies, which are imagined to be 
removed. If appreciable body forces are present, such as gravitational or 
magnetic attraction, then these forces must also be shown on the free-body 
diagram of the isolated system. Only after such a diagram has been 
carefully drawn should the equilibrium equations be written. Because of its 
critical importance, we emphasize here that  

the free-body diagram is the most important single step 
in the solution of problems in mechanics.  

Before attempting to draw a free-body diagram, we must recall the 
basic characteristics of force. These characteristics were described in Art. 
2/2, with primary attention focused on the vector properties of force. Forces 
can be applied either by direct physical contact or by remote action. Forces
can be either internal or external to the system under consideration. 
Application of force is accompanied by reactive force, and both applied and 
reactive forces may be either concentrated or distributed. The principle of 
transmissibility permits the treatment of force as a sliding vector as far as 
its external effects on a rigid body are concerned.  
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We will now use these force characteristics to develop conceptual 
models of isolated mechanical systems. These models enable us to write the 
appropriate equations of equilibrium, which can then be analyzed.  

Modeling the Action of Forces  

Figure 3/1 shows the common types of force application on mechanical 
systems for analysis in two dimensions. Each example shows the force 
exerted on the body to be isolated, by the body to be removed. Newton's 
third law, which notes the existence of an equal and opposite reaction to 
every action, must be carefully observed. The force exerted on the body in 
question by a contacting or supporting member is always in the sense to 
oppose the movement of the isolated body which would occur if the 
contacting or supporting body were removed.  

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS 

Type of Contact and Force Origin Action on Body to Be Isolated 

2. Smooth surfaces  

3. Rough surfaces  

4. Roller support  

  

Figure 2/1 

F

I

' 
/ ..•  
/ ,  

R    <, I',-,  
N  

~ 
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Figure 3/1, continued 

In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope, 
or chain on the body to which it is attached. Because of its flexibility, a 
rope or cable is unable to offer any resistance to bending, shear, or 
compression and therefore exerts only a tension force in a direction tangent 
to the cable at its point of attachment. The force exerted by the cable on the 
body to which it is attached is always away from the body. When the 
tension T is large compared with the weight of the cable, we may assume 
that the cable forms a straight line. When the cable weight is not negligible 
compared with its tension, the sag of the cable becomes important, and the 
tension in the cable changes direction and magnitude along its length.  

When the smooth surfaces of two bodies are in contact, as in Example 
2, the force exerted by one on the other is normal to the tangent  
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to the surfaces and is compressive. Although no actual surfaces are per-
fectly smooth, we can assume this to be so for practical purposes in many 
instances.  

When mating surfaces of contacting bodies are rough, as in Example 3, 
the force of contact is not necessarily normal to the tangent to the surfaces, 
but may be resolved into a tangential or frictional component F and a 
normal component N.  

Example 4 illustrates a number of forms of mechanical support which 
effectively eliminate tangential friction forces. In these cases the net 
reaction is normal to the supporting surface.  

Example 5 shows the action of a smooth guide on the body it supports. 
There cannot be any resistance parallel to the guide.  

Example 6 illustrates the action of a pin connection. Such a connection
can support force in any direction normal to the axis of the pin. We usually 
represent this action in terms of two rectangular components. The correct 
sense of these components in a specific problem depends on how the 
member is loaded. When not otherwise initially known, the sense is 
arbitrarily assigned and the equilibrium equations are then written. If the 
solution of these equations yields a positive algebraic sign for the force 
component, the assigned sense is correct. A negative sign indicates the 
sense is opposite to that initially assigned.  

If the joint is free to turn about the pin, the connection can support 
only the force R. If the joint is not free to turn, the connection can also 
support a resisting couple M. The sense of M is arbitrarily shown here, but 
the true sense depends on how the member is loaded.  

Example 7 shows the resultants of the rather complex distribution of 
force over the cross section of a slender bar or beam at a built-in or fixed 
support. The sense of the reactions F and V and the bending couple M in a 
given problem depends, of course, on how the member is loaded.  

One of the most common forces is that due to gravitational attraction, 
Example 8. This force affects all elements of mass in a body and is, 
therefore, distributed throughout it. The resultant of the gravitational forces 
on all elements is the weight W = mg of the body, which passes through the 
center of mass G and is directed toward the center of the earth for 
earthbound structures. The location of G is frequently obvious from the 
geometry of the body, particularly where there is symmetry. When the 
location is not readily apparent, it must be determined by experiment or 
calculations.  

Similar remarks apply to the remote action of magnetic and electric 
forces. These forces of remote action have the same overall effect on a 
rigid body as forces of equal magnitude and direction applied by direct 
external contact.  

Example 9 illustrates the action of a linear elastic spring and of a 
nonlinear spring with either hardening or softening characteristics. The 
force exerted by a linear spring, in tension or compression, is given by F = 

kx, where k is the stiffness of the spring and x is its deformation measured 
from the neutral or undeformed position.  

The representations in Fig. 3/1 are not free-body diagrams, but are 
merely elements used to construct free-body diagrams. Study these nine 
conditions and identify them in the problem work so that you can draw the 
correct free-body diagrams.  
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Construction of Free-Body Diagrams  

 

The full procedure for drawing a free-body diagram which isolates a 
body or system consists of the following steps.  

Step 1. Decide which system to isolate. The system chosen should usually 
involve one or more of the desired unknown quantities.  

Step 2. Next isolate the chosen system by drawing a diagram which represents 
its complete external boundary. This boundary defines the isolation of the system 
from all other attracting or contacting bodies, which are considered removed. This 
step is often the most crucial of all. Make certain that you have completely isolated 
the system before proceeding with the next step.  

 

Step J. Identify all forces which act on the isolated system as applied by the 
removed contacting and attracting bodies, and represent them in their proper 
positions on the diagram of the isolated system. Make a systematic traverse of 
the entire boundary to identify all contact forces. Include body forces such as 
weights, where appreciable. Represent all known forces by vector arrows, each
with its proper magnitude, direction, and sense indicated. Each unknown force 
should be represented by a vector arrow with the unknown magnitude or 
direction indicated by symbol. If the sense of the vector is also unknown, you 
must arbitrarily assign a sense. The subsequent calculations with the equilibrium 
equations will yield a positive quantity if the correct sense was assumed and a 
negative quantity if the incorrect sense was assumed. It is necessary to be 
consistent with the assigned characteristics of unknown forces throughout all of 
the calculations. If you are consistent, the solution of the equilibrium equations 
will reveal the correct senses.  

Step 4. Show the choice of coordinate axes directly on the diagram.  

Pertinent dimensions may also be represented for convenience. Note, 
however, that the free-body diagram serves the purpose of focusing at-
tention on the action of the external forces, and therefore the diagram 
should not be cluttered with excessive extraneous information. Clearly 
distinguish force arrows from arrows representing quantities other than 
forces. For this purpose a colored pencil may be used.  

Completion of the foregoing fOUT steps will produce a correct free-
body diagram to use in applying the governing equations, both in statics and 
in dynamics. Be careful not to omit from the free-body diagram certain 
forces which may not appear at first glance to be needed in the calculations. 
It is only through complete isolation and a systematic representation of all 
external forces that a reliable accounting of the effects of all applied and 
reactive forces can be made. Very often a force which at first glance may 
not appear to influence a desired result does indeed have an influence. Thus, 
the only safe procedure is to include on the free-body diagram all forces 
whose magnitudes are not obviously negligible.  

The free-body method is extremely important in mechanics because it 
ensures an accurate definition of a mechanical system and focuses  
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 WXYZattention on the exact meaning and application of the force laws of statics 

and dynamics. Review the foregoing four steps for constructing a free-
body diagram while studying the sample free-

WX))  Y) Z) 

body diagrams shown in Fig. 
3/2 and the Sample Problems which appear at the end of the next article.  

Examples of Free-Body Diagrams  
 

Figure 3/2 gives four examples of mechanisms and structures together 
with their correct free-body diagrams. Dimensions and magnitudes are 
omitted for clarity. In each case we treat the entire system as a single body, 
so that the internal forces are not shown. The characteristics of the various 
types of contact forces illustrated in Fig. 3/1 are used in the four examples 
as they apply.  

 

Figure 2/2  



 44
 In Example 1 the truss is composed of structural elements which, taken 

all together, constitute a rigid framework. Thus, we may remove the entire 
truss from its supporting foundation and treat it as a single rigid body. In 
addition to the applied external load P, the free-body diagram must include 
the reactions on the truss at A and B. The rocker at B can support a vertical 
force only, and this force is transmitted to the structure at B (Example 4 of 
Fig. 3/1). The pin connection at A (Example 6 of Fig. 3/1) is capable of 
supplying both a horizontal and a vertical force component to the truss. If 
the total weight of the truss members is appreciable compared with P and 
the forces at A and B, then the weights of the members must be included 
on the free-body diagram as external forces.  

In this relatively simple example it is clear that the vertical component 
~ must be directed down to prevent the truss from rotating clockwise about 
B. Also, the horizontal component Ax will be to the left to keep the truss 
from moving to the right under the influence of the horizontal component 
of P. Thus, in constructing the free-body diagram for this simple truss, we 
can easily perceive the correct sense of each of the components of force 
exerted on the truss by the foundation at A and can, therefore, represent its 
correct physical sense on the diagram. When the correct physical sense of a 
force or its component is not easily recognized by direct observation, it 
must be assigned arbitrarily, and the correctness of or error in the 
assignment is determined by the algebraic sign of its calculated value.  

In Example 2 the cantilever beam is secured to the wall and subjected 
to three applied loads. When we isolate that part of the beam to the right of 
the section at A, we must include the reactive forces applied to the beam by 
the wall. The resultants of these reactive forces are shown acting on the 
section of the beam (Example 7 of Fig. 3/1). A vertical force V to 
counteract the excess of downward applied force is shown, and a tension F 
to balance the excess of applied force to the right must also be included. 
Then, to prevent the beam from rotating about A, a counterclockwise 
couple M is also required. The weight mg of the beam must be represented 
through the mass center (Example 8 of Fig. 3/1).  

In the free-body diagram of Example 2, we have represented the 
somewhat complex system of forces which actually act on the cut section 
of the beam by the equivalent force-couple system in which the force is 
broken down into its vertical component V (shear force) and its horizontal 
component F (tensile force). The couple M is the bending moment in the 
beam. The free-body diagram is now complete and shows the beam in 
equilibrium under the action of six forces and one couple.  

In Example 3 the weight W = mg is shown acting through the center of 
mass of the beam, whose location is assumed known (Example 8 of Fig. 
3/1). The force exerted by the corner A on the beam is normal to the 
smooth surface of the beam (Example 2 of Fig. 3/1). To perceive this action 
more clearly, visualize an enlargement of the contact point A, which would 
appear somewhat rounded, and consider the force exerted by this rounded 
corner on the straight surface of the beam, which is assumed to be smooth. 
If the contacting surfaces at the corner were not smooth, a tangential 
frictional component of force could exist. In addition to the applied force P 
and couple M, there is the pin connection  
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 at B, which exerts both an x- and a y-component of force on the beam. The 

positive senses of these components are assigned arbitrarily.  
In Example 4 the free-body diagram of the entire isolated mechanism 

contains three unknown forces if the loads mg and P are known. Anyone of 
many internal configurations for securing the cable leading from the mass 
m would be possible without affecting the external response of the 
mechanism as a whole, and this fact is brought out by the free-body 
diagram. This hypothetical example is used to show that the forces internal 
to a rigid assembly of members do not influence the values of the external 
reactions.  

We use the free-body diagram in writing the equilibrium equations, 
which are discussed in the next article. When these equations are solved, 
some of the calculated force magnitudes may be zero. This would indicate 
that the assumed force does not exist. In Example 1 of Fig. 3/2, any of the 
reactions Ax, Ay, or By can be zero for specific values of the truss geometry 
and of the magnitude, direction, and sense of the applied load P. A zero 
reaction force is often difficult to identify by inspection, but can be 
determined by solving the equilibrium equations.  

Similar comments apply to calculated force magnitudes which are 
negative. Such a result indicates that the actual sense is the opposite of the 
assumed sense. The assumed positive senses of B; and By in Example 3 
and By in Example 4 are shown on the free-body diagrams. The correctness 
of these assumptions is proved or disproved according to whether the 
algebraic signs of the computed forces are plus or minus when the 
calculations are carried out in an actual problem.  

The isolation of the mechanical system under consideration is a crucial 
step in the formulation of the mathematical model. The most important 
aspect to the correct construction of the all-important free-body diagram is 
the clear-cut and unambiguous decision as to what is included and what is 
excluded. This decision becomes unambiguous only when the boundary of 
the free-body diagram represents a complete traverse of the body or system 
of bodies to be isolated, starting at some arbitrary point on the boundary
and returning to that same point. The system within this closed boundary is 
the isolated free body, and all contact forces and all body forces transmitted 
to the system across the boundary must be accounted for.  

The following exercises provide practice with drawing free-body 
diagrams. This practice is helpful before using such diagrams in the 
application of the principles of force equilibrium in the next article.  
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FREE-BODY DIAGRAM EXERCISES   AAA) 

l/A In each of the five following examples, the body 
to be isolated is shown in the left-hand 
diagram, and an incomplete free-body diagram 
(FBD) of the isolated body is shown on the 
right. Add whatever forces are nec-  

essary in each case to form a complete free-body diagram. 
The weights of the bodies are negligible unless otherwise 
indicated. Dimensions and numerical values are omitted for 
simplicity.  

 

 



Free-Body Diagram Exercises  
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 BBB) 

3/B In each of the five following examples, the body to be 
isolated is shown in the left-hand diagram, and either a 
wrong or an incomplete free-body diagram (FBD) is 
shown on the right. Make whatever changes or addi-  

tions are necessary in each case to form a correct and 
complete free-body diagram. The weights of the bodies 
are negligible unless otherwise indicated. Dimensions 
and numerical values are omitted for simplicity.  

 

Figure 3/B 
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Figure 3/C 
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 3/3 EQUILIBRIUM CONDITIONS  

In Art. 3/1 we defined equilibrium as the condition in which the 
resultant of all forces and moments acting on a body is zero. Stated in 
another way, a body is in equilibrium if all forces and moments applied to 
it are in balance. These requirements are contained in the vector equations 
of equilibrium, Eqs. 3/1, which in two dimensions may be written in scalar 
form as  

  
∑M=0 (3/2

) 

The third equation represents the zero sum of the moments of all forces 
about any point ° on or off the body. Equations 3/2 are the necessary and 
sufficient conditions for complete equilibrium in two dimensions. They are 
necessary conditions because, if they are not satisfied, there can be no force 
or moment balance. They are sufficient because once they are satisfied, 
there can be no imbalance, and equilibrium is assured.  

The equations relating force and acceleration for rigid-body motion are 
developed in Vol. 2 Dynamics from Newton's second law of motion. These 
equations show that the acceleration of the mass center of a body is 
proportional to the resultant force F acting on the body. Consequently, if a 
body moves with constant velocity (zero acceleration), the resultant force 
on it must be zero, and the body may be treated as in a state of translational 
equilibrium.  

For complete equilibrium in two dimensions, all three ofEqs. 3/2must 
hold. However, these conditions are independent requirements, and one 
may hold without another. Take, for example, a body which slides along a 
horizontal surface with increasing velocity under the action of applied 
forces. The force-equilibrium equations will be satisfied in the vertical 
direction where the acceleration is zero, but not in the horizontal direction. 
Also, a body, such as a flywheel, which rotates about its fixed mass center 
with increasing angular speed is not in rotational equilibrium, but the two 
force-equilibrium equations will be satisfied.  

Categories of Equilibrium  

Applications of Eqs. 3/2 fall naturally into a number of categories 
which are easily identified. The categories of force systems acting on 
bodies in two-dimensional equilibrium are summarized in Fig. 3/3 and are 
explained further as follows.  

Category 1, equilibrium of collinear forces, clearly requires only the one 
force equation in the direction of the forces (z-direction), since all other 
equations are automatically satisfied.  

Category 2, equilibrium of forces which lie in a plane (x-y plane) and 
are concurrent at a point 0, requires the two force equations only, since 
the moment sum about 0, that is, about a z-axis through 0, is necessarily 
zero. Included in this category is the case of the equilibrium of a particle. 

Category 3, equilibrium of parallel forces in a plane, requires the one 
force equation in the direction of the forces (x-direction) and one moment 
equation about an axis (z-axis) normal to the plane ofthe forces.  
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Figure 3/3  

Category 4, equilibrium of a general system of forces in a plane (x-

y) , requires the two force equations in the plane and one moment 
equation about an axis (a-axis) normal to the plane.  

Two- and Three-Force Members  

You should be alert to two frequently occurring equilibrium situations. 
The first situation is the equilibrium of a body under the action of two 
forces only. Two examples are shown in Fig. 3/4, and we see that for such a 
two-force member to be in equilibrium, the forces must be equal, opposite, 
and collinear. The shape of the member does not affect this simple 
requirement. In the illustrations cited, we consider the weights of the 
members to be negligible compared with the applied forces.  

The second situation is a three-force member, which is a body under 
the action of three forces, Fig. 3/5a. We see that equilibrium requires the 
lines of action of the three forces to be concurrent. If they were not 
concurrent, then one of the forces would exert a resultant moment about the 
point of intersection of the other two, which would violate the requirement 
of zero moment about every point. The only exception occurs when the 
three forces are parallel. In this case we may consider the point of 
concurrency to be at infinity.  

 

Two-force members  

Figure 3/4  
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 DEFDD)EE) FF)  The principle of the concurrency of three forces in equilibrium is of 

considerable use in carrying out a graphical solution of the force equations. 
In this case the polygon of forces is drawn and made to close, as shown in 
Fig. 3/5b. Frequently, a body in equilibrium under the action of more than 
three forces may be reduced to a three-force member by a combination of 
two or more of the known forces.  

Alternative Equilibrium Equations  
 

In addition to Eqs. 3/2, there are two other ways to express the general 
conditions for the equilibrium of forces in two dimensions. The first way is 
illustrated in Fig. 3/6, parts (a) and (b). For the body shown in Fig. 3/6a, 
if'iMA = 0, then the resultant, if it still exists, cannot be a couple, but must 
be a force R passing through A. If now the equation 'iFx = 0 holds, where 
the x-direction is arbitrary, it follows from Fig. 3/6b that the resultant force 
R, if it still exists, not only must pass through A, but also must be 
perpendicular to the x-direction as shown. Now, if'iMB = 0, where B is any 
point such that the line AB is not perpendicular to the x-direction, we see 
that R must be zero, and thus the body is in equilibrium. Therefore, an 
alternative set of equilibrium equations is  

  

where the two points A and B must not lie on a line perpendicular to the x-
direction.  

A third formulation of the equilibrium conditions may be made for a 
coplanar force system. This is illustrated in Fig. 3/6, parts (e) and Cd). 
Again, if'iMA = 0 for any body such as that shown in Fig. 3/6e, the 
resultant, if any, must be a force R through A. In addition, if'iMB = 0, the 
resultant, if one still exists, must pass through B as shown in Fig. 3/6d. 
Such a force cannot exist, however, if'iMc = 0, where C is not  

 

Figure 3/5  

F3

(a) Three-force member  

 
(b) Closed polygon 

satisfies :!:F = ° 

Figure 3/6 
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 collinear with A and B. Thus, we may write the equations of equilibrium as 

2:.Mc = 0  

where A, B, and C are any three points not on the same straight line.  
When equilibrium equations are written which are not independent, 

redundant information is obtained, and a correct solution of the equations 
will yield 0 = O. For example, for a general problem in two dimensions with 
three unknowns, three moment equations written about three points which 
lie on the same straight line are not independent. Such equations will 
contain duplicated information, and solution of two of them can at best 
determine two of the unknowns, with the third equation merely verifying 
the identity 0 = o.  

Constraints and Statical Determinacy 

The equilibrium equations developed in this article are both necessary 
and sufficient conditions to establish the equilibrium of a body. However, 
they do not necessarily provide all the information required to calculate all 
the unknown forces which may act on a body in equilibrium. Whether the 
equations are adequate to determine all the unknowns depends on the 
characteristics of the constraints against possible movement of the body 
provided by its supports. By constraint we mean the restriction of 
movement.  

In Example 4 of Fig. 3/1 the roller, ball, and rocker provide constraint 
normal to the surface of contact, but none tangent to the surface. Thus, a
tangential force cannot be supported. For the collar and slider of Example 5, 
constraint exists only normal to the guide. In Example 6 the fixed-pin 
connection provides constraint in both directions, but offers no resistance to 
rotation about the pin unless the pin is not free to turn. The fixed support of 
Example 7, however, offers constraint against rotation as well as lateral 
movement.  

If the rocker which supports the truss of Example 1 in Fig. 3/2 were 
replaced by a pin joint, as at A, there would be one additional constraint 
beyond those required to support an equilibrium configuration with no 
freedom of movement. The three scalar conditions of equilibrium, Eqs. 3/2, 
would not provide sufficient information to determine all four unknowns, 
since Ax and B; could not be solved for separately; only their sum could be 
determined. These two components of force would be dependent on the 
deformation of the members of the truss as influenced by their 
corresponding stiffness properties. The horizontal reactions Ax and Bx

would also depend on any initial deformation required to fit the dimensions 
of the structure to those of the foundation between A and B. Thus, we 
cannot determine Ax and Bx by a rigid-body analysis.  

Again referring to Fig. 3/2, we see that if the pin B in Example 3 were 
not free to turn, the support could transmit a couple to the beam through the 
pin. Therefore, there would be four unknown supporting reactions acting on 
the beam, namely, the force at A, the two components of force at B, and the 
couple at B. Consequently the three inde-  
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pendent scalar equations of equilibrium would not provide enough 
information to compute all four unknowns.  

A rigid body, or rigid combination of elements treated as a single 
body, which possesses more external supports or constraints than are 
necessary to maintain an equilibrium position is called statically inde-
terminate. Supports which can be removed without destroying the equi-
librium condition of the body are said to be redundant. The number of 
redundant supporting elements present corresponds to the degree of statical 
indeterminacy and equals the total number of unknown external forces, minus 
the number of available independent equations of equilibrium. On the other hand 
bodies which are supported by the minimum number of constraints necessary to 
ensure an equilibrium configuration are called statically determinate, and for 
such bodies the equilibrium equations are sufficient to determine the unknown 
external forces.  

The problems on equilibrium in this article and throughout Vol. 1 
Statics are generally restricted to statically determinate bodies where the 
constraints are just sufficient to ensure a stable equilibrium configuration 
and where the unknown supporting forces can be completely determined 
by the available independent equations of equilibrium.  

We must be aware of the nature of the constraints before we attempt to 
solve an equilibrium problem. A body can be recognized as statically 
indeterminate when there are more unknown external reactions than there 
are available independent equilibrium equations for the force system 
involved. It is always well to count the number of unknown variables on a 
given body and to be certain that an equal number of independent 
equations can be written; otherwise, effort might be wasted in attempting 
an impossible solution with the aid of the equilibrium equations only. The 
unknown variables may be forces, couples, distances, or angles.  

 

(a) Complete fixity 
Adequate constraints 

 Adequacy of Constraints  

(b) Incomplete fixity 
Partial constraints  

In discussing the relationship between constraints and equilibrium, we 
should look further at the question of the adequacy of constraints. The 
existence of three constraints for a two-dimensional problem does not 
always guarantee an equilibrium configuration. Figure 3/7 shows four 
different types of constraints. In part a of the figure, point A. of the rigid 
body is fixed by the two links and cannot move, and the third link prevents 
any rotation about A. Thus, this body is completely fixed with three 
adequate (proper) constraints.  

In part b of the figure, the third link is positioned so that the force 
transmitted by it passes through point A where the other two constraint 
forces act. Thus, this configuration of constraints can offer no initial 
resistance to rotation about A, which would occur when external loads 
were applied to the body. We conclude, therefore, that this body is in-
completely fixed under partial constraints.  

The configuration in part c of the figure gives us a similar condition of 
incomplete fixity because the three parallel links could offer no initial 
resistance to a small vertical movement of the body as a result of external 
loads applied to it in this direction. The constraints in these two examples 
are often termed improper.  

 

(c) Incomplete fixity 
Partial constraints  

 

(d) Excessive fixity 
Redundant constraint 

Figure 3/7  
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In part d of Fig. 3/7 we have a condition of complete fixity, with link 4 
acting as a fourth constraint which is unnecessary to maintain a fixed 
position. Link 4, then, is a redundant constraint, and the body is statically 
indeterminate.  

As in the four examples of Fig. 3/7, it is generally possible by direct 
observation to conclude whether the constraints on a body in two-
dimensional equilibrium are adequate (proper), partial (improper), or 
redundant. As indicated previously. the vast majority of problems in this 
book are statically determinate with adequate (proper) constraints.  

Approach to Solving Problems  

The sample problems at the end of this article illustrate the application 
of free-body diagrams and the equations of equilibrium to typical statics 
problems. These solutions should be studied thoroughly. In the problem 
work of this chapter and throughout mechanics, it is important to develop a 
logical and systematic approach which includes the following steps:  

 

1. Identify clearly the quantities which are known and unknown.  

2. Make an unambiguous choice of the body (or system of connected 
bodies treated as a single body) to be isolated and draw its complete 
free-body diagram, labeling all external known and unknown but 
identifiable forces and couples which act on it.  

3. Choose a convenient set of reference axes, always using righthanded 
axes when vector cross products are employed. Choose moment 
centers with a view to simplifying the calculations. Generally the best 
choice is one through which as many unknown forces pass as possible. 
Simultaneous solutions of equilibrium equations are frequently 
necessary, but can be minimized or avoided by a careful choice of 
reference axes and moment centers.  

4. Identify and state the applicable force and moment principles or 
equations which govern the equilibrium conditions of the problem. In 
the following sample problems these relations are shown in brackets 
and precede each major calculation.  

5. Match the number of independent equations with the number of 
unknowns in each problem.  

6. Carry out the solution and check the results. In many problems 
engineering judgment can be developed by first making a reasonable 
guess or estimate of the result prior to the calculation and then 
comparing the estimate with the calculated value.  
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 Sample Problem 3/1  y 
I 
I 
I  

Determine the magnitudes ofthe forces C and T, which, along with the other three 
forces shown, act on the bridge-truss joint.  c

Solution. The given sketch constitutes the free-body diagram of the isolated CD section 
of the joint in question and shows the five forces which are in equilibrium.  

Solution I (scalar algebra). For the x-y axes as shown we have  

[):Fx = 0]  8 + T cos 40° + C sin 20° - 16 = 0  

0.766T + 0.342C = 8  (a) 
Helpful Hints  

CD Since this is a problem of concurrent 
forces, no moment equation is necessary. 

T sin 40° - C cos 20° - 3 = 0  0
] 

0.643T - 0.940C = 3  (b) 

Simultaneous solution of Eqs. (a) and (b) produces  

C = 3.03 kN  @ The selection of reference axes to fa-
cilitate computation is always an im-
portant consideration. Alternatively in 
this example we could take a set of axes 
along and normal to the direction of C 
and employ a force summation normal 
to C to eliminate it.  

Ans. T = 9.09 kN  

Solution " (scala' algebra). To avoid a simultaneous solution, we may use axes x' -y' with 
the first summation in the y' -direction to eliminate reference to @ T. Thus,  

-c cos 20° - 3 cos 40° - 8 sin 40° + 16 sin 40° = 0  

c = 3.03 kN  
 

Ans. 

T + 8 cos 40° - 16 cos 40° - 3 sin 40° - 3.03 sin 20° = 0  0
]  

T = 9.09 kN  Ans. 

Solution 1/1 (vedor algebra). With unit vectors i and j in the z- and y-directions, the 
zero summation of forces for equilibrium yields the vector equation  

8i + (T cos 400)i + (T sin 400)j - 3j + (C sin 200)i  

- (C cos 200)j - 16i = 0  

Equating the coefficients of the i- and j-terms to zero gives  

[LF = 0]  

 8 + T cos 40° + C sin 20° - 16  0  

 T sin 40° - 3 - C cos 20°  0  

which are the same, of course, as Eqs. (a) and (b), which we solved above.  

Solution IV (geometric). The polygon representing the zero vector sum of the five 
forces is shown. Equations (a) and (b) are seen immediately to give the projections of the 
vectors onto the z- and y-directions. Similarly, projections onto the x' - and y' -directions 
give the alternative equations in Solution II.  

A graphical solution is easily obtained. The known vectors are laid off head-  
@ to-tail to some convenient scale, and the directions of T and C are then drawn to 

close the polygon. The resulting intersection at point P completes the solution, thus 
enabling us to measure the magnitudes ofT and C directly from the drawing to whatever 
degree of accuracy we incorporate in the construction.  
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 GGGHSample Problem 3/2  ) ) HHIII) 

Calculate the tension T in the cable which supports the 1000-lb load with the pulley 
arrangement shown. Each pulley is free to rotate about its bearing, and the weights of all 
parts are small compared with the load. Find the magnitude of the total force on the 
bearing of pulley C.  

 
Solution. The free-body diagram of each pulley is drawn in its relative position to the 
others. We begin with pulley A, which includes the only known force. With the 
unspecified pulley radius designated by r, the equilibrium of moments about its center 0 
and the equilibrium of forces in the vertical direction require  

<D [LMo = 0] 

[LFy = 0]  

T1r - T2r = 0 T1 

+ T2 - 1000 = 0   

From the example of pulley A we may write the equilibrium of forces on pulley B hy 
inspection as  

T3 = T4 = T2/2 = 250 Ib  
 
For pulley C the angle () = 30° in no way affects the moment of T about the center of the 
pulley, so that moment equilibrium requires  

T = Ts  or T = 250lb  

Equilibrium of the pulley in the x- and y-directions requires  

[LFx = 0]  250 cos 30° - Fx = 0  Fx = 217lb 

[LFy = 0]  Fy+ 250 sin 300 - 250 = a Fy = 125 lb 

[F = JF 2 + F 2] F = J(217)2+ (125)2 = 250lb  
 x  y  Ans. 

Ans. 

Sample Problem 3/3  

The uniform 100-kg I-beam is supported initially by its end rollers on the horizontal 
surface at A and B. By means of the cable at C it is desired to elevate end B to a position 
3 m above end A. Determine the required tension P, the reaction at A, and the angle () 
made by the beam with the horizontal in the elevated position.  

 
Solution. In constructing the free-body diagram, we note that the reaction on the roller at 
A and the weight are vertical forces. Consequently, in the absence of other horizontal 
forces, P must also be vertical. From Sample Problem 3/2 we see immediately that the 
tension P in the cable equals the tension P applied to the beam at C.  

Moment equilibrium about A eliminates force R and gives  

 
P(6 cos ()) - 981(4 cos ()) = 0  P = 654 N  Ans. 

Equilibrium of vertical forces requires  

 
654 + R - 981 = 0  R = 327 N  Ans. 

 

sin () = 3/8  

Helpful Hint 

<D Clearly the equilibrium of this paral-  
Ans.  lei force system is independent of ().  

The angle () depends only on the specified geometry and is  

8 = 22.0°  
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 Sample Problem 3/4  

Determine the magnitude T of the tension in the supporting cable and the magnitude 
of the force on the pin at A for the jib crane shown. The beam AB is a standard 0.5-m I-
beam with a mass of 95 kg per meter of length.  

Algebraic solution. The system is symmetrical about the vertical x-y plane through the 
center of the beam, so the problem may be analyzed as the equilibrium of a coplanar force 
system. The free-body diagram of the beam is shown in the figure with the pin reaction at 
A represented in terms of its two rectangular components. The weight of the beam is 
95(10-3)(5)9.81 = 4.66 kN and acts through its center. Note that there are three unknowns 
Ax, Ay, and T which may be found from the three equations of equilibrium. We begin with 
a moment equation about A, which eliminates two of the three unknowns from the equa-  

G) tion, In applying the moment equation about A, it is simpler to consider the moments of 
the x- and y-components of T than it is to compute the perpendicular distance from T to A. 
Hence, with the counterclockwise sense as positive we write  

10kN 

5m  

(T cos 25°)0.25 + (T sin 25°)(5 - 0.12)  

 - 10(5 - 1.5 - 0.12)  4.66(2.5 - 0.12) = 0  
 

Free-body diagram  
Ans. T = 19.61 kN  from which  

Helpful Hints 

G) Thejustification for this step is Varig-
non's theorem, explained in Art. 2/4. Be 
prepared to take full advantage of this 
principle frequently.  

(]) The calculation of moments in two-
dimensional problems is generally 
handled m ore simply by scalar algebra 
than by the vector cross product r x F. In 
three dimensions, as we will see later, 
the reverse is often the case.  

G) The direction of the force atA could be 
easily calculated if desired. However, in 
designing the pin A or in checking its 
strength, it is only the magnitude of the 
force that matters.  

Equating the sums of forces in the x- and y-directions to zero gives 

 

 D:Fy = 0]  Ay+ 19.61 sin 25° - 4.66 - 10 = 0 Ay = 6.37 kN  

G)[A = JAx
2+ Ay2] A = J(17.77)2+ (6.37)2 = 18.88 kN  Ans. 

Ax - 19.61 cos 25° = 0 Ax = 17.77 k.N  

Graphical solution. The principle that three forces in equilibrium must be concurrent 
is utilized for a graphical solution by combining the two known vertical forces of 4.66 and 
10 kN into a single 14.66-k.N force, located as shown on the modified free-body diagram 
of the beam in the lower figure. The position of this resultant load may easily be 
determined graphically or algebraically. The intersection of the 14.66·k.N force with the 
line of action of the unknown tension T defines the point of concurrency 0 through which 
the pin reaction A must pass. The unknown magnitudes of T and A may now be found by 
adding the forces head-to-tail to form the closed equilibrium polygon of forces, thus satis-
fying their zero vector sum. After the known vertical load is laid off to a convenient scale, 
as shown in the lower part of the figure, a line representing the given direction of the 
tension T is drawn through the tip of the 14.66·kN vector. Likewise a line representing the 
direction of the pin reaction A, determined from the concurrency established with the 
free-body diagram, is drawn through the tail of the 14.66-kN vector. The intersection of 
the lines representing vectors T and A establishes the magnitudes T and A necessary to 
make the vector sum of the forces equal to zero. These magnitudes are scaled from the 
diagram. The x- and y-components of A may be constructed on the force polygon if 
desired.  

Graphical solution  
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 SECTION B. EQUiliBRIUM IN THREE DIMENSIONS 

3/4 EQUILIBRIUM CONDITIONS  

We now extend our principles and methods developed for two-di-
mensional equilibrium to the case of three-dimensional equilibrium. In Art. 
3/1 the general conditions for the equilibrium of a body were stated in Eqs. 
3/1, which require that the resultant force and resultant couple on a body in 
equilibrium be zero. These two vector equations of equilibrium and their 
scalar components may be written as  

The first three scalar equations state that there is no resultant force acting on 
a body in equilibrium in any of the three coordinate directions. The second 
three scalar equations express the further equilibrium requirement that there 
be no resultant moment acting on the body about any of the coordinate axes 
or about axes parallel to the coordinate axes. These six equations are both 
necessary and sufficient conditions for complete equilibrium. The reference 
axes may be chosen arbitrarily as a matter of convenience, the only 
restriction being that a right-handed coordinate system should be chosen 
when vector notation is used.  

The six scalar relationships of Eqs. 3/3 are independent conditions 
because any of them can be valid without the others. For example, for a car 
which accelerates on a straight and level road in the x-direction, Newton's 
second law tells us that the resultant force on the car equals its mass times 
its acceleration. Thus, 'iFx *" 0, but the remaining two force-equilibrium 
equations are satisfied because all other acceleration components are zero. 
Similarly, if the flywheel of the engine of the accelerating car is rotating 
with increasing angular speed about the x-axis, it is not in rotational 
equilibrium about this axis. Thus, for the flywheel alone, LMx "* 0 along with 
~Fx *" 0, but the remaining four equilibrium equations for the flywheel would 
be satisfied for its mass-center axes.  

In applying the vector form of Eqs. 3/3, we first express each of the 
forces in terms of the coordinate unit vectors i, j, and k. For the first 
equation, 'iF = 0, the vector sum will be zero only if the coefficients of i, j, 
and k in the expression are, respectively, zero. These three sums, when each 
is set equal to zero, yield precisely the three scalar equations of equilibrium, 
'iFx = 0, 'iFy = 0, and 'iFz = O.  

For the second equation, 'iM = 0, where the moment sum may be taken 
about any convenient point 0, we express the moment of each force as the 
cross product r x F, where r is the position vector  
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from 0 to any point on the line of action of the force F. Thus LM = I(r x F) = 

O. When the coefficients of i, j, and k in the resulting moment equation are 
set equal to zero, respectively, we obtain the three scalar moment equations 
LMx = 0, LMy = 0, and IMz = O.  

Free-Body Diagrams  

The summations in Eqs. 3/3 include the effects of all forces on the 
body under consideration. We learned in the previous article that the free-
body diagram is the only reliable method for disclosing all forces and 
moments which should be included in our equilibrium equations. In three 
dimensions the free-body diagram serves the same essential purpose as it 
does in two dimensions and should always be drawn. We have our choice 
either of drawing a pictorial view of the isolated body with all external 
forces represented or of drawing the orthogonal projections of the free-
body diagram. Both representations are illustrated in the sample problems 
at the end of this article.  

The correct representation of forces on the free-body diagram requires 
a knowledge of the characteristics of contacting surfaces. These 
characteristics were described in Fig. 3/1 for two-dimensional problems 
and their extension to three-dimensional problems is represented in Fig. 3/8 
for the most common situations of force transmission. The representations 
in both Figs. 3/1 and 3/8 will be used in three-dimensional analysis.  

The essential purpose of the free-body diagram is to develop a reliable 
picture of the physical action of all forces (and couples if any) acting on a 
body. So it is helpful to represent the forces in their correct physical sense 
whenever possible. In this way, the free-body diagram becomes a closer 
model to the actual physical problem than it would be if the forces were 
arbitrarily assigned or always assigned in the same mathematical sense as 
that of the assigned coordinate axis.  

For example, in part 4 of Fig. 3/8, the correct sense of the unknowns 
Rx and Ry may be known or perceived to be in the sense opposite to those 
of the assigned coordinate axes. Similar conditions apply to the sense of 
couple vectors, parts 5 and 6, where their sense by the righthand rule may 
be assigned opposite to that of the respective coordinate direction. By this 
time, you should recognize that a negative answer for an unknown force or 
couple vector merely indicates that its physical action is in the sense 
opposite to that assigned on the free-body diagram. Frequently, of course, 
the correct physical sense is not known initially, so that an arbitrary 
assignment on the free-body diagram becomes necessary.  

Categories of Equilibrium  

Application of Eqs. 3/3 falls into four categories which we identify 
with the aid of Fig. 3/9. These categories differ in the number and type 
(force or moment) of independent equilibrium equations required to solve 
the problem.  

Category 1, equilibrium of forces all concurrent at point 0, requires all 
three force equations, but no moment equations because the moment of the 
forces about any axis through 0 is zero.  
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Action on Body to Be Isolated  

Force must be normal to the 
surface and directed toward 
the member. 

The possibility exists for a 
force F tangent to the surface 
(friction force) to act on the 
member, as well as a normal 
forceN.  

A lateral force P exerted by the 
guide on the wheel can exist, in 
addition to the normal force N.  

A ball-and-socket joint free to 
pivot about the center of the ball 
can support a force R with all 
three components.  

In addition to three components 
of force, a fixed connection  
can support a couple M 
represented by its three 
components.  

Thrust bearing is capable of 
supporting axial force Ry as well 
as radial forces R; and Rz. 
Couples Mx and Mz must, in 
some cases, be assumed zero in 
order to provide statical 
determinacy.  

Figure :5/8 
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 NNN) CATEGORIES OF EQUILIBRIUM IN THREE DIMENSIONS  

Force System  
 

1. Concurrent 
at a point  

Free-Body Diagram  
 
y
 
I  
I .--x  
lc'--  

<,  

'z 

Independent Equations 

2. Concurrent 
with a line  

r.F'x = 0 

r.F'y = 0 

r.F'z = 0 

3. Parallel  

r.F'x = 0 

4. General  

Figure 1/9  

Category 2. equilibrium of forces which are concurrent with a line, 
requires all equations except the moment equation about that line, which 
is automatically satisfied.  

Category 3. equilibrium of parallel forces, requires only one force 
equation, the one in the direction of the forces (z-direction as shown), 
and two moment equations about the axes (y and z) which are normal to 
he direction of the forces.  t 

Category 4. equilibrium of a general system of forces, requires all three 
orce equations and all three moment equations.  f 

The observations contained in these statements are generally quite 
evident when a given problem is being solved.  

Constraints and Statical Determinacy  
 

The six scalar relations of Eqs. 3/3, although necessary and sufficient 
conditions to establish equilibrium, do not necessarily provide all of the 
information required to calculate the unknown forces acting in a  
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three-dimensional equilibrium situation. Again, as we found with two 
dimensions, the question of adequacy of information is decided by the 
characteristics of the constraints provided by the supports. An analytical 
criterion for determining the adequacy of constraints is available, but it is 
beyond the scope of this treatment." In Fig. 3/10, however, we cite four 
examples of constraint conditions to alert the reader to the problem.  

Part a of Fig. 3/10 shows a rigid body whose corner point A is com-
pletely fixed by the links 1, 2, and 3. Links 4, 5, and 6 prevent rotations 
about the axes of links 1, 2, and 3, respectively, so that the body is 
completely fixed and the constraints are said to be adequate. Part b of the 
figure shows the same number of constraints, but we see that they provide 
no resistance to a moment which might be applied about axis AE. Here the 
body is incompletely fixed and only partially constrained.  

Similarly, in Fig. 3/10c the constraints provide no resistance to an 
unbalanced force in the y-direction, so here also is a case of incomplete 
fixity with partial constraints. In Fig. 3/10d, if a seventh constraining link 
were imposed on a system of six constraints placed properly for complete 
fixity, more supports would be provided than would be necessary to 
establish the equilibrium position, and link 7 would be redundant. The 
body would then be statically indeterminate with such a seventh link in 
place. With only a few exceptions, the supporting constraints for rigid 
bodies in equilibrium in this book are adequate, and the bodies are statically 
determinate.  

 

(a) Complete fixity 
Adequate constraints  

 

 

(6) Incomplete fixity 
Partial constraints  

 

(c) Incomplete fixity 
Partial constraints  

 

(d) Excessive fixity 
Redundant constraints  

Figure :J/l0  
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 Sample Problem 3/5  

The uniform 7-m steel shaft has a mass of 200 kg and is supported by a balland-
socket joint at A in the horizontal floor. The ball end B rests against the smooth 
vertical walls as shown. Compute the forces exerted by the walls and the floor on the 
ends of the shaft.  

Solution. The free-body diagram of the shaft is first drawn where the contact forces 
acting on the shaft at B are shown normal to the wall surfaces, In addition to the weight W 
= mg = 200(9.81) = 1962 N, the force exerted by the floor on the ball joint at A is 
represented by its X-, y-, and a-components. These compo-  

CD nents are shown in their correct physical sense, as should be evident from the 
requirement that Abe held in place. The vertical position of B is found from 7 = J22+ 
62 + h2, h = 3 m. Right-handed coordinate axes are assigned as shown.  

Vector solution. We will use A as a moment center to eliminate reference to the forces 
at A. The position vectors needed to compute the moments about A are  

 rAG = -li - 3j + 1.5km  and  rAE = -2i - 6j + 3km  

where the mass center G is located halfway between A and B.  
The vector moment equation gives  

 [LMA = 0]  rAE x (Ex + B) + rAG x W = 0  

(-2i - 6j + 3k) x (Bxi + Byj) + (-i - 3j + 1.5k) x (-1962k) = 0  

 i j k  j k  

-2 -6 3 + -1 -3 1.5 = 0  

 s, By 0  0  0 -1962  

(- 3By + 5890)i + (3Bx - 1962}j + (- 2By + 6B,)k = 0 Equating 

the coefficients of i, j, and k to zero and solving give  

~  s; = 654 N  and  By = 1962 N  Ans. 

The forces at A are easily determined by  

Helpful Hints  

CD We could, of course, assign all of the 
unknown components of force in the 
positive mathematical sense, in which 
case Ax and Ay would turn out to be 
negative upon computation. The free-
body diagram describes the physical 
situation, so it is generally preferable 
to show the forces in their correct 
physical senses wherever possible.  

~ Note that the third equation -2By + 6Bx

= 0 merely checks the results of the 
first two equations. This result could 
be anticipated from the fact that an 
equilibrium system of forces 
concurrent with a line requires only 
two moment equations (Category 2 
under Categories of Equilibrium).  

@ We observe that a moment sum about an 
axis through A parallel to the z-axis 
merely gives us 6B" 2By = 0, which 
serves only as a check as noted 
previously. Alternatively we could have 
first obtained Az from "2:.Fz = 0 and then taken our 
moment equations about axes through B to obtain Ax and Ay  

(654 - Ax)i + (1962 - Ay)j Ax = 

654 N Ay = 1962 N A = JA,,2 + 
Ay2 + A.,2  

= J(654)2+ (1962)2 + (1962)2 = 

2850 N  

+ (-1962 + Az}k = 0 A., = 

1962 N  
[LF = 0] 

and 

Finally  
Ans. 

Scalar solution. Evaluating the scalar moment equations about axes through A parallel, 
respectively, to the x- and y-axes, gives  

 [LMA. = 0]  1962(3) - 3By = 0 

 @ fLMAy = 0]  -1962(1) + 3B" = 0 

The force equations give, simply,  

By = 1962 

N n, = 

654 N  
-Ax + 654 = 0  

-Ay + 1962 = 0  

Az - 1962 = 0  

Ax = 654 N Ay 

= 1962 N A., 

= 1962 N  

[L~'t = 0] 

[LFy = 0] 

[2:Fz = 0]  
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 OOO)Sample Problem 3/6   PPP) y  

,  
A 200-N force is applied to the handle of the hoist in the direction shown.  

The bearing A supports the thrust (force in the direction of the shaft axis), while 
bearing B supports only radial load (load normal to the shaft axis). Determine the 
mass rn which can be supported and the total radial force exerted on the shaft by each 
bearing. Assume neither bearing to be capable of supporting a moment about a line 
normal to the shaft axis.  

( 
Radial (  ,  
bearing '- Thrust Z 

bearing  
m 

 
Solution. The system is clearly three-dimensional with no lines or planes of symmetry, 
and therefore the problem must be analyzed as a general space system of forces. A scalar 
solution is used here to illustrate this approach, although a solution using vector notation 
would also be satisfactory. The free-body diagram of the shaft, lever, and drum considered 
a single body could be shown by a space  

CD view if desired, but is represented here by its three orthogonal projections.  

Dimensions in millimeter 

x 

: I'" T  

70.7N  

Az

--z  
The 200-N force is resolved into its three components, and each of the three 

views shows two of these components. The COITect directions of A" and Bx m
seen by inspection by observing that the line of action of the resultant of the

0.7-N forces passes between A and B. The correct sense of the forces Ay  

ay be 
 two 

and By cannot be determined until the magnitudes of the moments are obtained, i so 
they are arbitrarily assigned. The x-y projection of the bearing forces is shown  

7 

in terms of the sums of the unknown x- and y-components. The addition of Az  
and the weight W = mg completes the free-body diagrams. It should be noted  mg = 9.81m  
that the three views represent three two-dimensional problems related by the  
corresponding components of the forces.  Helpful Hints 

CD If the standard three views of ortho-
graphic projection are not entirely 
familiar, then review and practice 
them. Visualize the three views as the 
images ofthe body projected onto the 
front, top, and end surfaces of a clear 
plastic box placed over and aligned 
with the body.  

From the x-y projection  

o 100(9.8lrn) - 250(173.2)  m 44.1 kg  Ans. [LMO = 0]  

From the z-z projection  

s, = 35.4 N 

Ax = 35.4 N 

o
  

150Bx + 175(70.7) - 250(70.7) Ax 

+ 35.4 - 70.7 = 0  

[LMA = 0] 

[LFx = 0]  

@) The y-z view gives  
@ We could have started with the x-z 

projection rather than with the x-y 

projection.  

[LMA = 0] 

[LFy = 0] 

[LFz = 0]  

150By + 175(173.2) - 250(44.1)(9.81) = 0 Ay + 

520 - 173.2 - (44.1)(9.81) = 0  

Az = 70.7 N  

By = 520 

N Ay = 

86.8 N  @) The y-z view could have followed im-
mediately after thex-y view since the 
determination of Ay and By may be 
made after m is found.  

The total radial forces on the bearings become  

AI' = J(35.4)2 + (86.8)2 = 93.5 N B = 

J(35.4)2+ (520)2 = 521 N  

[A,. = JA" 2 + Ay2J [B 

:: JB2 + B 2]  
 x  y  

Ans. 

Ans. @ Without the assumption of zero moment 
supported by each bearing about a line 
normal to the shaft axis, the problem 
would be statically indeterminate.  
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 QQQ) Sample Problem 3/7  

The welded tubular frame is secured to the horizontal x-y plane by a balland-
socket joint at A and receives support from the loose-fitting ring at B. Under the 
action of the 2-kN load, rotation about a line from A to B is prevented by the cable 
CD, and the frame is stable in the position shown. Neglect the weight of the frame 
compared with the applied load and determine the tension T in the cable, the reaction 
at the ring, and the reaction components at A.  

Solution. The system is clearly three-dimensional with no lines or planes of 
symmetry, and therefore the problem must be analyzed as a general space 
system of forces. The free-body diagram is drawn, where the ring reaction is 
shown in terms of its two components. All unknowns except T may be 
eliminated by a moment sum about the line AB. The direction of AB is specified 
by the unit  

CD vector n =  1  (4.5j + 6k) = g(3j + 4k). The moment ofT ahoutAB  
J62

+ 4.52  
is the component in the direction of AB of the vector moment about the point A and 
equals 1'1 x T· n. Similarly the moment of the applied load F about AB is 1'2 X F' n. 
With CD = J 46.2 m, the vector expressions for T, F, 1'1> and 1'2 are  

 
T = ~ (2i + 2.5j - 6k) ,;46.2  F=2jkN 

1'1 = -i + 2.5j m 1'2 = 2.5i + 6k m  

The moment equation now becomes  

 ""M ] (' 2 ') T . . k 1(. k '" A8 = 0 -) + .5J x ~ (2) + 2.5J - 6 )'5 3J + 4 )   
,;46.2  
 [

+ (2.5i + 6k) x (2j) 'g(3j + 4k) = 0  

Completion of the vector operations gives  

48T
--- + 20 = 0  

  

J46.2 
T = 2.83 kN Ans. 

and the components of T become  

t; = 0.833 

kN  
We may find the remaining unknowns by moment and force summations as 

follows:  

Tz = -2.50 kN Ty = 1.042 kN  
Helpful Hints 

 
CD The advantage of using vector notation 

in this problem is the freedom to take 
moments directly about any axis. In 
this problem this freedom permits the 
choice of an axis that eliminates five 
fthe unknowns.  o

 
@ Recall that the vector r in the 

expression r x F for the moment of a 
force is a vector from the moment 
center to any point on the line of 
action of the force. Instead of 1'1' an 
equally simple choice would be the 

ector AC.  v
 

@ The negative signs associated with 
the A-components indicate that they 
are in the opposite direction to those 
shown on the free-body diagram.  

2(Bx = 0.417 kN  Ans. 

s, = 4.06 kN  Ans. 

Ax = -1.250 kN  Ans. 

Ay = -3.04 kN  Ans. 

Az = -1.556 kN  Ans. 


